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Bai gidng s6 1
THE TiCH KHOI BA DIEN

Cac bai toan thue chu dé nay c6 trong céc dé thi tuyén sinh Pai hoc, Cao dang
& cau s6 4. Hai ndi dung chinh dugc hoi dén la:

- Tinh thé tich cia mét khdi da dién (hinh chop hoic hinh lang tru) cho trude
nao do. .

- Sir dung phuong phép thé tich dé tim khoang cach giira mét diém dén mot
mit phiang hoic khoang cach giira hai dudng thing chéo nhau.

Céc ndi dung sau diy tuy chua dugc dé cap dén trong cac dé thi Tuyén sinh
bai hoc, Cao ding tir ndm 2002 dén nam 2009, nhung rét co ban va déu nam trong
han ché kién thirc vé mén Toan ap dung cho cac ki thi tuyén sinh do B8 Gi4o duc
va Dao tao quy dinh.

- Cac bai toan ve thé tich khéi da dién c6 két hop véi viée tim gia tri 16n nhét
va nho nhat. '

- C4c bai toan vé so sanh thé tich.

Bai giang nay s& dé cap dén cac noi dung do.

s 1. TINH THE TiCH cUA MOT KHOI DA DIEN

1. Cic kién thirc co bin cin biét

(Xem sach giao khoa Hinh hoc 12).

2. Cac dang toan thwong gip vé tinh thé tich

Ta thuong gap hai loai toan chinh sau day:

Loai 1: Tinh thé tich bang céc sir dung truc tiép cic cong thiic toan.

Phuong phép giai cac bai toan thude loai nay duoc tién hanh nhu sau:

- Xac dinh chiéu cao cua khdi da dién can tinh thé tich.

Trong nhiéu truong hop chiéu cao nay duge xac dinh ngay tir dau bai, nhung
ciing cd truong hop viéc xac dinh nay phal dva vao céc dinh li vé quan hé vuong
goc da hoc & l6p 11 (hay dung nhét 1a cac dinh li vé ba dudng vudng goc, cac dinh
li vé diéu kién dé mot dudmg thing vudng goc voi mdt mit phang...). Viée tinh cac
chiéu cao thong thudng nho vao viée sir dung dinh 1i Pitago, hodc nhd dén phép
tinh lugng giac.

- Tim dién tich ddy bang cac cong thirc quen biét.

Nhin chung cédc bai toan thudc loai nay rdt co ban, chi doi hoi viéc tinh toan
cén than va chinh xac.

Thi du 1: (Pé thi tuyén sinh Pai hoc khdi A — 2009)

Cho hinh chép S.ABCD co6 day la hinh thang vudng tai A va D;
AB = AD = 2a; CD = a, goc giira hai mit phang (SBC) va (ABCD) bang 60°. Goi |
la trung diém ctia canh AD. Biét mat phing (SBI) va (SCI) ciing vuéng goc voi mit
phing (ABCD).

Tinh thé tich khéi chép S.ABCD.
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Vi (SBI) va (SCI) cung vuéng goc voi

S day (ABCD), nén giao tuyén SI L (ABCD).
Ke [H L BC=SH L BC (dinh li ba
duong vudng goc).
C Ta c6: SHI = 60° la goc gitra hai mat
Dy —N#— : X .
60' H phang (SBC) va (ABCD). Trong tam giac
) vudng SIH, ta 6 SI = IH tan 60° = 1H./3 .
I
ZJM/ \ Goi M, N tuong img la trung diém cua
// AB, BC. Vi IN la dudng trung binh cia hinh
A 7 4 B thang ABCD, nén ta co:
M AB+CD 2a:a 3a
IN= = =—
2 2 2

Ta c6: IH = INcosHIN = INcosMCB (do HIN va MCB la céc goc co canh
turong irng vudng goc)
3MC_3a 22 3aVs

7BC *\/43 +a’ 5

! | Qa+aya g, = 3 ;/G

Vay Vs aueo :ESAB(‘D'SI :S 5

Thi du 2: (Dé tuyén sinh Pai hoc khdi B — 2009)

Cho hinh lang try dang ABC.A'B’C’ ¢6 canh bén BB' = a va BB' tao v&i mat
phing ABC goc 60°. Gia sir ABC la tam giac vuéng tai C va BAC = ()QO. Hinh
chiéu vuéng goc B* 1én (ABC) trung vai trong tam tam giac ABC. Tinh thé tich ta
dién A’ABC

(dvtt).

Giai
Goi G la trong tdm tam giac ABCtaco B'G L
(ABC). Tir d6 B'BG = 60" 1a géc ma BB’ tao
voi mat phang (ABC). Trong tam giac vuong
BB'G ta cé ngay:
_ a3
2

BG =

"~ Dat AB = 2x, trong tam gidc vuong ABC ta co:
AC =x: BC=x3 (do ABC = 60°)

Giasdt BGNAC thi BN —EBG—gj—

Ap dung dinh li Pitago trong tam giac vudng BNC ta co:

P NC RO X e e % (1)
6 4 52
Taco: V ls B'G:EEABBC i—_f‘—‘c x3= Q)

AT ABC :S ABC*
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Thay (1) vao (2), tacé: V,. o =% (dvtt).

Thi dy 3: (BPé thi tuyén sinh Pai hpc khéi D — 2009)
~ Cho hinh lang tru ding A’B’C’ABC co day la tam giac vuong ABC tai B. Gia
sir AB = a, AA’ = 2a; AC" = 3a. Goi M la trung diém cia A’C’ va I la giao diém
cua AMva A’C.
Tinh thé tich tir dién 1ABC.
Gidi

.
x X (

Trong tam giac vudng A’AC ta co:

N/ AC = 92" —4a> =av5.
S Tir d6 trong tam giac vuéng ABC, thi:
2 /I\ _ BC=v5a°-a’ =2a.

\ Do (AA’C’C) 1 (ABC) nén trong (AA'C’C)
\ kélIH L AC (HeAC) = IH L (ABC).

Theo dinh li Talet ta c6: H =—Cl—.

\ AA' CA'

Vi Cl _ AC PN Cl =2
IA" A'™M IA'+Cl 3

IH Cl 4a

ol
= :gﬁlH::AAIZ_
AA" CA" 3 3 3

| 11 ! 4a  4a’°
Tacd: Vi = ~SapclH =~ ABBCIH = ~a.20.23 = 427 (4yq)
3UABCT T3 6 3 9

S

Thi du 4: (Dé thi tuyén sinh Pgi hoc khéi A - 2007)

Cho hinh chop S.ABCD day la hinh vuong ABCD canh a, mit bén SAD la
tam giac déu va nam trong mat phang vuong goc vai day ABCD. Goi M, N, P lan
luot 14 trung diém ciia SB. SC, SD. Tinh thé tich tir dién CMNP.

Giai
Goi H la trung diém cia AD, thi SH L AD.
Do (SAD)L(ABCD) nén suy ra:

5

S
|
I
! av3

{ SH L(ABCD) va SH === (vi ABC Ia tam
|

|

| B gidc déu canh a).

———
a—
— —

N
D = Z Ké MK//SM (K € HB) = K 1 (ABCD) va
Mk < SH_av3
2 4
Vay: Vyne :%S('NP'MK :lie_@ =2 \/5 (dvtt).

38 4 96
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Thi du 5: Dé thi tupén sinh Pai hoc kidi B - 2006) | °F E¥aluation Dnly.

Cho hinh chép S.ABCD c6 day ABCD la hinh chir nhat v6i AB = a, AD = av2,
SA = a va SA vubng goc voi mit phang (ABCD). Gia sir I 1a giao diém ciia BM va
AC. Goi M, N lan lugt la trung diém cta AD va SC. Tim thé tich tir dién ANIB.

Giai .
$ Goi O la tdm cia day ABCD. Trong
tam gidc SAC, ta c6 NO la dudng trung
binh nén NO//SA, tic NO L (ABCD) va

No=2.
2
. 1
Taco Voup = Vyas = —3_SAIB NO
a
= gSAIB . ( 1 )

Ta tinh dién tich tam.giac AIB:
Xét hinh chir nhat ABCD. Do MA = MD

A B 1 1
=MA = BD = Al=IC
S Al=LAC= AL = AC' _2xa’ _at
3 9 9 3
\ 2
Laico: Bl=—BM
M 3

TGt VL PR TR P
9 9 N RE

Do d6 AI° +BI’=a’ =AB’, nén AIB la tam giac
vubng dinh 1.

D ¢ 1 1 a3 a6 a?\2
Vay S =—JAIB=———. . (2
A SaB =3 273 3 6 @
a’\2

Thay (2) vao (1) ta co: Vg = 36 (dvtt)

Loai 2: Cdc bai todn tinh thé tich khoi da dién dira vao phdn tich khéi can
tinh thanh téng hodc hi¢u cia cdc khéi co ban hodc bang cdch so sanh thé tich véi
mét khéi da dzen co ban khdc.

Trong nhiéu bai toan, viéc tinh tryc tiép thé tich khéi da dién nhu trong loai 1
¢6 thé gap kho khin vi hai li do: Hoac 14 khé xac dinh va tinh dugc chiéu cao, hoic
tinh duge dién tich ddy nhung ciing khong dé dang. Khi d6 trong nhiéu trudng hop
ta c6 thé 1am nhu sau:

- Phan chia khéi can tinh thé tich thanh téng hodc hiéu cac khéi co ban (hinh
chép hogc hinh lang try) ma cac khéi nay dé tinh hon.

- Hoic 1a so sanh thé tich khéi can tinh véi mét khéi da dién khic da biét
trudc thé tich.

6
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S - VGi loai todn ndy NEUC. w . vy o wpreg sane

qua sau day.
Bai todn co bin:
Cho hinh chép S.ABC. Liy A’, B’, C’ tuong
trng trén canh SA, SB, SC. Khi dé
Vsame _ SA' SB' SC’
Viase SA SB SC
C Chirng minh .
Ké A’H’ va AH cung vudng géc mit phang
(SBC). Khi d6 A’H’//AH va S, H’, H thing hang.

Tacé: B
] ]
S A'H' =SB'SC'sina.A'H' . ' '
Vsasc = Vaspe =3 o =2 i ——'g.g.sizdmm.
V, —I»SB.SC.sin a.AH SB SC SA

S.ABC Vasuc lssac-AH
3

38}

O day a = B'SC' =BSC

Chua y : Két qua trén vin dung néu nhu trong cac diém A’, B’, C’ ¢6 thé ¢
diém A=A’; B=B’; C=C’.

Thi du 1: (Dé thi tuyén sinh Pai hoc khdi A - 2004)

Cho hinh chép S.ABCD cé day ABCD la hinh thoi canh bing J5cm, duong

chéo AC = 4cm. Doan thing SO = 2J2 cm va vudng goc vai day, o day O la giao
dié}ﬂ cua hai du'g‘rng chéo AC va BD. Goi M la trung diém cua canh SC. Gia str mit
phing (ABM) cat SD tai N. Tim thé tich hinh chdp.

Giai

Tacd AB//DC = AB//(SDC)

= (SAB)N(SDC)=MN//AB (NeSD).
Vi M la trung diém cia SC nén N la trung diém
cta SD. . ,

Ta co: Vs sonn = Vs ann + Vsan (1)

Theo bai toan co ban ta co:

Voasn SN 1 [ 1
—_———— = V = — V = — V
VS.ABD SD 2 S.ABN 9 S.ABD 4 S.ABCD

Vi SN SM 1
SBMN 0T 2T,
\Y; SD'SC 4 § BMN

$.BCD
3

Tir (1) suy ra: Vg ,gun ='§vs asco (2)

S ABCD *

Ly
8

. .AC.BD.SO=%.4.2.2\/_ =§£ 3)

!
3

N | —

% 1k !
Dé thay: Vg agcp = ESABCD'SO =
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Tir (2) va (3) suy ra: V, \pep, = V2 (dvit).

Nhn xét: _

- Hinh thang ABMN c6 thé tinh dugc dién tich (tuy khong dé dang).

- Viéc xac dinh chiéu cao tir S xubng ABMN va tinh n6 con phic tap hon.

(Ban co thé tinh toan xem nd dé kiém tra tinh phtre tap).

- Cach giai nhu trén 1a hop 1i!

Thi dyu 2: (Dé thi tuyén sinh Pgi hoc khéi D — 2006)

Cho hinh chép tam giac S.ABC c6 day la tam giac déu canh bing a. SA = 2a
va SA vudng goc véi mit phang (ABC). Goi M, N twong {mg 1a hinh chiéu vudng
goc cha A trén SB, SC. Tim thé tich khdi chop A.BMNC.

Ta co:V, gune = Vsase = Vsamn (1)
Theo bai toan co ban thi:
Vs amx _ _S_M__ §E
Vi SB'SCT
Vi AB=AC = SB=SC.
REDY SA’=SM.SB = SN.SC => SM = SN.
Vs anx =§Mi

Vay: I
ay V.. SB (2)
2
Taco SAZ = SMSB = SM = 52~
Vay tir (2) co
2 . \2
VS.AMN _ SA4 _ SAZ _ 43~ __]g
Vsasn  SBY ( SB? 4a’ +a’ 25
16
= Vs ARIN ='.,_5‘Vs ABC * (3)
Tu (1)va(3)co:
9 9 1 a’\3 3a°\3
B V., e =:,—5—VS ABC :75"5 4 2a= 50 (dvtt)

Nhdin xét: Cac ban hay so sanh cach giai trén véi cach giai bang “tinh toan tryc
tiép” (theo phuong phap clia loai 1) véi thi du nay.
Goi E la trung diém cta BC. Tac6 AE L BC,SA 1 BC = BC 1 (SEA)
= (SBC) L (SEA)
Ké AH 1 SE(HeSE) = AH 1 (SBC).
Viy AH la chiéu cao ctia hinh chép A.BMNC.
1 ] 1 4

- + = +
AH? SA? AE® 42’ 3a’

= AH :,'Za,fi
19

Trong tam giac vuong SAE, ta co:
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Taco —~ Seux _SM SN _(ﬁy _SA

. =—— =77 (xem g trén)
S SB SC SB SB® 25
. 9 9 1
= Spune =2_SSSB(‘ =j2—5"2“BC'SE _9a a 9a \/—
4100

Viy V e Al =L 22019 5 B 3"3‘/—(5 tt)
Y VA MNCB 3 BMNC: 37100 T 0
Ta thu lai két qua trén,

Theo ban cdch giai nao la hop 1i?
Thi du 3: (Dé thi tuy én sinh Dai hoc khéi A - 2003)
Cho hinh hép chir nhit ABCD.A’B’C’D" day la hinh vudng canh bang a,

chiéu cao AA’=b. Goi M 1a trung diém coa canh CC'. Tim thé tich wr dién
BDA’M.

Gidi

Trong (ACC’A™): AAMNAC =E.
Goi O la taim cta day ABCD vi M Ia trung diém ciia CC', nén ta ¢6 CE = AC = aV2.
o~ 1 , _ '
Tacod: Vagpnm = Vaupr = Ymsoe: = ;Sm)c AAT- Esnms MC= ‘3‘SBDE (AA - MC)

11 b} 1 3 b a’b
= —.~BDEO|b-— |=—aV2.2 2.—=-~— dvtt
32 ( 2] R el
Thi dy 4: (D¢ thi tuyén sinh Cao dang khéi A — 2009)

Cho hinh chép tir gidgc S.ABCD c¢6 canh day AB = a, canh bén SA = aJ2.
Goi M, N, P lan lugt 1a trung diém cia SA, SB, CD. Tim thé tich t&r dién AMNP.
Gi:i
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DoMS=MA = d(A,(MNP)) =d(S,(MNP))(*)

= Vamne = Vsmnp

Theo bai toan co ban, ta cé:
Vi _SM SN _1

Viasp SA'SB 4

11 111
= Vounr =3 Sher SO = 2.5 ABHPSO

(O va H tuong (g 1a tim ciia ddy ABCD va trung diém cua AB)

1 , a¢ a6
=—aa,ja’-—= .
24 2 48

2

(2)

Tir (1) va (2) suy ra: VA.MNP = (d tt)

§2. SU DUNG PHUONG PHAP THE TICH DE TIM KHOANG CACH

Cdc bai todn tim khodng cdch:

Khoang cach tir mot diém dén mot mat phing, khoang céch gitra hai duong
théng, trong nhiéu truomg hgp c6 thé quy vé bai toan thé tich khdi da dién. Viéc
tinh cac khodng céch nay dua vao cong thic hién nhién sau:

L
S
& ddy V, S, h 1an luot 1a thé tich, dién tich day va chiéu cao ciia mdt hinh chép nao

do (hoac h=% dbi véi hinh lang try).

Phuong phap nay dp dung dugc trong trudng hop sau:

Gia sir ta c6 thé quy bai toan tim khoang cach vé bai toan tim chiéu cao cua
mét hinh chép (hodc mot liang try) nao d6. D1 nhién cac chiéu cao nay thuong la
khong tinh truc tiép dugc bing cach sir dung cic phuong phéap thdng thudng nhu
dung dinh 1i Pitago, dung céc cong thirc lugng giac... Tuy nhién cac khbi da dién
ndy lai d& dang tinh dugc thé tich va dién tich day. Nhu vdy chiéu cao ctia né sé
dugce xac dinh bdi cac cong thirc don gian trén.

- Lugc db sir dung phuong phap thé tich dé tim khoang cach nhu sau:

1/ Sir dung cac dinh li cua hinh hoc khong gian sau day:

+Néu AB//(P) trong d6 mit phing (P) chira CD thi

d(AB,CD) = d(AB,(P)).

+ Néu (P)/(Q), trong d6 cac mit phing (P), (Q) lan lugt chira AB, CD thi

d(AB,CD) = d((P)(Q). , ‘

Ta quy bai toan tim khoang cach theo yéu cau diu bai ra vé viéc tim chiéu cao
ctia mdt khbi chép (hodc mot khdi lang tru nao do).

10
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2/ Gia sir bai toan quy vé tim chiéu cao ké tir S cia For Evaluation unl""’

lang try) nao d6. Ta tim thé tich cia hinh chép (hodc lang try) nay theo mot con
duong khac ma khdng dya vao dinh S nay (thi dy tinh thé tich hinh chép ay véi
quan niém no6 la hinh chop vai dinh S°# S).
Tinh dién tich day ddi dién véi dinh S. Tir d6 ta c6 chiéu cao ketrS can tim.
Xét mot vai vi du mmh hoa sau day.
Thidul: Dé thi tuyen sinh Dai hoc khoi A — 2004 ‘
Cho hinh chép S.ABCD day la hinh thoi ABCD c¢6 SO vudng goc vai day va O
la giao diém clia AC va BD. Gia sir SO = 242, duomg chéo AC=4, canh day AB= J5.
Goi M la trung diém cua SC. Tinh khoang cach giita hai dudng thing SA va BM.
Giai
Goi M 14 trung diém caa SC. Khi d6 ta c6 OM//SA = SA// (OMB)
= d(SA,MB)=d (SA, (MOB))
= d(S, (MOB)) = d(C,(MOB)) 1))
(do MS =MC(C)
Tacé: OB’ = AB’-OA’=1 = OB = |

Ké MH 1 (ABCD) = MH=%SO=\/5.

OB.OC.MH

wl-—-

1
3
.
=11.2.\/5=£ . (2)
Tacé:OM=%SA=%\/s+4=\/§.

Goi h 1a khoang cach tir C tgi (MOB), ta co:.

- |
Véy Vyope = ESOBC'MH =

1 11 hy\/3
Ve mop = =Smog-h ==.—~OBOM.h = = 3
c.MoB = 35MOB-N =35 p 3)
Tir (2) va (3) suy ra ﬂ=g:h=g—@. 4)
2f

Tu (1) va (4) di dén: d(SA, MB) = =——
Thi du 2: (Dé thi tuyén sinh Pai hpc khoi D - 2009)

M Cho hinh lang tru ding ABC.A’B’C’ ddy la tam
. - N giac ABC vudng tai B. Gia sir AB = a, AA’ =2a; AC
X N /’ I~ =3a. Goi M la trung diém cia A’C’ va 1 la giao diém
WAt cia AM va A’C.
/ 1. Tim thé tich t&r dién IABC.
/ 2. Tim khoang céch tir A ti mat phing IBC.
/) Gidi
//_,_J\ ) 1. Theo thi du 3, loai 1, §1,ta c6
A H v 4a°
3 £ Vusc = T .

I -
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2.KéIH L AC = IH L (ABC) For Evaluation Only.
Ké HE L BC = IE L BC (dinh ly ba dudng vudng géc)
Taco: BE_CH_CB' 2 e _2.p-22

AB CA CA' 3 3 3

Do vy IE =+/IH? + HE? 16’" dal_2aV5

9 3
Ké AK L (IBC),taco V, ;5c =V, 15c 3S,BCAK

Tir cau 1 suy ra:

42> 11 2a\/— 2ays
5

5 =334 3 AK = AK= d(A,(IBC)) =

Thi du 2: (Dé thi tuyén sinh dai hoc khdi D ~ 2007)

Cho hinh chép tir giac S.ABCD c6 day ABCD 14 hinh thang vuong trong d6
ABC = BAD = 90°; BA = BC = a; AD = 2a. Gia sir SA vudng géc véi ddy ABCD
va SA=a/2. Goi H 12 hinh chiéu caa A trén SB.

1. Chirng minh SCD la tam giac vudng

2. Tinh khoang cach tir A téi mat phang (SCD).

Giai

1.Do AB L BD = SB L BC (dinh li ba duong vubng goc) N

Dya vao dinh li Pitago trong cac tam giac vuéng SAB, ABC, SAD dé dang
tinh duogc:

s SB’= 3a’; SC*= 4a’, SD* = 6a’.
Tir d6 c6: DC’ = 2a’,
Vay suy ra: SD* = SC* + SD* = SCD 1a tam
giac vuong tai C = dpem. i
2. Ké HK va BF cung vudng goc voi mat phang
(SCD) = HK//BF va §, K, F thang hang. Ta
D
A co: EK— = ~S-}i )
BF SB
Trong tam giac vuéng SAB co:

B
SA? =SHSB = SH = 2"‘3‘5

HK 2 2
Vay tir(1)c6 — = =2 = HK ==BF : 2
ay tir (1) BF 3 3 (2)

Ta cé:

o —

1
VsBep = S'SBCD SA =

3
1 BcCDsin135°SA = La a\/—‘/— a2 =2 ‘/5.
3’ 6 6
Mét khéc: VS.BCD =§SSCD'BF = ESC.CD.BF.
12



1\/_ 1

Tir d6 ta co: = _—2a2aJ2.BF >BF=2 3)
6 6 2"

Tir (2) va (3) suy ra: HK =d(H,(SCD)) ==

Thidu 4: (Dé thi tuyén sinh Pai hoc khéi A - 2006)
Cho hinh lap phuong ABCD.A’B’C’D’ ¢6 canh bang 1. Goi M, N lan lugt la
trung dlem clia AB va CD. Tinh khoang cach giita hai dudng thing A’C va MN

Giai
N . Ta co MN//BC = MN//(A’BC)
N RN d(MN.A’C) =d(MN.(A’BC))=d (M, (A’BC))(])
\ X, % ] 11
B // v D¢ thay V, .\ = BSMBC A'A _5 5 L1 ]__‘ (1)
/ \
/ A ViCBL(BAAB):CBLBA’:ABCla
A4 )y tam giac vudng tai B.
/v o \ _ i
//ijfoh Tir d6: Vvae = Vvaee ZSSA'BC'h (2)
B
Tu (1), (2) taco
Lt aBBeh=1yzh :hzﬁ (3)
12 32 6 4

Tir (1), (2), (3) suy ra: d(MN A' C)

hj§|

§3. CAC BAI TOAN VE THE TICH KHO!I DA DIEN CO KET
HQP VOI VIEC TIM GIA TRI LON NHAT VA NHO NHAT

Diy c6 thé xem nhu mét bai toan rit co ban mic di nd churra mét lan xuét hién
trong cac bai thi tuyén sinh vao Pai hoc, Cao dang tir nam 2002 dén nay (cho dii
bai toan vé gia tri lon nhat, nho nhat véi ham sé hau nhu nam nao ciing ¢6 mat
trong cac dé thi tuyén sinh).

Cac bai toan nay c6 ndi dung rit ¢ co ban nhu sau: The tich khdi da dién trong
cac dang toan nay phu thuéc mét tham sb nao do (tham s co thé 1a goc, hodc 1a d6
dai canh), bai toan doi hoi xac dinh gia tri clia tham sb dé thé tich nhan gia tri lén
nhat hodc nho nhét.

Vi cac bai toan nay dugc giai theo cac budce sau:

- Budc 1: Chon tham sd, thyc chét 1a chon dn. An nay co thé 1a goc a thich
hop trong khdi da dién, hoic 1a mét yéu t do dai nao diy.

- Budc 2: V4i an sb duogc chon & budce 1, ta coi d6 nhu la cac yéu t6 da cho dé
tinh thé tich V cua khbi da dién theo cac phuong phap di biét.

- Budc 3: Pén day nhiém vu cla bai toan hinh hoc xem nhu da “két thuc”. Ta
c6 mdt ham sb f(x) vdi x € D ma cén tim gia tri Ion nhét, nhd nhét cia né. Dung
bit ding thirc hodc sir dung tinh dong bién va nghich bién cia ham sé thong qua
viéc khao sat dao ham sb.
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Thidul:

Cho hinh chép tir gidc déu S.ABCD ma khoang cach tir diém A dén mat
phing (SBC) bang 2a. V&i gia tri nao cia o, véi a la goc gitra mit phing bén va
day caia hinh chop, thi thé tich ciia khdi chop 1a nho nhat? Tim gia tri nhé nhit do.

Giai
S Goi M, N l4n luot 1a trung diéni ciia AD, BC.
1 e
Taco SNM=a ‘

Do DA//BC => AD//(SBC)
= d(A, (SBC)) = d(M,(SBC)) = MH = 2a.
& day: MH L SN (HeSN)

' H (Chi y vi (MNS) L (SBC) nén MH L (SBC)).
D - -.C MH 2a
e TacOMN = ——=—" trdd
M. L N sina  sina
o i
» : SO=ONtanoq=—2_0%__2
A B sina cosa  cosa
. 1/ 2a Y a 4a’
Do do VSAB(‘():_( ; ) == M
3\sina/ cosa 3sin"acosa
Tur (1) suy ra Vg apcp bé nhét khi va chi khi sin® acosa 16n nhét.
Xét biéu thirc P =sin’ acosa = cos(l — cos’a) = cosa — cos’a ()
Tir (2) din dén xét hamsé y=x - x* voi 0 <x < 1.
Tacod y’ = 1-3x va ta cé bang bién thién sau:
X V3 V3
A 0o X2 1
3 3
y’ 0 + 0 -

NN
\
/

o Vi) 23 V3
Tudoymax=y T =——9‘—'<:>X=—3'—.

3
Vay: Vs apcp nhén gia tri bé nhét béng 4a =2+/3a* khi va chi khicosa = l/i
R NE] 3
"9

Thidu 2:

Hinh chép S.ABC cé day la tam giac vudng cén dinh C va SA vudng gdc véi
day (ABC). Gia sir SC = a. Hay tim goc gitra hai mit phing (SBC) va (ABD) sao
cho thé tich khéi chop 1a 16n nhit.

Giai
Ta thay ngay SCA =a, SA = sina va AC = cosa.
2,2 ‘ 3
Suy ra: Vg ,pc = —;— 858 % asina =%coszasina 4))
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Tir (1) suy ra: Vg agc nhan gia trj 16n nhat khi va chi khi biéu thic
P =cos’asina nhan gia trj 16n nhat. Vi sina >0, nén Py, <> P2

<> (1-sin® a)*sin’ a dat gia tri 16n nhat.
(1 —sin? a)(l —sin’ (1L)(2sin2 a)
2 ) ’

Ta cé(l ~sin® oc)2 sin’ o =
Theo bt ding thirc Cosi, thi
(l—sinza)+(l—sin2a)+2sin2a 8

(l—sin:a)(l—sinza)(2sin2a)s 3 =0

23

T dd: P =—§——<:.>l—sinza=2$in2a<:>sina:—§3—.

V3

Vaiy Vs apc nhan gia trj Ién nhét bang 12‘—7@— < sina = 5

§4. CAC BAI TOAN VE SO SANH THE TICH

Cac bai toan thudc loai nay thuong c6 dang sau dday: Cho mot khéi da dién va
mot mat phéng (P). Mat phang nay cit khdi da dién theo mot thiét dién (a) nao do.
Thiét dién () s& chia khéi da dién thanh hai phan c6 thé tich lan lugt 1a V, va V.

3 , a e . . A v , . , A o7 . Py . . re va
Bai toan doi hot tim ti sd —- tlrc la so sanh thé tich hai phan bj chia ra. N6i riéng

2

néu X’— =1, ta n6i thiét dién (a) chia khéi da dién thanh hai phén trong duong, tuc
2
la c6 thé tich bang nhau.

Cén lvu y ring méc di céc bai toan trong ky thi tuyén sinh Dai hoc, Cao ding
khong c6 dang truc tiép nhir thé, nhung thuc chat nhiéu bai toan déu sir dung dén
viéc so sanh thé tich nay. That vay, trong cac thi du 1, 2, 4 loai 2 §1, dé tinh thé
tich khéi da dién theo yéu cau, ta khéng truc tiép tinh né ma thong qua mot khéi
trung gian, sau d6 tim ti sb giira thé tich khbi da dién cén tinh vé6i thé tinh khéi
trung gian nay. Tir thé tich khéi trung gian (ma viéc tinh dé dang hon) ta suy ra két
qué can tinh. Nhu thé rhure chdt ciia cde thi du nay la giai mét bai toén vé so sdanh
thé tich. '

Cic bai toan vé so sanh thé tich ¢6 luge db chung dé giai nhu sau:

- Xéc dinh thiét dién.

- Chon m¢t trong hai phz“m dé tim thé tich.
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- V&i phin dugce chon ra dé so sanh thé tich cia né véi V 1a thé tich cua khéi

da dién ban dau. Gia sir ta tinh dugc:
V,=kV(0<k<1)

Lo K
vV, 1-k’

Trong muc nay ta ludn sir dung hai két qua co ban hién nhién nhu sau:

1/ Bai toan co ban trinh bay trong phin mé dau cia loai 2 §1.

2/ Két qua quen biét sau ddy cta hinh hoc phing.

Cho tam giac ABC, B’ va C’ lan luot 1 cac diém trén cac canh AB va AC
(hoic phan kéo dai ctia nd). Khi dé ta co:

Khi d6 ti sO can tim la

B,

B C B B

Sapcr _ AB" AC
| Sapc AB AC’

pé léy lam vi du minh hoa cho muc nay, cé thé sir dung cac thidu 1, 2, 4 loai
2 §1. O day xét thém cac vi du c6 dang “tryc tiép” doi hoi so sanh thé tich cia hai
phén khéi da dién bi chia béi mot thiét dién (o) cho trudre.

Thidul:

Cho hinh chép S.ABC. Goi M la trung diém cia SB. Dung thiét dién véi hinh
chép qua M, song song vdi SA va song song véi BC. Chirng minh thiét dién chia
khéi ch6p thanh hai phan tuong duong.

Giai

Ké MN//SA (Ne AB), MQ//BC (Qe SC)

Ké NP/BC (Pe AC) = QP//SA.

Thiét dién 14 hinh binh hanh MNQP.

Dé théy M, N, QP lan lvot la trung
diém cia SB, AB, AC va SC.

c Goi V, la thé tich phén hinh chop nim
bén trai thiet dién MNPQ. Tu M ké MR/AB
(Re SA va c6 RS =RA).

Ta c6 RMQ.ANP la hinh lang try va cé:
Vi = Vsrmo + Vimoane (1)




(P) qua AC’ va song song v&i BD cit cac canh SB, SD cua hinh chép lan luot tai
B’ D’. Tim the tich hinh chép S.AB’C’D.
a’\3 -

Ddp s6: .
P30 g

Bai 7: Cho hinh vuéng ABCD c6 canh lgiing a. Qua trung diém I cia canh AB
dung duong thiang (d) vudng gbéc vdi mit phang (ABCD). Trén (d) lay diém S sao

cho SI= 512/—3 . Tim khoang cach tir C dén mat phing (SAD).

, 4 @ 3
Dap so: 5

Bai 8: )

Cho hinh chép S.ABC ¢6 SA = 3a va SA vudéng géc véi miét phiang (ABC).
Tam giac ABC c6 AB = BC = 2a; ABC= 120°. Tim khoang cach tir A dén mit
phang (SBC).

J'e 33\/1-5

bap so:
P 3

Bai 9:
Cho hinh 1ap phuong ABCD.A’B’C’D’ ¢6 canh bang a. Goi K 14 trung diém
cua DD’. Tim khoang cach gitra CK va A’D.

. a
Pap so: —.
P50 3

Gidi cdc bai todn va so sanh thé tich

Bai 10:

Cho lang try dimg ABC.A’B’C’. Goi M la trung diém ctia AA’. Chimg minh
ring thiét dién C’MB chia ling try thanh hai phan tuong duong.

Bai 11: )

Cho hinh chép tam giac S.ABC. Gia sir M, N, P la ba diém lan luot trén SA,
BC, AB sao cho M, N tuong tng la trung diém cua SA, BC con %g =%. Thiét
dién véi hinh chop S.ABC tao béi mat phing (MNP) cit SC tai Q.

1. Ching minh: 5Q = 1 .

SC 3

2. Chimg minh thiét dién chia hinh chép thanh hai phan tuong duong.

Bai 12: Cho hinh chép tir giac déu S.ABCD c6 cac mat bén tao voi mat phing
day goc 60°.

1. V& thiét dién qua AC va vudng goc vai mat phing (SAD).

2. Thiét dién chia khdi chop thanh hai phan cé thé tich twong tng la V,, Vs.

..« V
Tim ti s6: —-
2

1
Pap so6: —.
P30

19



Bai giang s6 2
QUAN HE VUONG GOC TRONG
KHONG GIAN

Céc bai toan vé quan hé vudng goc ludn ludn 1a modt chu dé quen thuge va
khéng thé thiéu trong moi bai toan hinh hoc khong gian c6 mat trong cac ki thi noi
chung va thi vao Pai hoc. Cao dang néi riéng,

Céc ndi dung chinh trong céc bai thi tuyén sinh thudc dang toan nay thuong
dugc dé cap dén la:

- Chimg minh tinh vuom, goc (bao gom duong thang vuong, goc mit phang,
hai duong thing vuéng goc véi nhau, hai mat phang vudng goc vai nhau).

- Cac bai todn tim khoang cach: Khoang cach tir mot diém dén mot mat
phing, khoang cach giira hai dudmg thing chéo nhau..

- Cac bai toan xac dinh géc: Goc gitra hai duomgD thang chéo nhau, goc giira
hai mat phang, goc gitra duong thang va mat phing. '

) Bai giang nay dé cap dén cac ndi dung do va nhitng van dé lién quan truc tlep
dén nd.

§1. CAC BAI TOAN CHUNG MINH TiNH VUONG GOC

” <A » o X « K
1. Cac kicén thire co bian cin biet
a. Tiéu chuan vuéong goc
+ Duong thang (d) vudng goc voi mét phang

;d a (P) khi (d) vuong goc voi hai duong thang giao
S( nhau cia (P).

+ Hai mat phang, (P) va (Q) vuodng goc véi
nhau khi géc tao boi hai mat phing 4y bang 90°.
b. Cic dinh Ii vé tinh vuang géc
+ Dinh Ii ba duong vuéng goc:

/ ; /,L\Giz'l sird L (P)cho Ae(P), dudong thang .
+ Gia sir (P) va (Q) la hai mat phang vuéng goc
v6i nhau, (P)n(Q)=A. Néu a € (P), al Athi
al(Q)

d
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+ Gia st (P) va (Q) cung vudng goce vai (R), trong do (P)Yn(Q) = A
+Neéua L (P), thi mit phang (Q) chira a d€u vudng goc vai (P).

|

2. Cac dang toan thuwong giap:

Logi I: Chimg minh dudng thang vuéng goc véi dudng thing,

Day 1a mot trong nhiing dang toan hay gap nhét trong chuyén muc cac bai
toan vé “quan hé vudng goc™ (va o tan sudt kha cao trong cac bai toan gip phai &
cau sd 3, vé hinh khong gian trong cac dé thi tuyén sinh vao cac trudong Dai hoc,
Cao ding c4c ndm gan déy tir 2002 - 2009).

Dé giai cdc bai todn nay phirong phdp chinh dgc sie dung la:
AL, s b bé chung minh dudng thing d vuéng
I // goc véi duong thing Ata thudng chimg
| ~ ! minh d vudng goc véi mat phang (Q),
Bj /1’ ¢ trong d6 duong thang A nam trong (Q).
M D7 nhién dé lam duoc diéu nay ngudi
| ta phai su dung diéu kién dé mot dudng
¢ lhang vudng goéc vai mot mit phang trinh
ﬂ— +—-\—=7, bayotueén. '
L 7 Né6i cach khac hai sie kien chinh rat
- dom gian va co ban sau day chinh la “linh
B C hén™ dé giai cac bai toan thude loai nay:
+Néua L (P)thia viong gbéc vai moi dudng cua (P).
+Déa L (P)chicin a vudng goc véi hai dudng thing giao nhau cua (P)

Thi du 1: (Dé thi tuyén sinh Pai hoc khoi B - 2002)

Cho hinh 1ap phuong ABCD.A\B,C;D; . Goi M, N, P lan luot 1a cac trung
diém cua BB,, CD, A,D,. Ching minh MP 1L C;N.

Goi E 1a trung diém ciia CC,. Ta cé: ME/BC = ME// A|D,.

Goi (Q) la mat phiang MED,A,. = MP €(Q) (1)

Dé théy hai tam gidc vuéng C,CN va D,C,E bing nhau

= CNC, =C,ED, =CC,N+C,NC =90° = C,N L ED, )
Do ME/BC = ME L(CDD,C;) =ME L C\N ©)

Te(2)va@B)suyraa CNL(Q)=CN L MP

Thi du 2: (Dé thi tuyén sinh Pgi hoc khoi A - 2007)

Cho hinh chop tir gide S.ABCD c6 déy la hinh vudng canh bing a. Mat bén
SAD la tam giac déu va & trong mat phing vudng goc vai day. Goi M, N, P 1an
lugt 1 trung diém cua SB, BC, CD. Ching minh AM L BP.
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Giai
Goi H Ia trung diém cua AD, do SAD la tam giac déu, nén SH L AD.
Vi(SAD) L (ABCD) =>SH L (ABCD)= SH L BP (1)

A B
)
H N
)
D P c

D2 théy hai tam gidc vudng BPC va CHD la bing nhau, nén ta cé

= Bi=C;=>B;+C2=C+C2 =90° >BP LCH )
Tir (1) va (2) suy ra: BP L (SHC) 3)
Do HC// AN, MN//SC => (SHC)//(MAN) (4)

Tir (3) va (4) suy ra: BP L (MAN) = AM 1 BP (dpcm)
Thi du 3: Pé thi tuyén sinh Dai hoc khdi B-2007
Cho hinh chép tr giac déu S.ABCD canh day
bing a. Goi E 1a diém ddi xtmg cia diém D qua
trung diém cua SA. Goi M, N lan luot 1a trung
diém cia AE, BC. Chimg minh MN L BD.
Ta c6 SEAD la hinh binh thanh = SE//DA
va SE = DA = SEBC ciing la hinh binh hanh
= SC//EB.

Goi P 1a trung diém ciia AB. Khi do trong cac tam giac EAB va ABC ta c¢6
MP//EB, PN//AC.

Tir d6 suy ra: (MNP)Y/(SAC) €))
Tacd DB 1L ACvaBD 1L SH(viSH 1 (ABCD)) = DB 1 (SAC) (2).
Két hogp (1) (2) di dén: DB L (MNP)

= BD 1 MN = dpcm

Thi du 4: (Pé thi tuyén sinlt Pai hoc khdi D- 2007)
Cho hinh choép tir giac S ABCD c6 day ABCD la
hinh thang, trong d¢6 ABC =BAD =90°% BA =BC
=a, AD = 2a. Gia sir SA =a2 va SA vudng goc
vai day ABCD. Ching minh SC L CD.

Goi M la trung diém cua AD ta cé:

MA=MD=a

Do MA = BC = a; MA//BC = MABC Ila hinh -

vudng (két hop voi AB =ava ABC=BAD = 90°).




Tir do6 ta co: MC = a.

ViMA=MD=MC=a

= ACD la tam giac vuong tai C, tuc la CA L CD.

Do 46 SC L CD (dinh li ba dudng vudng gdc).

Cha y: Xét mot bai toan twong ty (dé thi
tuyén sinh Cao ding khdi'A — 2008) :

Cho hinh chép S.ABCD c6 day ABCD la

hinh thang, véi ABC=BAD = 90°, BA =
BC = a, AD = 2a; SA 1 (ABCD). Goi M,
N la trung diém cua SA, SD tuong ing.
Chirng minh BCNM 1a hinh chir nhat.
o Giai
That vay, vi MN // AD vi MN//BC; va MN
= BC =a= BCNM la hinh binh hanh.
Do AB 1 BC = MB 1 BC (dinh li ba
dudng vudng goc)
= BCNM Ila hinh chir nhat.
Gia thiét SA = a2 khéng dung trong cau nay (ndé dung trong cau hoi thir hai
cua bai thi - xem & §3.
Thi du 5: (Pé thi tuyén sinh Cao ding khoi A, B, D — 2009)
Cho hinh chop tir giac déu S.ABCD, canh day bang a. Canh bén bing aV2.
Goi M, N, P lan luct la trung diém ctia SA, SD, DC. Ching minh ring MN L SP.
Giai
Vi M, N lan lugt 1a trung diém coa SA, SD nén
MN//AD = MN // BC.
Do S.ABCD la chép déu nén SB = SC.
ViPB=PC = SP 1 BC = MN L SP = dpcm.
Loai 2: Cac bai toan vé tinh vudng goc cia hai
¢ mat phang.
Mic dii cac bai toan nay trong cac dé thi tuyén sinh
vao Dai hoc, Cao dfmg nhirng nam 2002 - 2009 Ia
it hon nhiéu so v&i cac bai toan xét trong loai 1,
nhung nd van l1a mot bai toan co ban va khong
dugc xem nhe.
Phuong phap chinh dé giai cac bai toan nay 1a dya vao dinh li quan trong sau day:
Cho hai mdt phang (P) va (Q) cdt nhau theo giao tuyén A . Khi d6 mét dieong
thang ndm trong mgt mgt phing ma vuong géc véi A thi vuong goc vai mdt phang
con lai. '
Ngoai ra, ngudi ta ciing dua vao dinh nghia ciia hai mat phing vudng goc dé
chirng minh tinh vuéng goc ciia hai mat phing.
Thi du 1: (Pé thi tuyén sinh Pgi hoc khidi B — 2006) ,
Cho hinh chép S.ABCD c6 day ABCD la hinh chir nhit vdi AB = a,
AD = a2 » SA = a va SA vudng goc vai day (ABCD). Goi M, N la trung diém
ctia AD va SC. Chirng minh mat phing (SAC) vudng goc v6i mat phing (SMB).
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Giai
astr AChMB=1.

let suy ra: Al =%IC.

-~

2 2 b 2
Tir do suy ra: AI3+MI:=%+H—=[a—lJ =AM’

Viy AIM Ia tam giac vudng tail > MB L AC
Mat khac SA L (ABCD) > SA 1L MB

MA = MD, va do AD//BC, nén theo dinh li

[®

(1)
(2)

Tu (1), (2) suy ra: MB L (SAC) = (SMB) 1 (SAC) = dpcm.

Thi du 2: (Dé thi tuyén sinh Dai hoc khdi A - 2003)

Cho hinh hdp chir nhat ABCD.A'B'C’D" day la hinh vuéng ABCD canh béng a;

AA’ =b. Goi M a trung diém ciia CC'. Xac dinh ti sd % dé hai mat phﬁng A'BD

va MBD vuong goc vot nhau.

\

) Giii
| v Tac6A'B=A'D = A’O 1 BD.
NN Lai c6 MB =MD = MO L BD.
v // TANANG & ddy O la tim cia ddy ABCD.
;| \\\ RN Tir d6 A'OM 14 goc gita hai mat phang
A IR N_| (A'BD)va(MBD).
b Voo —_
/s ﬁ'j,%-—;; b Vivdy: (A'BD) L (MBD) <> A'OM =9¢°
A Pt < ATOT+ OM? =AM (1)
// —— AN , ) o) y
1 Z - : ( Tacdé: A’O°=A'B - BO-

= a:+b3—(a

B B

oMf:MC3+c03:%+-“—

2
‘AA2 2 2 2 b-
AM = A'CHHCM? =2a% + -

2': .oal
kK L8 o)
7)—b+2 )

-

3)

4)

Tt (2) (3) (4) suy ra: (I)<t>5—4—+a2 =2a" +%<:>b=a(do a,b>0).




Viy voi %:1 thi (A'BD) L (MBD).

Thi du 3: (De thi mven sinh Dgi hoc Hii leng —2006)
S Cho hinh chép tam giac S.ABC ddy la tam giac déu
canh a, con SA = 2a va SA vudng goc v&i mat phang day
(ABC). Goi I la trung diém ctia BC."Chirng minh mat
phang (SAI) vudng goc véi mat phing (SBC).

Do AB=AC = Al 1 BC (1)

ViAB=AC = SB=SC = SI 1 BC(2)
> Tir (1) (2) suy ra: BC L (SAD = (SBC) L (SAD

= dpcm.

Thi du 4: Cho hinh chép S.ABC, trong d6 ddy ABC la tam gidc vudng tai C,
hai miit bén SAC vi SAB clng vudng goc vai day ABC. Goi D, E lan lugt 1a hinh
chiéu cta A trén SC va SB. Ching minh (SAB) L (ADE).

Giai
S Vi (SAB) L (ABC): (SAC) 1 (ABC), ma
(SAB) N (SAC)=SA.nén SA L (ABC).
Vi BC L CA (giathiét) = BC L (SAC).
= (SBC) L (SAC). Do AD L SC, ma
SC =(SBC)N(SAC) =AD L(SBC)
=ADLSB ().
B Tir (1) két hop voi AE L SB (gia thiét) suy ra:
SB 1 (ADE) = (SAB) L (ADE) = dpcm.
Thi-da 5: Trong mit phanb (P) cho hinh vudng
ABCD canh bang a. Doan SA ¢b dinh vudng goc voi
(P) tai A: M va N 1a hai diém tuong tng di dong trén
cac canh BC va CD.

bit BM = u, DN = v. Ching minh rang a(u+v) = a’+ u’ 1a diéu Kién can va du

dé hai mat phang (SAM) va (SMN) vudng goc véi nhau.
Giai

Giastt (SAM) 1 (SMN) (D)

ViSA L (P) = (SAM) 1 (P)(2)

Do (SMN) » (P)= MN,

néntr (1) va(2)suyra

MN 1 (SAM) = MN 1 MA

bao lai gia st MN L MA (3)

Taco MN L SA (do SA L (P)

= MN 1 (SAM) = (SMN) 1 (SAM).

Vay MN L MA Ila diéu kién cin va du dé
(SAM) L (SMN).

Tacé MN L MA ¢ AN’= MA’+ MN?

oal+vi=a +u+(a-u) +(a —v)'<:> a(u+v)=a’+ u® = dpem.
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Thi du 6:

Trong mat phang (P) cho hinh vudng ABCD canh bang a. Hai ntra duong
thang Bx va Dy vuéng géc vdi (P) va & vé cling mdt phia dbi véi (P). M va N [a hai
diém di dong tuong (ng trén Bx, Dy. D4t BM =u, DN =v.

1) Tim moi lién h§ gitra u, vdé (MAC) L (NAC).

2) Gia sir ta c6 diéu ki¢n & cau 1, chimg minh (AMN) 1L (CMNJ.

Giai

1) Do BA = BC = MA = MC. Tuong ty c6 NA=NC.

Gia str ACNBD = O, thi tir trén suy raMO 1L AC,NO 1 .AC.

Vi (MAC) n (NAC) = AC nén MON la goc tao bdi hai mat phéng (MACQC)
va (NAC).

Tacé (MAC) L (NAC) < MON =90° <> MN* = MO* + NO?

<:>(a\/5):+(v—u)2=u2+%—+v3+%— & 2uv=a‘ (1)

Viy (1) la diéu kién can va da dé hai mat phang (MAC) va (NAC) vudng goc
voi nhau.

2) Giastrtaco (1)

Vi Bx, Dy cung vudng goc véi (P), nén (BDMN) L (P).

Do AC L DB = AC 1 (DBMN).

y Ké OK L voi MN. Theo dinh li ba

duong vudéng goc suy ra AK L MN; CK L
/ MN => AKC la goc tao boi hai mat phang
(AMN) va (CMN).

Do ¢6 (1) nén trong tam giic vudng
NOM tai O, ta cod

M

u L __ 1, 1 _MO'+ON’
OK® OM® ON? MO” ON-
B ( 2 a:) @
moron: " T2\ T2
:OKZ: B : 5= 2 R} R
OM-~ + ON~ u +vo+a
u'v’ +—e£-(u2 + v3)+a~
2 4 2
R ()
u"+v-+a
Thay (1) vao (2) tacé:
ﬂi(u3+v:)+§i NG
oki=2' 1 2.3 g 32 3)
u +v +a 2 2

Nhu vy tir (3) c6 OK = OA = 0OC = AKC ia tam giac vuéng tai K
= AKC =90°= (AMN) L (CMN) = dpcm.



§2. CAC BAI TOAN TiM KHOANG CACH

Hai loai todn quan trong nhét cia myc ndy, ciing la hai dang toan thuong
xuyén c6 mét trong cac ki thi tuyén sinh vao Dai hoc va Cao dang trong nhitng
nam gan day la:

1/ Tim khoang cach tir mét diém dén mot mét phang (hoac mot duong thang).

2/ Tim khoang cach giira hai duong thing chéo nhau va bai toan vé duong
thing vudng goc chung.

Loai 1:

Bai todn tim khoang cach tir mot diém dén mot mit phing (hoic dén mot
duong thing):

Trong myc nay chung toi trinh bay phuong phap truc tlep dé tinh cac khoan
cach nay, ma khéng dya vao phuong phap sir dyng thé tich khéi da dién nhur da dé
cap dén trong bai giang 1.

Phuong phép giai dugc tién hanh theo lugc db chung:

- X4c dinh chéan dudng vudng goc trén mat phéng (hodc dudng thiang) ma can
tinh khoang cach tir mot diém cho truéc dén né. Bude nay quan trong ¢ cho Nhg
c6 viéc xac dinh nay ma cho phép ta c6 du dir liéu dé chuyén sang budc tiép theo.

- Sir dyng céc hé thirc lugng trong tam gidc vudng (bao ham ca dinh li
Pitago), hodc lugng gidc dé tinh cac khodng cach can tim.

Cac bai toan nay trong kha nhiéu trudng hop dua vao bai toan co ban sau day:

A

Thi du 1 (Bai todn co bain)

Cho tir dién OABC, trong d6 OA, OB, OC d6i
mot vudng goc vai nhau. Ke OH L (ABC).

1) Ching minh H la truc tam tam giac ABC.

2) Chirng minh hé thirc:

I 1 1 1
s ottt o
OH- OA° OB° OC-

1) Ke OH 1 (ABC), AHNBC =M.
Tacé OH L BCva BC L OA
(do OA L (OBC)suytir OA L OB,OA 1 OC) = BC L (AOH)
= BC L AH.

Lap luan tuvong trtaco BH L AC.
Vay H 14 trire tam cua tam giac ABC = dpem.
2) Theo dinh li ba dudong vudng goéc, suy ra MO 1L BC
Theo h¢ thirc lugng trong tam giac vubng AOM ta co:
] - 1 - 1 _
OH- OA°® OM
Lai theo hé thirc lugng trong tam gidc vudng OBC, ta c6:
1 _ 1 Ly 1 ’
OM- OB°- OC-

(1

(2)

27



. . I 1 1 1

Tir (1) va (2) suy ra: O~ OAF + OB + s = dpem.

Nhdn xét: Day 12 mgt trong cac két qua co ban nhét, nhung c6 mot ung dung
rat to 16n trong cac bai toan vé “quan h¢ vudng goc™ cua hinh hoc khong gian. Cac
thi du 2, 3 duéi day s& minh hoa cho diéu y.

Thi du 2: (Dé thi tuyén sinh Pai hoc khdi D — 2002)

Cho hinh tr dién ABCD c6 canh AD vudng goc vi mat phéng (ABC), ngoai
ra AC = AD = 4cm; AB = 3cm; BC = Scm. Tim khoang cach tir A téi mit phing
(BCD).

D Giai

Vi AB = 3cm. AC = 4cm, BC = 5cm = BAC la
tam giac vuong tai A. Vay AB, AC, AD d6i mét vuong
gbc vai nhau.

Theo thi du 1 ta cé:

1 1 ] ] | . ]
= + + = — o —

AH: AB® AC* AD® 9 16 16

634
17

-

= AH=

Thi du 3: (Dé thi tuyén sinh Dai hoc khdi D- 2008)
i ¢ Cho lang tru ding day ABC.A'B'("" day la tam giac
vuéng ¢6 BA = BC = a, canh bén AA" = av2. Goi M la
trung diém cua BC. Tinh khoang cach giira hai duong thang
AMvaB'C.
Goi E la trung diém BB’. Ta ¢c6 EM/B'C = B'C// (AEM)
: = d(B’C, AM)=d (B'C, (AEM)) = d(C. (AEM))
= d(B, (AEM)) (vi MB = MC).
Do ABC la tam giac vudng tai B, nén tr dién BAEM c¢6
BA. BE. BM d6i mét vudng goc vai nhau. Theo thi du 1, néu goi BH la chiéu cao
ké tir B caa tir dién trén (He (AEM)) thi,

SN NS NS NS N NS B a7 av7

T = ——— -+ - =—+—+—5=— B =“——:'>d(AM BC)—"~
BH BA® BE' BM' o a a a
2 4
Thi du 4:

Cho hinh chop S.ABCD c¢6 SA = 3a, va SA
vudng goc vai mit phing ABC. Gia sir AB = BC = 2a;
ABC = 120" tim khoang cach tir A dén mat phing
(SBC).

Ké AH L BC = SH L BC (dinh li ba duong
vudng). Lai ¢c6 BC L (SAH) = (SBC) L (SAH).

Do (SBC) n (SAH) = AH,

nén néu ké AK L SH (K e SH) thi AK L (SBC).




Vay d (A, (SBC)) = AK.

Tacd AH = ABsin60’ = 2a—\/2i =aV3.

Theo h¢ thirc lugng trong tam gidc vudng SAH ta cé:
I 1 1 I 1 4

- =

s T+ s >t = 2
AK- SA- SH- 9a- 3a° 09a°
Do vdy d(A,(SBC)) :37a.

)
|8
;

Loai 2: Bai toan tim khoang cach gitra hai duong thing chéo nhau:

Khodng cach giita hai duong thing chéo nhau chinh 1a d¢ dai dudng vudng
goc chung cua hai duong thing do. Vi 1& d6 néu xac dinh dugc dudng vu()ng goc
chung 4y thi viéc tinh dé dai ay coi nhu da duge giai quyét. Tuy nhién, viéc xac
dinh dudng vudng goc chung cua hai duomg thing chéo nhau khéng phai 1a mét
viéc dé lam. Hon thé nira trong rat nhiéu bai toan nguoi ta chi doi hoi tim khoang
cach giira hai duong thang chéo nhau ma khong yéu cau xac dinh cu thé dudng
vudng goc chung cua ching. Vi vay trong thyre té ngudi ta thuong chuyén bai toan
xac dinh khoang cach giira hai duong thiang chéo nhau vé cac bai toan dé giai hon
sau day:

1/ Néu nhur d, song song véi mat phing (P), trong d6 d» € (P) khi do khoang
cach giira d; va d, bang khoang cach giira d, va (P).

2/ Néu nhu d; € (P): dre (Q) ma hai mat phang (P) va (Q) song song voi
nhau thi khoang cach gitra d, va d. bang khoang cach giira (P) va (Q). Luu y ring
néu d,// (P) thi khoang cach gitra d; va mat phang (P) bang khodng cach tir mt
diém bat ki cta d, dén (P). Tuong tu, khoang cach giira hai mat phang song song
(P) va (Q) bang khoang cach tir mot diém bat ki cia mat phing nay dén mat phang
kia.

Nhu vay cudi cung ta lai quy bai todn tim khoang cdch gitra hai dirong thang
chéo nhau ve bai toan tim khoang cdach tir mot diém dén mét mdt phang.

Thi du 1: (Dé thi tuyén sinh Dai hoc khéi D - 2008)

D6 chinh 1a thi du 3, loai | vira xét & teén.

Thi du 2: (Dé thi tuyén sinh Bai hoc khdi B - 2007)

£ Cho hinh chép tr giac déu S.ABCD canh day bang

a. Goi E la diém ddi x(ng ctia D qua trung diém clia SA.

Goi M, N twong trg la trung diém cua AE va BC. Tim
khoang cach theo a giira hai duong thang MN, AC.

Goi P la trung diém ciia AB. Khi d6 MP//EB (1)

Ta c6 SE/DA va SE = DA = SE/BC va
SE =BC = SEBC la hinh binh hanh = EB//SC (2).

Vay tir (1) va (2) suy ra MP//SC.

Lai c6 PN/AC, nén (MPN)/(SAC) 3)

Tir (3) suy ra: d(MN,AC) =d((MNP),(SAC))

=d(H.(SAC))  (4),
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trung diém cua AB va CD. Tim khoang céch gitra hai dudng thing A’C va MN.
A

. -,;)~HO~-BD~E[—

o day O la giao diém ciia AC va BD. Tir (4) suy ra: d(MN, AC) = a\/—
Thi du 3: (Dé thi tuyén sinh Pai hoc khéi A-20006)

Cho hinh lap phucmg ABCD.A’B’C’D’ canh bing 1. Goi M, N lan luot 12

Giai
o Ta cé BC/MN
/?\ = MN/(A'BC)
N A S = d(MN,A'C) =d(MN,(A'BC))
/
Ko = d(M,(A’BC) ()
%/ NP L Ta co:
//‘,ﬁc._._l\lﬁ_. =% Al LAB(ABNAB=I)
Y ¢

Lai ¢6 BC 1 (BAA'B’) = BC L AL
Tir dé Al L (A’BC). Vi thé néu ké MH//AL
(HeA'B)thi MH L (A’BC) va

d(M.(A'BC)) = MH=-]2~AI aV2

@
JZ

Tir (1) va (2) suy ra: d(MN,A'C) =
€ Nhan xét: Cac ban hdy so sanh bai giai tren voi cach
-giai thi du nay bang phuong phap so sanh thé tich

da trinh bay trong thi du 3, §2 (st dung phuo*ng
phap thé tich dé tim khoang céch) cua bai giang 1
Thé tich khéi da dlf;n
Thi du 4: (DE thi tuyén sinh Dai hoe khii A - 2004)
Cho hinh chép tr gidc S.ABCD day la hinh thoi
canh AB = /5, dudng chéo AC = 4, SO = 242 va
SO vudng goc voi ddy ABCD, & day O la giao diém
cia AC va BD. Goi M la trung diém cia canh SC
Tim khoang cach giira hai dudng thdng SA va BM
Giai:
Ta co MO//SA = SA//(OMB)
=> d(SA.BM) = d(5A.(MOB)) = d(S,(MOB))
= d(C,(MOB)) . m
(do MS = MC)
aco BOLAC; BOLSO (do SO1 (ABCD))
= BO L (SAC).
KéeCH L OM(H € OM) = CH 1 (BOM)
(do BO_L (OMC) = (BOM) L (MOC))



Taco MO = SzA =

N CORERE
1

Lai cé: MC=ESC=ESA=\/§.

Trong tam giac can COM dinh M ké MK L OC, ta cé:
MK’ =MO® -OK?=3-1=2=>MK=+2.
Trong tam giac OBC, ta cé:
V22 26

MK.OC=MO.CH = H=———_———
K MO.C C 5 3 (2)

Viy tir (1) va (2) suy ra d(SA,BM) = d(C,(MOB)).

Nhdn xét: Ban hdy so sanh cach giai nay, v&i cach gidi cling cua thi du nay
nhung dung phuong phap “so sanh thé tich” da duge trinh bay trong thi du 1, §2
ctia bai giang s6 1: Thé tich khéi da dién. ‘

Loai 3: Bai toan xac dinh duong vudng goc chung;

Nhu da néi & myc trude, bai todn doi hoi tim khoang cach giira hai duong
thing chéo nhau néi chung khong can xac dinh duong vudng goc chung.

Tuy nhién, trong mgt s6 bai toan lai doi hoi xac dinh duong vudng géc chung
ctia hai dudng thing chéo nhau, d6 13 mét yéu cu cao hon. Muc nay dé danh dé
trinh bay cach tim duong vudng goc chung.

Nguyén tic chung dé giai bai toan nhu sau: Xac dinh diém Mea, Neb sao
cho MN L a, MN L b, khi 46 MN la duomg vudng goc ciacaavab. Vandé la o
chd 1am thé nao dé xac dinh dugc hai didm M, N?

N b B Phuong phap tong quat (nhu da biét) ta giai
: nhu sau:
Duyng mat phéng (P) chira a va song song
voi B. Liy mot diém B trén b, ké BB'e (P)

. (B’ e(P)).
a3 Trong (P) qua B’ dung b’//b.
GoiM=anb’.

Tu M ke MN//BB' (N €b).
Khi d6 MN la dudng vudng goc chung cua hai duomg thang chéo nhau a va b.
Tuy nhién, néu nhur a va b ¢6 céac cdu trac dic biét (thi du nhu a, b vudng goc véi
nhau...) thi ta lai c6 cach xur ly riéng tuong tng va don gian hon.

Thidul:

d Trl.nh pa)' E:ach dgrng du,(‘mg vuéng gc')i: chlu}g
vai hai duong thang chéo nhau va vudng goc
vai nhau.

M b D%mg (P) qua b va vudng goc vodi a.
Giasuan(P)=M,
N Trong (P) dung MN vudng gbc véi b.

Khi d6 MN la dudng vudng goc cia a va b.
Xem mét irng dung cia thi du 1 sau day:
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Thi du minh hoa cho thi du 1: (Dé thi tuyén sinh Pai hoc khoi B — 2002)
Cho hinh ldp phuong ABCD.A,B,CD; canh a. Tim khoang cach giira hai
duong thang A\B va B\D.

Giai

p, Taco AB, L A;B(vi BAA,B, la hinh vuéng);
AB L AD(viAD 1 (BAAB)))
= AB L (BJAD) > A|B 1 B|D (1)
Vi DD| 1 (A|B|C|D|) = DD| 1 A|C|.
Do AB,C,D, la hinh vuéng nén A,C, | B,D,.

D T d6 A]C] 1 (B]DD]) = A1C| 4 B|D(2)
Tu (1) (2) suy ra: BiD 1 (A,BC)) (3).
By gid ta tim giao diém ciia B,D véi (A;BC)).
Goi H la giao diém cta AB, va BA,. Trong mat
chéo (B{A DA) rd rang

HC, n"B,D=G.

Do BH=HA = —;—CID =GH= %GCI = G la trong tam cua tam giac A|BC,.

Vi A|BC, la tam giac déu nén GH L A,B, con GH L B,D vi B,D L (A,B,C)).

Nhu thé GH la duong vudng goc chung ciia A;B va B;D nén no chinh la
khoang cach gitra A|B va B|D.

Ta co:

a/6

:'—6— = d(A,B,B,D) =

Nhén xét: ‘

Trong thi du nay A1B L BID nén cach lam trong thi du trén chinh la su thuc
hanh ciac budc da néu trong thi du 1.

Thi du 2:

Cho hinh tir di¢n déu ABCD canh a = 6 V2 em. Hay xac dinh va tinh d6 dai
doan vuéng goc chung cia hai duong thiang AB va CD.
Goi M va N tuong (g la cac trung diém cia AB va
CD. Do ABCD la tir dién déu, nén ta c6 CM L AB
vaDM 1 AB = AB 1 (MCD) = AN 1 MN
Li luan tuong tu co:
CD 1 (ANB) =>CD 1 MN. .
Vay MN la dudng vudng goc chung cia AB va CD.

6@.\/3:3\/6.

Tacé MC =MD = ==
Viy MN? = MC? - CN? :(3~/E)2 —(3\5)2 =36
= MN = 6¢cm.




Thi du 3:

Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai B, AB =a, BC = 2a,
canh SA vudng goc vai day va SA = 2a. Xac dinh va tinh d6 dai duong vudng goc
chung cia hai duong thiang AB va SC.

Giai:

Goi M va N lan luot la trung’diém ctia SC va
AB. Tac6: MA=MB =§7S =MN1 AB.

Dé thiy tam giac vubng SAN bing tam giac
vuong NBC => NS =NC => NM L SC.

Viy MN la duong vudng gbc chung cita AB va SC.

Ta co:

SC*=SA” + Ac’ =SA® + AB’ + BC’

=4a’ +a’ +4a’

:>SC=3a:>MA=§,;a—.

Do d6 MN? = MA® — AN® =9~f]1——%=2a: —>MN=ay2

Thidu4:

Cho hinh chop S.ABCD c6 day ABCD la hinh vuéng canh a, SA = h va SA
vudng goc vai mat phiang (ABCD). Dung va tinh do dai dudng vuéng géc chung
ctia hai dudng thang SC va AB.

Giai

Tacd AB L AD,AB L SA = AB1 (SAD)

= DC L (SAD)(do DC // AB).

Vay SD la hinh chiéu vudng goc cita SC trén
(SAD).

Trong mit phing SAD, vé AK L SD (K € SD).

Trong mat phang (SCD), ké KE//CD (E € SC).

Trong mat phang xac dinh béi EK, AB (chu y
EK//AB) ké EF// AK (K€ AB).

Do AB L (SAD) = AB L AK = AB L EF(l)
Taco: DC L (SAD) = (SDC) L (SAD).
Vi(SDC) n (SAD)=SDva AK 1 SD
= AK 1 (SCD).

= AK 1 SC = EF L SC(2).

Tir (1) (2) suy ra: EF la dudng vudng goc chung cia SC va AB.

Dé thay: EF = AK ma:

] _ 1 . ] =—L+—]—:>EF: ah
AK? SA? sD? n? a® Ja2 + 12

Nhdin xét: Néu bai toan chi doi hoi tim khoang cach giira SC va AB thi ta cé

thé lam nhu sau:
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Vi AB//CD => AB// (SCD)
=5 d(AB,SC) = d(AB,(SCD)) = d(A,(SCD)) (do AK L (SCD))
ah .

val+h?

= AK =
S

Thidy 5:
Cho dudng tron duong kinh AB = 2R trong
mit phang (P). C 1a mét diém chay trén duong
tron. Trén dudmg thang di qua A va vudng goc
v&i mat phang (P) Iy diém S sao cho SA =a <
2R. Goi E va F lan luot 14 trung diém coa AC
va SB.
Xac dinh vi tri coa C trén dudng tron sao cho
EF la dudng vudng gdéc chung cua AC va SB.

Do AC L BC = SC L BC (dinh li ba duong vuong goc).

Tir d6 suy ra FA=FC (1)

Nhur thé (1) ding v&i moi vi tri cia C trén dudng tron.

Pé EF la duong vudng goc chung ciia AC va SB vi thé chi can EF L SB.

Tac6EF L SB < ES=EB

<> ASAE= ABCE© BC=SA=a.

Viy C la dudng giao cia hai dudng tron: dudng tron duong kinh AB = 2R da
cho va dudng tron tdm B béan kinh a. Via <2R nén ton tai 2 giao diém C nhu vay.

§3. BAI TOAN XAC DINH GOC GIUA HAI DPUONG
THANG CHEO NHAU, GOC GIUA HAI MAT PHANG VA
GIUA DUONG THANG VA MAT PHANG

Bai toan xac dinh géc giita cac yéu t dudng va mat phéng trong khong gian
cung la mot trong nhimg dang toan hay gip trong cdc ki thi tuyén sinh vao Dai hoc
va Cao ding trong nhunb nam f?an day. Co hai loai toan chinh sau day:

1/ Xéac dinh géc « (c6 thé la tim a, hodc tim mét ham s luong giac nao do
cua a), & day a la goc giita hai duong thang chéo nhau, gitra hai mat phang, hodc
gitra dudng than;, va mit phang

2/ Tim diéu kién dé cic goc a ndi trén nhan mdt gia tri cho trudc nao do. (Chu
y néu o = 90° ta c6 cac bai toan vé quan h¢ vudng goc xét trong §1).

Pé giai bai toan loai nay chi can nim viing cac dinh nghia vé cac goc trong
khong gian da dugc hoc ki trong sach gido khoa & nha truong pho thong.

Loai 1: Cac bai toan xac dinh gdc trong hinh hoc khéng gian:

Pé giai bai todn loai nay ta tién hanh theo hai budc sau day

- Gia sir can xéc dinh goc a (hodc mot ham sé lugng gidc cia goc o) giira hai
dudng thing chéo nhau d va d’. Chon mot diém A thich hop trén d. Qua A vé
dudmg thang d, // d’. Khi d6 géc c6 dinh A tao bai d va d, chinh la géc tao baid va d’.
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- Trong mat phéng xac dinh bai d va d,, hoan toan dya vao cac kién thirc cia
hinh hoc phéng dé xdc dinh do6 I6n cua goc a, hodc tinh ham sb lugng giac cia goc
a theo yéu ciu dé bai. O day, thuong 1a cac bai toan don gian vé hé thirc lugng giac
trong tam giac, hodc Ia cac bai toan lugng giac rét co ban.

Thi du 1: (Dé thi tuyén sinh Pai hoc khéi A — 2008)

,Cho ling try ABC.A’B’C’ c6 46 dai canh bén
bang 2a, day la tam giac vudng tai A c6 AB =

B:

a, AC = av3. Hinh chiéu vudng goc cia dinh
A’ trén mit phing (ABC) la trung diém cua
canh BC. Tinh cosin clia goc giita hai dudmg
thing AA’ vaB’C’.
' Gigi:

Goi M la trung diém cia BC. Trong mit phéng
(ABC), qua A ké d/ BC (tic la d // B’C’ do
BC//B’C’),

khi d6: o =(AA";B'C')=(AA",d)

Vi BAC la tam gidc vudng tai A, néntacé AM=MB=MC = — =a

P4

(vi BC* =AB* + AC* =a’ +3a’ =4a%).
Do d6 MAB la tam gidac d€u canh a.

Ké AH L BC, khi d6 HM = HB = i;-
Ké MK 1 d = A’K L d (dinh li ba duong vudng goc).
D& thdy AHMK la hinh chir nhat nén AK = HM = % :

S

Trong tam giac vudng A’AK ta co

a
cosa =cos A’AK _AK_2 1
AA 2a 4

Thi du 2: (Dé thi tuyén sinh Pgi hec,
BCao ding khii B — 2008)

Cho hinh chép S.ABCD c¢6 day ABCD

1 hinh vudng canh bang 2a, SA = a,

SB = ay/3 va mit phing (SAB) vudng goc véi mat phing day. Goi M, N lan
luot fa trung diém ctia AB, BC. Tim cosin cua gdc giira hai duong thing SM, DN.
Gidi

Ta co SA =a; SB = ay3 va AB =2a nén ASB la tam giac vudng tai S va co
SAB = 60° ’ ,
Vi (SAB) vuong goc vai mit phang day nén neu ké SH L AB thi SH L (ABCD).

Vi SAB =60° nén SAM la tam giac déu = HA = HM =§.
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4 7T

Trong mat phang (ABCD) ké HK L MP = SK L MP (dinh li ba dudng
Ay M B

\

vudng goc) ta ¢é: (SM,DN)=SMK = o (do (MP//DN))
je

Vi thé cosa*ir——’\ﬂg H
. SM
Ta co MK = MH cos HMK

Tu (1) va (2) suy ra cosa = ~"§—
Thi du 3: (I)e thi tmen sinth dai hoc khii A - 2004)

Cho hinh chop S.ABCD ¢6 day fa hinh thoi
canh bang J5 . AC = 4 va chiéu cao cia hinh

chép 1a SO = 242, & day O 1a giao diém cta
AC va BD. Goi H la trung diém cia SC. Tim
goc giira hai dudng thang SA va BM

Vi MO//SA nén (SA.BM)=0OMB (1)
8  BO L AC (day Ia hinh thoi) va BO L SO (do SO L
(ABCD)) = BO

1 (SAC) = BO L OM.
D thiy: SA = 23 = MO =3;B0 = (V5] ~2° =1

Do d6 : tanOMB = 25 .. L

= OMB =30" = (SA.BM) = 30"
MO 3 ( )
Thi du 4: (Dé thi tuyén sinh Dai hoc khéi A - 2003)

Cho hinh ldp phuong ABCD.A'B'C'D’.
o Tim so do ctia goc tao boi hai mat phang

(BA’C) va (D’AC).
Ta c6 (BA'C)N(DA'C)=A'C = A'DC la
tam gidac vudng tai D. Ké DH 1 A'C. Hai
Ctam giac vudéng A'DC va A’BC bing nhau vi

¢ chung canh huyén A°C va A’B = AD, nén

suy ra BH L A’C. Vay BHD chinh la goc
gifra hai mat phfmg (BA'C)va(DAC)
g tam giac A'DC ta c6: DA'.DC = A’C.DH.
op - DA'DC _aV2a _aV2

a3 3




av2

H Xét tam giac can HBD dinh H véi HB = HD——
V3
/ vaBD=av2.
| Y-
8 K D Ké HK L BD=>BK =KD = 5 -
Taes BR = BK_ aV2 =£:BT1T< =60° = HBC = 120°.

BH a\/—
NG

Vay goc giira hai mit phéng (BA'C)va(DA'C) b?ing 60°.
Clui y: .
Theo dinh nghia, goc gitra hai mat phang <90°.
Thidu 5:
Trong mét (P) cho tam giac ABC vuong tai C, AB = 2a, C/A\B =60°. Doan SA =a
va vuong goc voi (P). Tinh sin (a), & day « la gde gitra hai mat phang (SAB) va (SBC)
Gidi
Ké AHLSC, AKLSB(HeSC, Ke SB).
DoBCL1 AC,BC L SA = BC L (SAC)
= (SBC) 1 (SAC). Do AK L SB nén
HK L SB (dinh li ba duong vudng goc)
Vay AKH = o la goc giira hai mat phang
B (SAB)va (SBC).

Taco sinmzA—H ()
AK

a\/i

Ta co AS.AC=AH.SC - AH=2 -

a2
a.2a ”a\/—

Laico ASAB=AK.SB = AK =—=
avs 5

5av2 @

Thay lai vao (1) tacd: sina = =
2.0a\5

Loai 2: Cac bai toan tim diéu kién dé géc can tim bing mét dai luong cho
truoc:

Phuong phap dé giai loai toan nay nhu sau:

- Xac dinh goc a (coi nhu bai toan ¢6 dinh — tirc 1a bai toan thudc loai 1).

- Tir diéu kién yéu cau vé a. ta ¢6 mot phuong trinh don gian dé xac dinh mét
~ 4n sd da chon tir trudce. Viée tim an sé nay cho phép ta tim duoc 1o giai cta bai toan.

Chi y rang néu « = 90°, ta ¢6 bai toan: Tim diéu kién dé hai mat phang vudng
goc véi nhau, hodc hai dudng thing vudng goc véi nhau. Vi dang nay bai toan da
dugce xét trong §1, va da duoc dé cap dén trong cac bai toan thi tuyén sinh vao Dai
hoc. Cao déng (xem dé thi Dai hoc khdi A - 2002).
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Thi du 1:

Trong mat phiang (P) cho tam gidc ABC vudng tai C, AB = 2a, CAB = 60°,
doan SA = h va SA vudng géc véi (P). Tim h sao cho géc giira hai mat phéng
(SAB) va (SBC) bing 60°.

Giai .

Ké AH L SCvaAK L SB(HeSC:K €SB).

Theo thi dy 6 loai 1, thi AKH = o la goc gitra
hai mit phang (SAB) va (SBC). Tir do:

a=60° @sinaﬁ @.&:._\/_5_ M
_ 2 AH 2
Tacd: AH = AS.AC = ah ,
SC \[a2+h2
AK = AS.AB _ Zflh :
SB {22’ + I\’
Thay vao (1) suy ra: —izl:—’L—h;_—_ﬁ o422 +hP=32a2+3h e h= av2 .
2va®+h? 2 5

Thidu2:

Trong mjt phéng (P) cho hinh vuéng ABCD canh b?lng a. Poan SA c¢b dinh
vudng goc vai (P) tai A. M, N lan luot 1a hai diém di ddng trén canh BC va CD.
Pit BM = u; DN = v. Chitng minh rfmg a(u + v) + uv = a’ 1a diéu kién can va du dé
hai mat phing (SAM) va (SAN) tao vdi nhau mét goc 45°.

Giai

Tacd (SAM)N(SAN)=SA

ViSA L(ABCD) => AM1 SA AN 1 SA
Do vdy MAN = a la goéc gilra hai mat
phing (SAM) va (SAN). Tir dé:

o = 45° <> NAD + BAM = 45°

o tan(T\'JTISTDwL BAM) =1

o fan NAD + tan BAM ~
l—tanm)tal\m

|

v u
=
U a =1

<

uyv
I-=
a

< a(u+a)+uv=a’ =>dpcm.

38



BAI TAP TU GIAI

Bai 1:

Hinh chop S.ABCD c6 day ABCD Ia hinh thoi canh a va SA =SB =SC =a.

1/ Chirng minh mit phing (ABCD) vudng goc v6i mat phing (SBD).

2/ Ching minh SBD 1a tam giac vudng tai S. .

Bai 2: :

Tir dién S.ABCD ¢6 SA vudng goc véi mat phing (ABC). Goi H va K lan
lrrgt la trong tim cua cac tam giac ABC va SBC.

1/ Chimg minh SC vuéng goc véi mat phang (BHK) va (SAC) L (BHK).

2/ Ching minh HK L (SBC) va (SBC) L (BHK).

Bai 3: _

Trong mat phang (P) cho hinh chir nhat ABCD. Qua A dung nira dudng théng
Ax vudng goc vai (P). Lay S 12 mgt diém tiy y trén Ax (S# A). Qua A dung mat
* phing (Q) vudng goc vaoi SC. Gia sir (Q) cit SB, SC, SD lan luot tai B’, C’, D’.

Chimg minh AB" L SB; AD” L SDva SB.SB’ = SC*.SC’=SD.SD’

Bai 4:

Cho lang try dimg ABC.A’B’C’ day 1a tam giac ABC vai AB=AC, BAC =a.
Goi M la trung diém cioa AA” va gia str mat phéng (C’MB) tao véi day (ABC) mét
goc 3. ;

1/ Chlérng minh C'BC = B.

2/ Chirng minh tan % = cosP la diéu kién cin va di dé BM L MC".

Bai 5: .
Cho hinh chép S.ABCD 1a hinh vudng canh a. ¢c6 SA = h va vudéng goc vai
mét phéng (ABCD). Dung va tinh d¢ dai doan vudng goc chung cia
1/SB va CD.
2/ SC va BD.
Dap s6: 1/ Khoang cach 1a BC = a.
ahv2

2/ Khoang cach [a OH = ——=, 0 ddy O la tam cua day.
avh® +a’

Bai 6:

Cho hinh chép tam gidc S.ABC c6 day la tam giac déu canh 7a, canh SC
vubng goc voi mat phing (ABC) va SC = 7a. Tim khoang cach giira hai duong
thiang SA va BC.

Ddp 5. av21.
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Bai 7:
Trong mat phéng (P) cho hinh thoi ABCD c¢é tdm la O va canh a va

OB = a?. Trén duong thing vudng goc véi mat phang (ABCD) tai O, liy diém

S sao cho SB =a. .
Tinh khoang céch giira hai duong thing SA va BD.

a\3

Ddp so: 5

Bai 8:

Cho hinh 1ap phuong ABCD.A'B'C'D" ¢6 canh l1a a. Goi E, F va M 1an luot
1a trung diém cua AD, AB va CC'. Goi ¢la goc giira hai mat phing (ABCD) va
(EFM). Tinh cos .

Dap sb: 3\]/:_1 .

Bai 9:

Trong mat phing (P) cho hinh vuéng ABCD canh a. Dung doan SA vubng
goc v6i (P) tai A. Goi M va N lan lugt 1a cac diém trén BC va CD. Dat BM = u,
DN = v. Chimg minh ring a(u + v) + Buv =a’V3 1a diéu kién can va da dé hai
mat phéng (SAM) va (SAN) tao vai nhau mét gée 30°.

40




Bai giang s6 3
CAC BAI TOAN VE TDA B0 VECTO
TRONG KHONG GIAN

Bai giang nay dé cap dén cac bai toan lién quan dén toa do cua diém va toa do
clia vecto trong khong gian. Cac dang toan thuong gap co thé phan lam hai loai:

Loai 1: La cac bai toan ma dau bai cho dudi dang hinh hoc giai tich khéng
gian, tire 1a xét trong mot hé toa do Pé Cac vuéng géc Oxyz cho trude. Dang toan
nay goi y cho nguoi doc sir dung cong cu phép tinh toa d trong khong gian.

Loai 2: Cic bai todan ma dau bai cho dudi dang hinh hoc khéng gian thdng
thudng. Vi thé mudn chuyén sang cach giai sir dung phuong phap toa dé trong
khong gian thi diéu quan trong bac nhat 1a lya chon maot hé toa do Pé Cac vuong
goc Oxyz thich hop nhit véi dau bai, dam bao sao cho cac phép tinh dya trén hé
toa dd nay phai cang don gian cang tot.

Ta s€ gap lai trong bai giang nay rat nhiéu bai toan da xét trong cac bai giang
s0 1 va sb 2 ma & d6 ta sir dung thuan tay phuong phap tong hop dé giai mor bai
toan hinh hoc khong gian.

Chang t6i hi vong ring, phdi hop ba bai giang 1, 2, 3 s& cho cac ban mét cach
nhin tdng quat vé cac bai toan hinh hoc khong gian va qua do giup cac ban tu lia
chon cho minh mot cach giai thich hgp nhit truée mot bai toan hinh hoc khong
gian can giai.

Nhitng kién thire co ban nhdat va luén sie dung dén trong phep tinh toa do
khong gian (xem trong sach gido khoa Hinh hoc 12).

§1. CAC BAI TOAN VE GOC VA KHOANG CACH GIUA
HAI DUONG THANG

Giai cac bai toan nay bang phuong phap “Phép tinh tpa do khong gian™ ta tién
hanh theo cac bude sau day: :

- Lap mét hé toa do thich hop voi dau bai.

- Tim toa d6 cua cac diém, cac vecto can thiét.

- Sir dung cac cong thire tuong g da biét dé tinh cac dai luong theo yéu cau
déu bai.

Cin nhéan manh rang, viéc xdy dung hé truc toa do 1a quan trong nhét, né dam
bao cho viée tinh toan & cac budc tiép theo la don gian hay phirc tap phu thude vao
viéc lua chon hé truc toa do ban dau.

Thi du 1: (Dé thi tuyén sinh Dgi hoc khdi D — 2008)

Cho lang try dimg ABC.A’B’C’ ddy la tam giac vudng c6 BA = BC = a, canh
bén AA’ = aV/2 . Goi M la trung diém BC. Tinh khoang cach giira hai duong thing
AM vaB’C.
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A c Giai

Nhan xét: vi ABC.A’B’C’ la ling tru ding
va ABC = 90° nén ta dyng hé tryc toa d¢
nhur hinh v& véi goc toa d6 1a B.

Trong hé truc toa dj nay ta ¢é:

£ Y B=(0; 0; 0); A = (0; a; 0); C = (a; 0; O);
\ R 7 B = (0:0,a3).

-

AN -~ ~— C a
M TirdétacéM=(E;O;O).

Vi thé theo phép tinh toa do cuia vecto ta co:

AM = (5 -a; 0) B'C(a;0;-av2).

, [AM, BC]AB]
Ap dung cong thirc khoang cach ta c6: d(AM, B’C) = — N
' AM, B ]'
a a 2
e - o110 — |= - . -
Ta cé: [AM,B'C]z a : 2012 a —(a'\/.:!;a \[2— J 2)
0 2 2
—av2 alla 0
Vi AB = Ké=(0;—a;a\/§) nén tir (2) ta co:
P Y/
[ AB.BC]AB= 37‘5+a3\/§=a ;/: : 3)
. 3J— \/'—
_2_ . a

Thay (2), (3) vao (1) ta cé: d(AM,B'C)

e

Chii y: Hay so sanh lai v&i cach giai ciing cia thi du nay trong thi du 5, §2,
loai 1, bai giang 2 bang phuong phap tng hqp cua hinh hoc khong gian.

Thi du 2: (Dé thi tuyén sinh Pai hoc khdi B — 2008)

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh 2a, SA = a,
SB = av/3 va (SAB) vuéng goéc v6i mit phing ddy. Goi M, N lan luot 13 trung
diém cua AB, BC. Tinh cosin cua géc giira hai dudng thing SM, DN.
Giai
Ta ¢6 ASB = 90° va do SA = a; AB=2a
= SAB = 60° ,
Vi (SAB) L (ABCD), nén néu ké SH 1
AB thi SH L (ABCD). Ta c6 SAM la tam

a3

giac déu nén HA = HM = 5 va SH= 5




Dung hé truc toa d6 nhu hinh vé (géc toa d6 la H, Hx//AD). Trong hé truc nay
ta co:

H = (0;0:0); A—(O—— 0); B—(O a.0);5= [ a;/’] _( a;—%;o);

C=(2a;i€;0).
2
Tir 46 do M va N tuong tng 1a trung diém ciia AB va BC nén cé:
M =(0;%:OJ;N =(a:37a;0) < SM= [ 5'—3—‘/-——j vaDN =(-a;22;0)

Theo cong thirc tinh goc ta co:

cos(SM, DN') = |cos(SM, DN )‘ -

Nhén xét:

So sanh voi loi glan bang phuong phap hinh hoc thuan tily cta thi du nay (xem
thi du 1, loai | §3, bai giang sb 2) thi thay rang phuong phap hinh hoc thuin tiy c6
vé don gian hon!

Thi du 3: (Dé thi tuyéu sinh Pai hoc khoi A — 2008)
Cho lang try dimg ABC.A'B’C" ¢6 d6 dai canh bén bang 2a, day ABC la tam

gidc vudng tai A, AB =a, AC = ay3 va hinh chiéu vuong goc cua dinh A’ trén (ABC)
la trung diém ctia canh BC. Tinh cosin clia goc giira hai duong thing AA” va B’'C”.
_ Gidi :
Goi M la trung diém cua BC. Ta co: ,
BC =v3a’+a’ =2a ~ c
=>BM=MC=BA=a
= ABM la tam gidc déu canh a.
Goi E la trung diém BM, ta c6

a\/— y

AE L BC; EM—— AE——- B

\
Dung hé truc toa do Mxyz trong do A \

Mx//AE (xem hinh v&). Trong hé truc toa do nay ta cé: \x

M= (O;O;O);A(%—%;%;OJ;A':-(O;O;a\/i);B(O;—a;O);C(O;a;O).

Chu y ring A'M =VA'A’ - AM? =42’ —a’ =a\/3 .

Tird6: AA'= (———2—- J—j BC =(0;22;0).
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Viytacé cos(AA"B'C’) =|cos(AA"BC)| (do BCHB'C')
lAA.' Btl a’ _ a’ l
‘AAHBC[ \[ a’ 147 T 2al2a 4

P

Nhdn xét: So sanh véi 10 giai bang phuong phap thuan tdy ciing cua thi du
rén (xem thi du 1, loai 1, §3 — bai giang 2), ta thay phuong phap toa do cua vecto
phirc tap hon . . )

Thi du 4: (Dé thi tuyén sinh Dgi hoc khoi D — 2007)

Cho hinh chép tir giac S.ABCD c¢6 day ABCD 1a hinh thang. trong 36
ABC =BAD = 90°. BA = BC =a, AD =2a, SA =aV2 va SA vudng goc voi mat
phang day ABCD. Ching minh SC L CD.

z, Giadi
Do SA L (ACBD) va BAD = 90" nén dung
hé truc Axyz (xem hinh vé).
Trong hé truc nay, ta co:
A =(0:0:0): B = (a:0:0):
D = (0;2a;0). C = (a:a:0);
Y S=(0:0;av2).
Tirdo: SC =(a:a;—a\/5)

CD = (-a;a:0)
x Do doé SCCD=-a’+a’ =0 = SC L. CD= dpem.

Thi du 5: (Dé thi tuy én sinh Dai hpc khoi B - 2007)

Cho hinh chop tir giac deu S.ABCD canh day bang a. Goi E 1a diém ddi ximg
ctia D qua trung diém cia SA. Goi M, N lan luot 1a trung diém cia AE. BC.

1) Chang minh MN L BD

2) Tinh theo a khoang cach giira hai duong thang MN, AC.
Gia st ACNBD=0. Xét hé truc toa d0 Oxyz
(xem hinh v€&). bat SO = h.
Trong h¢ truc nay ta co:

0(0:0:0):B (oa—‘/: 0] (af ]sz(o.o;h)

[_a—‘/; 0;0); D[O;-a;ﬁ:oJ

2

< P

1) Goi I {a trung diém clia SA ta co:

l[—-i—g—;O;b—]::»E[—q—\/—_—'a—\/: h]:> M(—EQ:E‘/—E;'—‘]
2 2 2 ' 2 2
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) [ . ) .
Ta c6 N= a—J—:—;a‘“-o MN = 33‘/:;0;1—‘ ;BD:(O;—aJE;o).
44 4 772

Vay MN.BD=0 = MN L BD (dpcm).
2/ Tacod AC = (a\/E;O:O) . Theo cdng thirc tinh khoang céach ta ¢o:

.[MN AC NCI
d(MN,AC)= 1[1911\3 in (N
’ ]

nlln 34232 o}_[o'ahﬁ_oj‘

Ta cé: [M’N’.}&C}: 0 2l 2 2| 4

0 0j o av2 |av2 OJ
Lai c6: NC = [‘"‘/— a‘/—,o] [MN AC]NC:_'

4 2 4

a~h

Thay lai vao (1) ta co: (I(MN,AC) 4 ili_z— i

ah\/— 4

’)

“

Nhdn xét.

So sanh vai loi giai cua thi du trén nhung bang, phuong phap hinh hoc thuan
tay (xem thi du 2. loai 2, §2, bai gidng 2) ia thay voi thi du nay, cach giai bang
phuong phap thuan tay la don gian hon!

Thi du 6: (Dé thi tmen sinht Dai hpc khéi B — 2006)

Cho hinh chop S.ABCD ¢6 ddy ABCD la hinh chit nhat v6i AB = a;

= a\/:, SA = a va SA vudng gdoc voi mit phang (ABCD). Goi M vaN fan luot
lé trung diém ctua AD va SC. Ching minh rang (SAC) va (SMN) la hai mat phang
vuong goc voi nhau.

Dung hé truc toa d6 Axyz voi géc toa do tai A
(xem hinh v&). Trong hé truc nay ta co:

=(0.0:0); B =(0:a:0): D:(a\/z;O;O):
:(aﬁ;a;O);S=(0;0:a):M_(a\/—
). e
Tu do: SA:(O;O;-—a);AC:(a\/2;a;0), SM = (——*— 0;— ] MB = [——Z—,a;OJ

Goi n,.n, lan lugt 14 cac vecto phap ciia (SAC) va (SMB).

ol



e (o -all-a ol o) ,, ,
Tacé n,=[SA,AC]=[a oo ava[lava a)=(a ;—a \/5;0),
. a2 |
me[ms]- 0 i 2 2 [a2,2032 272
2 s a 0,0 _a\/z 5_a\/5 s 2 ’ 2 .
z 2 2

Nhu vdy n.n,=a‘-a*=0=n, L
n, = (SAC) L (SMB) = dpcm.
- Nhdn xét:
Trong thi du 1 loai 2, §1 bai giang 2 ta
da giai thi dy nay bang phuong phap
hinh hoc khong gian thuan tiy. So
Y sanh hai cach giai va thdy rang thi du
nay nén sir dung phuong phap thuan
. tay s€ tot hon.
Thidu 7: (Dé thi tuyén sinh Pai hoc khoi A - 2007)

Cho hinh chop tr giac S.ABCD c6 day la hinh vudng canh bang a. Mat bén
SAD la tam giac déu va nam trong mét phing vudng goc vai day. Goi M, N, P lan
Tuot 1a trung diém cua SB, BC,CD. Chimg minh rang AM L BP.

Giai:

Goi H 1a trung diém cia AD. Do SAD la tam giac déu nén tacé SH L AD

= SH L (ABCD) (vi (SAD) L (ABCD).

Dung hé truc toa dé Hxyz, goc H nhu hinh vé, & day Hy//AB. Trong hé truc
toa dd nay, ta co:

H =(0;0;0);5| 0;0; 2= a‘/— (E;a;OJ;C=(—3;a;0);D=(—3;0;0);A=(3;0;0].
2 2 2 2 2

Ta tinh duge: M = 2. El—;fl——:;- ;N =(0;2;0);P = —3;3;0 .
42 4 22

Do d6 AM = [

2 2 '
Ta c6: AM .ﬁ=%—-f‘&-=o — AM L BP = dpem.
Thi du 8: (Pé thi tuyén sinh Pai hoc khdi B - 2002)
Cho hinh 1p phuong ABCD.A,;B,C,D; canh bang a.
1/ Tinh khoang cach giira hai duéng thing A|B va B, D.
2/ Goi M, N, P lan lugt 14 trung diém cia cac canh BB, CD, A,D,. Tinh gic
giira hai dudmg thing MP va C|N.
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Giai z
1/ Dung hé truc toa d§ Axyz (xem hinh v§)
Trong hé truc nay, ta cé:
A(0;0;0); B(a;0;0); C(a;a;0);
D(0;a;0); A1(0:0;a); Bi(a;0;a);
Ci(a:a;a); Dy(0;a;a).
Tir d6 ta co:
AB= (a;O;—a);BT]S =(-a;a;-a)

>[#.80)-(

’
a —a

D+

—aj t—a a

1a 0

?
—a —a

-a a

Lai co XIFBT =(a;0;0) do d6

[AB.BD]AB ' L \/g
H:AlB,BlD]I a f

2/ Do M, N, P la trung diém cua B;B, CD, A,D, nén ta c6:

M(a;O;EW;N(?—;a;OJ;P(O;E;a) .
2, 2 2

Taco: MP=(—a;—a—;—a-) va EI—-N'=(—3;0;—a)
22 2

d(A,B, Bp):i

Tir do: W.C‘—N=%—%—=0 = MP L CN.

Viy goc giira MP va C/N bang 90°.

Nhdin xét:

Trong thi du 1, loai 3, §2 bai gidng 2, ta da sir dung phuong phap hinh hoc thuan
tay dé giai thi du minh hoa cho viéc: Bai ra dudi dang hinh hoc khong gian (chua hé co
toa d§), nhumg néu giai bing phuong phap toa d thi 16i gian don gian hon.

Binh lu@n chung:

Cac bai thi tuyén sinh vao Dai hoc va Cao déng trinh bay trong cac thi du trén
déu dua dén dang cia mot bai toan hinh hoc khong gian chir khong phai dén dang
mét bai hinh hoc gidi tich khong gian. Ching t6i da trinh bay cac 101 giai cua céac bai thi
dy bang phuong phap sir dung phép tinh toa do trong khong gian (cu thé 1a phép tinh
toa do ddi véi cac phép tinh trén vecto nhu tich v6 hudng, tich cé hudng cia cac
vecto trong khong gian, cac cng thirc tinh khoang cach, tinh goc giira hai vecto...).

So sanh vdi 16i giai bang phuong phap sur dung hinh hoc thuan tay dé giai cac
bai thi trén da trinh bay trong bai giang s6 2 ta nhan thdy: Nhin chung hai phuong
phap giai mdi phuong phap c6 mét 1gi thé riéng:

- Phuong phap toa do 161 giai c6 dinh huong o rang, mic du tinh toan c6 thé
hoi phirc tap hon nhung dé ap dung hon va van dugc chip nhén.

- Phuong phap ding hinh hoc thuan tiy, hoc sinh can sir dung thanh thao cac
kién thirc cia hinh hoc khong gian dé van dung vao bal giai cua minh (diéu nay
khong phai moi em hoc sinh déu nhin ra). Tuy nhién néu biét cach giai, thi 15 giai

2
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3 ¢6 phan gon gang hon, tranh duoc cac tinh toan, diéu ma cac em hoc sinh bay
i0 ca ki thuat tinh toan khong duge thanh thao (va vi thé ho ngai tinh toan).

C6 thé thay vai hai thi du 5 va 6 phuong phap str dung hinh hoc thuan tiy gon
ang hon. Céc thi dy con lai hai phuong phap giai ¢6 thé xem la tuong duong. Su
wa chon phuong phap giai véi cac thi du nay con phu thude vao so truomg cua
\gudi giai. Con trong thi du 8 thi nguoc lai, dung phuong phap toa.do dé giai lai
son gang hon.

Dudi day ching t6i s¢ trinh bay cac thi du ma dau bai duoc ra dudi dang toa
16 (thc la dudi dang ctia mQt bai toan hinh hoc giai tich khong gian). Dudi dang
13y di nhién tao ra cam gidc ban dau cho ngudi lam bai 1a nén st dung phwong
>hdp toa do trong Khong gian dé giai no.

Thi du 9: (Dé thi tuyén sinh Dai hoc khdi A-2006)

Trong khong gian vai hé toa do Oxyz cho hinh 1ap phuong ABCD.A'B'C'D"
v6i A(0:0:0). B (1:0:0): D(0:1:0): A"(0:0;1). Goi M, N lan luot 1a trung diém cua
ABva CD.

Tinh khoang cach giira hai duong thing A°C va MN. -
, Gidi
]‘ Ta c6 C = (1;1:0) tir d6 suy ra:
Al — P 1 (1
N\ M=(—:O;OJ:N:(—:1;0)
, 1y 2 9
B iy C < T o
L Ta ciing c6: AC =(1:1;1), MN =(0;1:0)
MK‘)LA— —\\Jr -—_4D Y Tir d6 theo cong thirc tinh khodng cach ta co:
—— M
“ e N [A'CMN] A’ M]
d(A'C,MN) = - (.
X | [ATC MN]I
D& thiy [K"C’,MN’]:U l l l l U (1:0;1)
R 1 s ] 1
Vi A'M=| Z;0:-1 | nén ta co:[ A'M,MN | A’ M=Lto1=-1.
2 2 2
1

5{ 5

Thay lai (1) ta cé: d(A'C,MN) = r~——~2 ==

Nhdn xét. . ) el

Tir dang cua dau bai, ta thay ngay viéc sir dung phuong phdp toa do da giai la
hoan toan ty nhién. Phép tinh nhu da trinh bay cling don gian.

- Thi dy nay dua ra dudi dang hinh hoc giai tich nhung da dugc giai bang
phuong phap hinh hoc thuén tay trong thi du 3, loai 2, §’7 bai glang, 2. Diéu i th
14 phép giai bang phuong phap hinh hoc thuan tuy lai ¢6 phan don gian hon.

Thi dy 10: (Dé thi tuyen sinh Dai hoc khoi A - 2004)

Trong khong gian v&i hé truc toa do Oxyz cho hinh chép S.ABCD co day
ABCD 1a hinh thoi, AC va BD cét nhau tai goc toa do. Biét A = (2;0;0), B (0:1;0).

$(0;0; 2\/_) Goi M la trung diém cia SC. Tinh goc va khoang cich gira hai
dudng thing SA, BM.
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Giai z
Taco C = (-2:0:0) = M :(-1;0;Jz)

Vivdy: SA = (2:0:-2J2);BM = (-1:-1:42).

-~

Goi « la goc nhon tao boi SA va BM, thi lr
's/\ M| 2 -4 6 \/:, i |
COSU = " R S S - + C
IsallaM] - VT8V W2 s
Vay = (SALBC) = 30", tX/A B\‘
j[sA’.BMJS(i
Tacing co: d(SA.BM) = Fcee——et (1)
{SA,BM]]
. Mo —2y2l]2v2 20
Ta co: JSA.BM ; V2 ; =(-2v2:0.-2).

AL TE e b -

RRe
T s+ 3

Nhgin xét: Thi du trén da duge giai bing phuong phap hinh hoc thuan tay
(xem thi du 4. loai 2. §2 bai giang 2, thi du 1, §2, bai giang 1). Co thé thay trong thi
du nay phuong phap ding tea dd ¢6 phan don gian hon (mac du phai tinh todn) vi
cé mot dinh hudng giai a ro rang.

Thi du 11: (Dé thi tuyén sinh Dai hgc khoi A -2(Ij3)

Lai ¢ SB ,::(():I:— 2\[’) thay vao (l)ta di dén: d(SA BM)

Trong khong gian véi hé truc toa
dd Oxyz. cho hinh hop chir nhat

ABCD.ATB'C'D™ ¢6 A tring voi goc NN D
ctia hé toa do, ngodi ra B = (a: 0; a): : T '
D = (0:a:0): A" = (0:0; b) (a > 0: b > / : \\ \C\
0). Goi M 1a trung diém cta CC". Tim // 1A “M N
| N
ti so a dé hai mat pl\éllg (ABD) va // Afo \ 7T -== o,
D . s N < N
(MBD) vudng goc vai nhau = = c

X .
Ta goi K 1d tam cua day ABCD, thi K = (3 i; )

Tacd C = (a;a:0), C'=(aasb) > M =[a;a;—’;].

D& thiy MB = MD; A'B=A'D
= MK L BDvaA’K L BD.
Viy A'KM la goc phang tao bai hai mat phang (A’BD) va (MBD). Tir dé:
(A’BD) L (MBD) <3 A'KM =90°¢> AK . KM =0 (1)
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Do AR = 2:2:-b kM=

-

.3.2)
272
a® a®> b

vithd: () o242 2 _pgoa-belo,
4 4 2 b

o |

Nhdn xét: Thuc ra cach giai nay di sir dung qua nhiéu kién thirc cua hinh hoc
thuan tiy, d6 la phat hién ra (1). Cht y ring d6 ciing 14 cach giai trong thi du 2, loai
2, §1, bai giang 2. Diéu khac biét la & doan sau sir dung dinh 1i Pitago thay cho tich
v6 huéng.

Thidu 12: (Pé thi tuyén sinh Dgi hoc khéi D — 2004)

Trong khong gian v&i hé toa do Oxyz, cho hinh ling tru ding véi A(a;0;0);
B(-a;0;0); C(0;1,0); B;(—a:0;b) vdia>0; b> 0.

I/ Tim khoang cach giira hai duong thang B,C va AC, theoava b

2/ Cho a, b thay ddi va thoa man a+b=4. Tim a, b ¢ khoang cach & cau | la
I6n nhat.

Ta c6 ngay A, = (a;0;b); C,=(0;1;b).

Tir d6 suy ra: BC = (a;];—b):Aa :(—a;l;b);CﬁCI =(0;0;b).

-b a

Nhur vay
O — 1-b a |
[B'C’AC']ZUI b;b ~a;~a IU

=(2b;0;2a)

=[BC,A,C|CC; =2ab
Theo cdng thie tinh khoang cach ta co:
‘[BTEA}E]CE:' _2ab  ab
[BCAC|  2Va'+b® Vai+b®
2/ Theo bflt ding thirc Cési ta c6:
ab < ab _ Jab L a+ b
Jat+b® N2ab V2 T2
Tir d6 max d(B,A,AC,)=V2 <>a=b=2.
Thidy 13:
Trong khdong gian cho hinh hgp chir nhat ABCD.A’B’C’D’ véi toa d¢ cac
dinh nhu sau: A’(0,0;0); B’(a;0;0); D’(0;b;0); A(0;0;c) (trong d6 a, b, c>0). Goi P,

Q, R, S lan lugt la trung diém cua cac canh AB, B'C’, C’D’, DD’. Tim méi lién hé
gittaa, b, c 4 PR .L QS.

d(B,C.AC,) =

d(B,C,AC,) = =2 (doa+b=4).

Giai
Tacd C" =(a;b;0); B=(a;0;¢c); C =(a; tg; ¢); D=(0; b; ¢).
Tir d6 theo cong thire tinh toa dé trung diém ta co:

p =(3;0;3);Q =( ;3;0); R =(3;b;oj;s:(o;b;3)
272 2 2 2
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=> PR = (0;b;—); QS= (

NIU‘
Nlo
N
>
N

. D
Vay PRLQS < PR .QS =0 s A< |
b 2 N ¢ S
& —-—=0ob=c. , N -
2 2 RN Vg
Thi du 14: Dé thi tuyén sinh Dai hoc A= ()/]—7‘>v—— L,y
khoi B - 2003) T
Trong khong glan vGi hé toa do Oxyz 5 6 o
cho hai diém A(2:0;0), B(0;0;8) va diém C
sao cho AC =(0;6;0) . Tim khoang céch tir
trung diém I cia BC dén dudng thing OA.
Giai
Tir AC = (0;6:0) va A (2;0:0) suy ra C(2:6;0). Vil la trung diém coa BC nén 1 (1:3:4)
[o1.64]
Tacéd: d(l,OA)=—r—r—= 1
(1.0A) oR M
o (Bl 3
Ta c6 Ol = (1;3;4):0A = (2:0,0); :[OI.OA]:UO O'; 0ol U (0;8.6).

(o)
Tir d6 theo (1) ta co: d(1,0A) = (o) =5

\/?T(‘): +0°

§2. TINH THE TiCH KHOI DA DIEN BANG PHEP TINH
TOA DO TRONG KHONG GIAN

Phuong phap giai & ddy vé co ban ciing gidng nhu phuong phap da trinh bay
trong §1. Phuong phap nay c6 cai vu viét 1a khong can xac dinh chiéu cao khéi da
dién (diéu ma trong nhiéu bai toan thé tich khéi da dién s& gap kho khan).

Thi du 1: (Dé thi tuyen sinh Dai hpc khoi A — 2003)

Trong khong gian véi hé truc toa d6 Oxyz cho hinh hop chir nhét
ABCD.A’B’C’D’ ¢6 A trung vai géc toa do, B(a;0;0); D(0;a;0), A’(0;0;b) (a, b > 0).
Gia sir M 1a trung diém ctia CC'. Tim thé tich khdi da dién A’BMD theo a va b.

Giai z
Ta ¢é: C = (a;a;0), C’= (a;a;b).
Tu do: M= (a;a;gj :

AB=(a;0;—b); AD =(0:a;—b);




r\DADJ v ba

1a 0
’L N a}z(ab;ab;az).
(|
Do vdy: V4 amp :%’[ A' A:~ A Mi —la’b+a b~-—;—tl —.—a-—P— (dvtt).
Nihgn xét:

Trong bai giai 56 1 ching ta da s dung phuong
’7 &]

phép hinh hoc khong gian
thudn tity (dua thé tich khdi can tim thanh hiéu thé tich cta hai khi) (xem thi dy 3, loai

Bai giang 1) dé giai thi du trén. Voi thi du ndy cach giai bing phuong phap
toa do 1a dé sir dung (vi ¢6 dudng 151 r& rang va viée tinh toan 1a don gian)

Thi du 2: (Dé thi tuyén sinh Pai hoc khéi A —2004)
Trong khong g

gian voi hé truc toa dé Oxyx cho hinh chop S.ABCD c¢é6 day
ABCD 1a hinh thoi, AC cit BD tai goc toa d¢ O. Biét A(2;0;0), B(0;1:0):
S(0:0 ’f) Goi M la trung diém caa canh SC. Tinh thé tich hinh chop S.ABMN
g day N 1a giao diém cta SD v&i mit phiang (ABM)
Do ABCD 1a hinh thoi tam O nén ta ¢6

Do AB/DC = AB//(SDC)
(MAB)~(SDC) =

& diy MN//AB. Vi M la trung diém cua

J
SC. nén N la trung diém cua SD
Taco: C

=(-2:0:0):D =(0:-1:0).
Tirdo: M ={1-10;=V2 )N :(0:—%;&)
Taco:

=(2:0,-2v/2). SN [

1 \
SN :Lo;w_ ~

- \/EJ. SM = (~1:0;=v2); SB=(0:1:-2+/2)
V,

o = Ve s + Ve = .é][ SB.SN ] SA]+ %;[s“g.s‘w‘]sm} )
1 =22 0 1
1¢O: [SB.SN}r ,.‘_ ~ Z;f/\éi 2;0 _% =(~2\/§;0:0)
[SB SN]SA=~4J'[SB,SN]S‘M 22 2)
y (2) vao (1) taed: Vg =%(4\/?T+2\/5)= J2

n xét: Bang phuong phap so sanh thé tich trong thi du 1, loai 2§, bai giang
jai thi dy trén b’mg:, phuong phap hinh hoc thuan tiy.

v
1i cach giai déu cé higu qua khi giai thi du ndy (tuy nhién, vi ban dau bai
g toa do, nén hoc sinh dé chon cach giai nhur trén hon).



Thi du 3: (Dé thi Tét nghiép Trung hoc Phé thong — 2003)

Trong khong gian véi hé truc toa do Oxyz cho bai diém A(2:4:-1);
B(1:4:—1); C(2:4:3). D(2:2: -1).

1/ Chirng minh AB 1 AC; AC L AD; AD L AB.

2/ Tinh thé tich khéi tir dién ABCD

1/ Tacd: AB= (—I;O;O):A(: = (0:0:4):)&[5: (0:-2:0). A
Tir d6 ¢6 ngay: AB.AC = AC ;\13 = KD AB =0 =>dpcm.
[ /Io 0|
2/ Ta co: .AB A( (040)
400 |0 0
. 1 l e . 4 C

Do dé: V e, =~ AB,AC] .ADI ~Lg=2 v

ot : 6 3
Nhcin xér: Véi cau 2 ta ¢6 theé lam nhu sau:
Tircau 1/ suy ra: D

1 1 1 4

Vaseo = Viach = =BAS cp =—ABACAD=—142==.
3 6 6 3

Binh lugn:

Vi ba thi du trén do dau bai ra dudi dang toa dg, nén viéc hoc sinh lua chon
phuong phap toa dé dé tim thé tich khi da dién 1a hop li. Dudi day ta s& xét cac vi
du tim thé tich khdi da dién trong cac bai toan ma & dang dau bai n6 duogce cho dudi
dang mot bai toan hinh hoc thuin tiy (chua hé c6 toa d6). Ta sé& giai ching bing
phuong phap toa d va so sanh 1oi giai nay véi 1o giai bang phuong phap hinh hoc
thuan tay. '

Thi du 4: (Dé thi tuyén sinh Dai hoc khéi B — 2006)

Cho hinh chop S.ABCD c¢6 day la hinh chir nhat voi AB = a, AD = av?2.
SA = a va SA vudng goc véi mit phang (ABCD). Goi M va N lan luot la trung
diém cia AD va SC. I 1a giao diém cia BM va AC. Tim thé tich khéi tr dién ANIB

Dung h¢ truc toa do Axyz voi géc A (xem hinh vé).

Trong hé truc toa dd nay. ta co:

A(0:0:0):D(av/2:00);
B =(0;a:0):C :(a\/i;azo): $=(0,0:a)

Khi dé ta co:
. 2

Ta ¢o: Ml:llB:Mizle.

Goi I = (Xo:¥0: 20) Dé thay zy=0va
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Yommy =307
I
)’0—0—5(3—)'0)
Nhu vay: I = —33 ;0
2 '3
Taco
NA=|-2¥3. 2 a|gg_[_
2727 2
Tur d6
L2 a2
[NANB]= 2 L2
a 3 a
2 20 2 T o

Viviy: V= %‘[NK*N'BJNW 3

a
) ) .—5 —[ﬁ'O'—a:ﬁ]
b .a— 2, L]

2

af fI

= dtt
4|

Nhdn xét: RS rang phuong phép toa dé dé giai thi du nay phuc tap hon hin
phuong phap ding hinh hoc thuan tiy dé giai né (xem 1oi giai trong thi du 5, loai 1,

§1, bai giang s6 1).

Thi dy 5: (Dé thi tuyén sinh Pgi hoc khdi D — 2009)

Cho hinh lang try dimg ABC.A’B’C’ ¢6 ddy la tam giac vuong ABC tai B.
Gia sir AB = a, AA’ = 2a; A’C = 3a. Goi M 1a trung diém cua A’C’ va | la giao
diém cia AM va A’C. Tim thé tich tir dién 1ABC.

Giai
z4 Xét hé truc toa d6 Bxyz géc B (xem hinh vé&).
Trong hé truc nay ta co:
A M B = (0;0:0); A = (0;a;0); C = (2a;0;0)
AT ¢ (do AC* = A’C’ - CC"? = 9% - 42’ = 5a’
B~ ‘ = BC = 2a).
N
X Do AM=1AC=iH=2aa"=%2
AN 2 3
/ RN Ké HN/BC va HP/AB.
y N | 2a 2
/| \ X = HN=-BC==S; HP=2AB=22
\/ W N 3 3 3 3
AN c : (2_8.2_5.2)
5 3373
Taco ]K=( a,i;—ia—j;lhB':(—-— —é;—ﬁj —*:(f}j,_ﬁ;_ﬂ)
3 3 3 3 3 3
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a 4 42 2a)) 22 a
3 30| 3 301 3 3| _(_4a®  2a°
_2a _4a) 42 23"l 22 2a 3703
3 301 3 310 33 )
lree 772 1| 162’ 8a'| 4a’
- —g’[lA,lB].lCl == @,

cét: So voi cach giai thudn tay béng hinh hoc (xem thi du 3, loai 1,

§]Y

) cach giai bing phirong phap toa dd thua kém hin vé moi mat. Néi

khong nén dung phuong phép toa dd trong truong hop nay.

vMOT SO BAI TOAN KHAC SU DUNG PHUONG
PHAP TOA bO CUA VECTO

ong muyc nay, chiing téi trinh bay cach giai mot s6 dang bai tap co ban khac

iung dén phuong phap toa dé trong khong gian.

hidul: :

rong khéng gian cho bon diém A(1:=1:2); B(1;3;2); C(4:3;2); D(4: —1
;minh réng bon diém ndy d("mg phéng.
Tacd: AB= (0;4;0):;{6 :(3;4;0);Kﬁ =(3:0;0).
40010 0
4 0110

0 4

X 40:(0;0-,42).

Vi thé: [ABAC]AD =0 = ba vecto AB,AC,AD d6ng phang
=> bbn diém A, B, C, D dong phéng.
Thi du 2:
Trong khong gian cho bdn didm A(2;4:-1); B(1:4;-1); C(2:4:3); D(2:2:-1).
1/ Ching minh ACBD 1a mt tr dién.
2/ Xac dinh toa 49 diém M trong khong gian sao cho dai lugng

MA® + MB* + MC® + MD?
dat gia trj nho nhét va hay tinh gia trj ay.

Giai

Tacé: AB=(~1;0;0),AC =(0;0;4); AD = (0;-2;0).

tras: [AB,AC]=[ 0 L0 TN (om0
0 4|4 00 O

Al

-

-
]

Khi dé: [Aé, AC] = U

2).
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= [ABA(‘]AD =-8%0. Vay ba vecto AB.AC,AD khéng ddng phing.
tirc 1a ABCD 1ap thanh mét tr dién.
2/ Goi M = (x,y, z),1a ¢O:

MA? + MB? + MC* + MD* = (x = 2)" +(y —4)" + (z+ 1) +(x = 1)’ (y = 4)" +(z+1)’
+(x-2) +(y-4) +(z-3) +(x—2):+(y—2): +(z+1)
=4x7 +4y” +4z2° —14x -28y =77

7Y 7Y . 63
=4 x-—1 +Hy-—| +4z2 +— (]
[ 4) (’ 2] s
Tur (1) suy ra:

5

min(MA: +MB® + MC* + MDz): 603 o«

£

Al
<
H
to | ~3
N
I
o
Il
SN
|
t
=
N~

Chir y: C6 thé giai nhu sau:
ngay toa do caa tir dién theo cdng thirc sau:
_XATXp XA Xp YATYstYctYp., _FatZptZctZp
Xg = 1 Y6 4 2G = 4 ‘

472

Vithétaco G = [1;1;0)

Theo cong thire “ba diém” ta co:
MA® + MB® + MC’ + MD' =(MG + GA)* +(MG +GB) +(MG +GC) +(MG +GD)
=4MG +(GA® + GB® + GC* + GD*) + 2MG(GA + GB + GC + GD)
=4MG’ + GA* +GB* +GC” + GD* Q).
Do GA® +GB” + GC* + GD” =const nén tir (2) suy ra:
(MA® + MB® + MC® + MD* ) dat gié tri nho nhét <> MG =0

@MEG@M:[Z;Z;O)
4 2

Ta thu lai két qua trén.
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BAI TAP TU GIAI

Ding phuong phap toa d6 dé giai cac bai toan vé tinh thé tich khdi da dién sau,
sau d6 hdy so sanh vé&i 10i giai bang cach sir dung phurong phap hinh hoc thuan tay:

Bai 1: (Pé thi tuyén sinh Pai hoc khoi A- 2007)

Cho hinh chép S.ABCD, day 1a hinh vuong ABCD canh a,"mat bén SAD la
tam giac déu va nim trong mat phang vudng goc vai day ABCD. Goi M, N, P lan
luot 1 cac trung diém cua SB, SC, CD. Tim thé tich ur dién CMNP.

. a’V3
-Pap s6;: ———— .
P50 756

- Lo giai bang phuong phap hinh hoc xem thi du 4, loai 1. §1, bai giang s6 1.

Bai 2:

Cho hinh h¢p ddy ABCD.A'B'C'D" ¢6 day la hinh vudng canh a, canh bén
AA" =h. Tim thé tich v dién BDD'C".

5

. soah
- Dap so: —.
6

Sir dung phuong phap toa do dé giai cic bai todn sau:
Bai 3:
Cho hinh chop S.ABCD ¢6 day ABCD la hinh chir nhat véi AB = a, AD = 2a,
canh SA vuong goc vai day. canh SB tao véi mat phing day mot goc 60°. Trén
aV3

canh SA lay diém M sao cho AM-——T. Mat phang (BCM) cit canh SD tai diém
N. Tim thé tich khéi chop S.BCNM .

- Padp s0: 19\:/53— .

Bai 4: (Dé thi tuyén sinh Pai hoc Hing Vieong — 2006)

Cho hinh chop S.ABCD ¢6 day ABCD la hinh vudng canh a, SA=a va SA vudng
gée vai mit phang (ABCD). Tinh kKhoang cach gitia hai duong thing BD va SC

Ddp $0: EL/E'

6

Bai 5:

Cho hinh ¢hép S.ABCD ¢6 day ABCD la hinh vudng canh a, SA vuong goc
v&i mdt phang (ABCD) va SA=a. Goi E la trung diém cia CD. Tinh theo a khoang
cach tir diém $ dén duong thang BE.

bap so: ix_-\/ 2 .
d
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Bai 6:

Trong khong gian cho tir dién OABC vai A(0:0;a+/3) ;B(a;O;O);

C(O;a\fi;O) (a>0). Goi M la trung diém cia BC. Tim khoang cach giita hai
dudng thing AB va OM.

. aVis
s

Ddp s6:

Bai 7: (Dé thi tuyeu sinh Cao ding Sw pham Tay Ninl - 2006)
Trong mat phang (P) cho hinh vuéng ABCD canh bang a. Qua trung diém 1|
ctia canh AB dung dudng thang d vuéng géc vai mat phiang (ABCD). Trén d lay

diém S sao choS! = izﬁ

I/ Tim thé tich hinh chop S.ACD.
2/ Tim khoang cach tir C dén (SAD).

a’\3
a\/—

2 &N°

‘.

Ddp so: 1/

Baii 8 :
Hinh chop S.ABCD ¢6 ddy ABCD la hinh thoi tam I, canh bang a va duong

chéo BD = a. Canh SC = avé

mat phang (SAB) va (SBD) vuédng goc vi nhau.

Huong din: Lap h¢ truc toa do Ixyz géc I sao cho tia Ix tring véi tia IB, tia
ly tring vai tia 1A, 1z //SC.

Bai 9 :

Cho hinh 1ap phuong ABCD.A’B’C’D’ canh a. Tim khoang cach giira AB” va
BC".

, . av3
Ddp so:
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Bai gidng s6 4 va s6 5 ]
BUUNG THANG VA MAT PHANG
TRONG KHONG GIAN

Céc bai toén ve duong thing va mit phing trong khong gian luén luén c6 mit
trong céac dé thi vé mén Toan & céc ki thi vao Dai hoc va Cao ding trong nhitng
nam gin day (2002- 2009).

Bai giang nay de cap dén nhitng van dé sau:

- Thiét lap phuong trinh mat phang

- Thiét Iap phuong trinh dudng thang

- Cac bai toan xac dinh diém va cac yéu té khac trong hinh hoc khéng gian.

§1. BAI TOAN THIET LAP PHUONG TRINH MAT PHANG

Viéc thiét 1ap phuong trinh mét phing duoc dura trén cac kién thic co ban sau:
I/ ava b la mdt cap vecto chi phwong cia mat phang (P) néu ching khéong
cung phuong va gia cua ching song song véi (P) hodc nam trén (P). Khi dé:

n= [5,5} 1a mot vecto phap tuyén cua (P).

2/ Phuong trinh tong quat cia (P) cé dang: - r,
Ax+By + Cz+ D=0 (véi A+ B*+C*>0). 5
Khi d6 n =(A;B;C) la mét vecto phap tuyén cta (P). |
3/ Mat phiang di qua diém M(x(,, Yo; Zp) va
nhan n = (A:B;C) lam vecto phap tuyén c6 dang:
A(x—=x,)+B(y-y,)+C(z-2,)=0. n
4/ Mit phang, theo doan chén: !
Mit phiang di qua diém A(a;0:0); |
B(0:b;0); C(0:0;c) vdi a,b.c # 0 ¢6 dang: / Mo
L A
a b ¢
Duéi dang nay ta néi mat phang cé
phuong trinh theo doan chin.
Cdc dang todan co bain
Loai 1: Cac bai toan co ban lap phuong
trinh mit phang:
Cac bai toan co ban Idp phuong trinh mat
phing gom cac bai toan sau day:
- Viét phuong trinh mit phang, di qua diém

M (x0, Yo, 20) va nhan vecto n= (A;B;C) lam
vecto phap tuyén.
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Phuong trinh cua né la: A(x-x0) + B(y-yo) + C(z-29) =
- Viét phuong trinh mat phiang di qua ba diém A. B, C l\hong thang hang cho

trudec.

Mait phing can tim nhan hai vecto AB, AC lam hai vecto chi phuong . Khi
do bai toan quy vé: Viét phuong trinh mat phang nhan n= [Aﬁ AC] la vecto
phap tuym va di qua A.

- Viét phuong trinh mat phiang di qua mét diém A va song song vdi hai duong

thang d,, d..
Khi dé bai toan quy vé: VlCl phuonu trinh mat phang qua A va nhan

n= u u. 1‘ lam vecto phap tuyén. ¢ day
|
/ tuom, tmg la cac vecto chi phuong cua d, va da.
M
d

- Viét phuong trinh mat phiang chira hai duong

u~

lhdn" song song d, va d> (d\//d>).
. m diém Med,, Ned,. Bai toan. quy Ve vict
N © phuong trinh mat phang nhan hai vecto MN. ul (u.
1a vecto chi phuong cia d)) va di qua diém M.

Ngoai ra con nhiéu bai toan khac c6 thé quy vé
cac dang co ban trén sau cac phép bién ddi don gian.
Thi du 1: (Dé thi tuyén sinh Dai hoc khéi B - 2008)
Trong khéng gian vdi hé toa dd Oxyz cho ba diém A(0:1:2); B(2: -2:1):
C(-2:0;1). Viét phuong trinh mit phang di qua A, B, C.
M"ll phz’ing can tim nhan:
= AB=(2:-3:1)va u, = AC = (-2:-1;—1)tam cap vecto chi phuong.

el
-2 (2:4:-8)//(1:2:-4).

Do do vecto phap tuyén n ciand la:
. ooy (-3 - I
n=fuu, =

[ ] '\l ST

Vay mit phang can tim ¢ dang;
l(\— O+2y-1)-Hz-2)=0¢& x+2y-4z+6=0.
Thi du 2: (Dé thi tuyéu sinh Pai hoc khéi B - 2006)
Trong khong gian voi hé toa d§ Oxyz, cho diém A(0:1:2) va hai dudng thang

x=1+t .
N ov-loz+3
dp: —=5——=-— v d,:qy=-1-2t
2 ] -1
z=2+1

Viet phuong trinh mjt phang (P) qua A, dong thoi song song voi d; va da.
Giai
Duong thing d, ¢6 vecto chi phuong u, =(2;1;-1).

Puong thing ds ¢ vecto chi phuong -udl. =(L-2:1).
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Vi(P) song song void, vad, nén nhdn u, va u, 1a cap vecto chi phuong.

(Chay u va u I\hong cling phuong) Do d6 (P) nhan n —[ﬁ;,u‘:} lam vecto

S

-

2
5|

phap tuyén. Ta cé:
-1 I )
: =(-1:3:-5).

n—[u,.uzJ—(_z T -
Mat khac (P) di qua A (0:1:2) nén (P) c6 dang
—1(x-0) = 3(y-1)-5(2~2)=0<=>x+3y + 52-13=0.

Thi du 3: (Dé thi tuyén sinh Dai hoc khéi B — 2005)

Trong khong gian vai hé toa do Oxyz cho hinh lang tru dimg ABC.AB,C,
vai A(0: -3:0); B(4:0:0); C(0:3:0); By(4:0:4). Goi M la trung diém cua A,B,. Viét
phuong trinh mdt phiang (P) di qua A, M va song song véi BC,.

Giai

Taco: A=(0; -3:40 va C, = (0;3:4)

(%]

ViM la trung diém cia A\B, nén M :[2:——;4j

o

Tir d6 co: AM = (2;

(SRR

;4] va BCl =(-4;3:-4)

Mit phing (P) di qua A, M va song song voi BC; nén nhin hai vecto AM va
BC, lam cdp vecto chi phuong. Do vay vecto phip tuyén n cua (P) xac dinh nhu sau:

| | Al
. L (li alla o 2
n=[AM.BC =2 17 3= (=6 —24:12) 11 (1. —4:2)
L3 M W
-4 e

Mat phang (P) di qua A nén né c6 phuong trinh la:

- (x+6) - Hy+24) +2z-12) = 0 <> X + 4y -2z + 12=0
Thidu 4: (De thi tuyén sinh Dai hoc khoi D ~ 2005)
Trong khong gian cho hai duong thang;

x=1 y+2 ] Xty
dnz\ =32 :Z+; dZ:{\’

3 -1 2

1/ Chirng minh d, // d, ‘
2/ Viet phuong trinh mat phang (P) chua ca (dy) va (ds).
Giai
I/ Duong thang d, cé vecto chi phuong la u, =(3:~1:2) va di qua diém M(1:
2. , :
Dudong thiang d. cé vecto chi phuong la:

=] ]
u, = .
oo

Nhu viy li;:ll;
Mat khac diém M (1 -2; ~1) khong thude d» (hién nhién). do dé d, // d» = dpem.
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2/ Cho y = 0 trong hé phuong trinh xac dinh d», ta c6:

x-2-2=0 x=12
IS .
x-12=0 z=10
M d

| Vay d, di qua diém N (12;0;10).

/ Tirdé: MN =(11:2;11). .
~ ¢ Mat phéng (P) chira (d,) va (d,) nhén cép vecto.
/ MN =(11:2:11) va u, =(3;-1:2) 1am cép vecto chi

phuong nén vecto phap n cia (P) xac dinh nhu sau:

211 i 2
; =(15:11;-17).
—122 33 -

R& rang (P) di qua M (15 -2: —1) nén (P) ¢6 phuorng trinh:
15(x~1)+ 11(y+2) = 1(z+1) =0 < 15x + 11y - 17z -10 =0.
Thi du 5: (Dé thi luyen sinh Dai hoc khoi A - 2002)
Trong khong gian v&i hé toa dd Oxyz cho hai duong thing

2y+z-4=0 x=let
Xx-2y+z-4=
d: Y idy iy =2+t
X+2y-2z+4=0 ~
z=1+2t

Viét phuong trinh mit phing (P) chira d; va song song voi ds.
Giai i
Puong thang d c6 vecto chi phuong:

u, =(152).

Pudng thang d; c6 vecto chi phuong:
Ry / ]2 o =2
u, = 5 : =(2;324)
2 =21 |-2 i1 2

d;

. . L. , |x-2y=4 x=0
Trong hé phuong trinh xac dinh d; cho z =0, ta c6: <
X+2y=-4 y=-2
Vay M(0; -2:0) € d,.

Mat phang (P) chira d; song song vdi ds, nén nhén cac vecto u, ;u, lam cdp

vecto chi phuong, do d6 n6 c6 vecto phap tuyén n la:

B 34114 2112
n={uru. ] [1 22 1| ] (2:0:1).

Do (P) chirad, nén M € (P). Vi thé (P) ¢6 phirong trinh la:

2(x-0) - (z0)=0=2x-z=0

Thi du 6: (Dé thi tuyén sinh Cao ding khdi A, B, D - 2009)

Viét phuong trinh mat phing (P) di qua diém A (1;1;1) va dong thoi vuéng
goc voi ca hai mét phing:

(P):x+2y+3z+4=0va(P):3x+2y-z+1=0.
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Giai

R6 rang (Py), (P2) cit nhau vi %# —i—, do dé giao tuyén:

vudng goc vai (P).

. X+2y+3z+4=0
3x+2y-z+1=0

Puong thang d ¢ vecto chi phuong la:
- (|23 3o 2
n—[ ] (-8;10,—4)//(4.-5.2),

2 32
n chinh la vecto phap tu,yén cia (P). Do (P)
qua A(1:1;1), nén (P) co phuong trinh la:
4(x-1)-5(y-1)+2(z-1)=0

& 4x-5y=2z-1=0

Thi dy 7: (Dé thi tuyén sinh Cao ding khoi A, B, D - 2008)

Trong khong gian cho dudng thang (d)z;— = _y_] = E;—] va diém A (1:1:3).
Viét phuong trinh mat phing (P) qua diém A va vudng goc véi d.

Giai
Vi (d) thude (P) nén vecto chi phuong (1: —1:2) d

ciia d chinh 12 vecto phéap tuyén cua (P).
Do (P) qua A nén (P) c6 phuong trinh:
Ix-1)-NKy-1+2z-3)=0
o x—-y+2z2-6=0.
Loai 2: Str dung phuong trinh cham mit <A
phang dé viét phuong trinh mat phan&, 2
- Gia st cho hai mat phang (P) va (Q) cit nhau:
(P) A1X+B|y+C12+D| 0
(Q): Axx+By+Coz+D,=0.
Khi d6 mat phang di qua giao tuy én cia (P) va (Q) c6 dang s
a(Ax+By+Cz+D)+B(Ax+By+C.z)=0, (1)

véi o + 7 >0.

(1) got la phuong trinh chim mat phang xac dinh béi
(P)va (Q).

- Nguoi ta st dung phuong trinh chum mat phano dé
viét phuong trinh mat phanu trong cac bai toan cd ndi dung
sau: Cho dudng thang d viét dudi dang:

(d):{Alx+B,y,+Clz+ D, =0
Ax+B,y+C,z+D, =0

Bai toan doi hoi viét phuong trinh mat phing (P) chira (d) va c6 mdt tinh chat
nao do.
Cach giai bai toan trén ti€n hanh nhu sau:

63



- oo pnang (1) '
— wa vao diéu Kién dau bai ta s& thiét 1ap duge mot phurong trinh nao
do lién hé gitra o, f3.

Birge 3: Chiy rang a, P khéng ddng thoi bang 0, nén sé xac dinh duoc a. f.
Thi du 1: (Dé thi mven sinh Dai hoc khéi A -2002)
Trong khong gian cho hai duong thang

-

5 120 x=1+t
Xx~2y+z-4=
(d)): Y D(dy):gy=2+1t
z+2y-2z+4=0 " -
z=1+2t
Viét phuong trinh mat phang chira (d,) va song song véi (d;)
Gidi
6, - Vi(p) chira (dy) nén (P) thudc “chitm mit
. phang™
1

a(x-2y+z-4)+P(x+2y-2z+4)=0
/ W y <(o+B)x+H{(-200+2B)y +{a -

2B)z-dou+4B=0 (1)
(ot2 +3 >O)

Durdi dang (1) (P) ¢6 vecta phap tuyén 1a

n= (o +Pi-2a+ 2B~ B) (2)
Do (PY/d.. Vi thé vecto chi phuong l”l; = (1;1'2) cua d; phai vudng goc voi n
1¢o:

u, lneu,n=0a+p-2a+2+2(a-2p)=0 o a=p
Doa +B >0 nénchon B=1=a=1

Thay lai vao (1) va cd: 2x — z = 0. D6 1a phuong trinh can tim clia (P)
Nhgin xét

So sdnh vai cach giai co ban cia thi du nay trong thi du 3, loai 1. §1, co vé
giai ndy nhanh gon hon.

Thi du 2: (De thi mwn sinh Dai hoc khéi D - 2005)
Trong khong gian cho hai duong thing:

/ + x=0
d,:\ l=)+l-:z+lv:!d,: Ryy=x-x
3 -1 2 To{x+3y-12=0
/ Chimg mish d,//d..

'Viét phuong trinh mat phang (P) chira ca d,. d,.

Giai
Xcm [o1 giai thi du 4, loai 1. §1. ]
Vi (P) chira d> nén (P) thude “chim mat phing

afx+y-2z=2)+B(x+3y-12)=0 (1), véi &’ + B >0
1,//d> nén d,// (P). Vi thé dy € (P) néu nhu: M(1; -

: 2;-1) e (P) (¢ day M e dy).
A € (P) nén ur (1) ta cé phuong trinh
-2a-17=0 (2)



Tur(2)vado o +P° >0, nénchon B=-2;a=17.

Thay lai vao (1)taco: (P): 15x+ 11y —172-10=0.

Nh¢n xét: Hay so sanh véi 101 giai cling cua thi du nay trong thi du 4, loai 1,
§1 dua ra nhan xét.

Thidu3

Cho diém A(-1:2:3).Viét phuong trinh mat phang (P) clura duong thang

xX—y=1=0 i s
d: 2o va khoang cach tir A dén d bang 3.
Z—:

Giai
Mat phang (P) chaa (d) nén thude chum mit phang

a(2x-y-1)+B(z-1)=0 < 2ax-ay+Pz—a-B=0(1), véi o’ + B >0.
Vid(A,d) =3 nénta co:
|—2a—2a+3[3—a—[3‘_

e B2 B3 e (2p-50)
Jda© +a’ +p°

' = (2a+B) =0 & B+20=0 (2)
Do a” +B° >0 nén tir (2) chon a =1, =-2.
Thay Iaw'lo(l)taco (P):2x-y-2z+1=0.

Thi du 4: (Dé thi tuyén sinh Cao ding S pham Quang Ngai — 2006)
Lap phuong trinh mit phang chira dudng thang:

d - 2x-y+3z-5=0
Yix+2y-z=0

=9(50” +B7) < 200 + 20aB+ 5B =0

va vudng goc vai mit phang (Q): x — 2y + 2z - 10 = 0.
) Giai
Mit phang (P) chira (d;) nén n6 thudc cham:
a(2y+3z-5)+B(x+2y-x)=0
< (2o +B)x +(-a+2B)y +(3a-PB)z-5a=0 (1)
a’ +p >0.
vecto phap coa (P) la: n: =(20+ P~ +2B; 3 - B) : ﬁ
Vecto phap ciia (Q) la: n, =(1:-2;2). /| /
o 4
Do(P) L (Q) = n,n,=0
20 +B+20-4B+6a-2=0 100 -5=0 <> B=2a
Thay lai vao (1) tacé: (P): 4x =3y +z-5=0(vi o’ + [ >0).
Nhgin xét: So sanh cach giai trén va&i cach giai co ban sau:

(P) nhan vecto chi phuong “lwlrl. cua (d,) va vecto phap ctia (Q) 1am cap vecto chi
phuong.
P22 -1

-2

-13

2 -0

Taco: ll;Z( 1

] =\-5:5:5) /1 (=13 1:1).
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Viy vecto phap tuyén n cua (P) la:
11 ~1 -1 1
L oh H U:(4;3;l).
Mat khéac do (P) chira (d;) nén noi riéng (P) di qua diém M nao do cua (dy).

Cho z=0 ta ¢6 hé
2x-y=5 x=2
=
Xx+2y=0 y=-I
Vay M =(2;-1,0) ed,.

Tirdo (P): 4(x-2)+3(y+ 1) +z=0¢>4x + 3y + x-5=0.

Ta thu lai két qua trén.

Loai 3: Surdung phuorng trinh theo doan chan dé vnet phurong trinh mat phing.
Phuong phap giai cac bai toan nay la dua truc tiép vao dang

X VvV 2z
—+=+—=1
a b c

ctia phuong trink mat phing theo'doan chin. Dya vao céc tinh chét cia mat phing
(P) ma dau bai doi hoi sé thiét lap duge mot hé phuong trinh dé xac dinh a, b, c.
Thidul:
Viét phuong trinh mat phang (P) biét nd di qua diém G(1;2;3) va cit cac truc
Ox, Oy, Oz lan luot tai cac diém A, B, C sao cho G la trong tdm tam giac ABC.
Gidi
Gia sur A(a;0:0); B(0:b:0); C(0:0;¢)
Khi d6 (P) co6 dang:

a b ¢

Do (P) di qua G (1:2;3) nén ta cé:
l+E+E—l(l)
a b ¢

Dura vao cong thirc xac dinh toa do trong
tam ctia tam giac ta co:
X, + Xg +Xe =3Xg a=3

Yat+tYstYe=3y; ©1b=6 (2)
z, +zy+2z, =32, z=9
Thay lai (2) vao (1) ta thdy thoa man vay phuong trinh ctia mat phang (P) la:
X Yy z
—+=-+—=1.
3 6 9
Chu y. Cing dang voi thidy | ¢6 thé 1a cac bai toan sau:
Thidy la:
Viét phuong trinh mét phéng (P) cit cac truc Ox, Oy, Oz lan lugt tai A. B, C
sao cho OABC nhan diém G(1:1;2) 1a trong tam cua tir dién.
Giai
Gia sir A (a;0;0); B (0;b;0); C (0;0;c). Khi d6 (P) c6 dang:
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Xy z

—+=+—=]
a b c
Theo cong thire tinh toa dé trong tdm cua tr dién ta ¢o:
Xo + X, + Xy +Xo =4Xg a=4
Yot YatYstYc =4_)'G <>ib=4
Z,+2Z, +2,+2Z, =4z, z=8
Viy mit phéng (P) ¢6 dang:
1+Z+E=L
4 4 8

Thi du 1b: i B .
Viet phuong trinh mat phang (P) cat cac truc Ox, Oy, Oz lan luot tai A, B; C
sao cho ABC la tam giac déu va cé dién tich bang 2V3.
Giai
Gia sir A = (a;0:0); B = (0;b;0); C = (0:0;c). Do AB = AC = BC = a’=b’>=¢?

= |a| = |b[ = [c].
AB'\3 22’3
4 4

Mit khac: S, =

Vithé: S, =23 3'2‘/5 =2V3 o fa=2.

Tir d6 ta c6: |aj=|b|=|c|=2;
Viytacodapsdsau:a=b=c=2;a=b=c=-2
a=2,b=c=-2;b=2,a=¢=-2;¢c=2,b=a=-2;

a=b=2c=-2;a=¢=2,b=-2;b=c=2,a=-2.

Nhu vay ¢6 tam mat phing thoa man yéu ciu diu bai:

iy LY 2y XYz,
2 -2 -2 2 2 2 2

__+_y__E:|, _i_'_.;.__:]’ i-}-—)—l-—E:];

2 2 2 2 2 2 2 2 .

f.__Z_ E:L _._).(.+Z+._:]

2 2 22

Thi du 2:

Viét phuong trinh mit phang (P) qua diém H(2:1;1) va cét cac tryc Ox, Oy,
Oz lan lugt tai A, B, C sao cho H la trong tam cua tam giac ABC.

Gia sur A=(a;0:0), B=(0;b;0), C=(0;0;c).

Do OA. OB, OC d6i mét vudng géc vai nhau, va H 13 trong tdm tam giac
ABC suy ra OH L (ABC), nén:

OH =(2;1;1) la mét vecto phap tuyén cua (ABC): L % +Z20.
a c
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Z4 Tir do ta co: lll=2:l:l.
abc
c Hay b = ¢ = 2a. Nhu vay (P) c6 dang:
X
— -—+———I I
(P ) a 2a 2a ()
Do (P) qua H (2;1;1) nén ta co plurong trinh:
2 1 1
“+—+—=1
a 2a 2a

o sy s X y z
= a=23 Vay(P)cOdang: —+=+—=1.
ay (P) ang: T+ ety

Nhin xét: Cung dang vai thi du 2, ta c6 thi du sau:

Thi du 2a
Lap phuong trinh mat phdng (P) di qua M(1;1;1), N(3:0:1). ¢t truc Ox, Oy

3J_

Oz lan luot tai A, B, C va cé khoang cach tir O t6i (P) bang ———

Giai
Gia sir A = (a;0;0). B = (0:b:0), C = (0;0:c) nén (P) c6 dang: Xy % +Zo l.
a C

Khoang cach tir diém O tsi(P)la: h=

Theo bai ra ta c6 h¢ phuong trinh:

I |

—+—+—=1 1
a b ¢ M

o
Tir do: L"———P—'
2b-3
Thay lai vao (3) ¢ phuong trinh:
2b 5
! —+— g——}-)—— L & 11b" -54b+63=0 < b =3 hoic b———l
4b° b' 4b- !

+ Néu b=3 thi (P) cé dang: XY 2.
6 3 2
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+Néu b= ltlll(P)codan ——+—X— —Z——l
AT ER 2w

119
Loai 4: Cac bai toan khac vé thiét lap phuong trinh mat phang
Néu nhu viéc thiét lap phuong trinh mat phang ¢6 thé dua vé mdt trong ba
dang co ban trén, thi bai toan c6 cach giai don gian, rd rang va hoan toan cé dinh
huéng. Néu nhur ta gap mot bai toan thiét lap phuong trinh mat phang ma thoat déu
chua thdy ngay n6 c6 mot trong ba dang trén thi dya vao dleu kién dau bai ta cb
ging dua chiing vé cac dang co ban d6, hoic sir dung truc tiép dang tong quat cua
phuong trinh mat phang:
Ax+By+Cz+D=0.
Khi do ta can thiét tap mot he phuorng trinh dé tim A, B, C, D.
Thidu l: (Dé thi tuyén sinh Dai hoc khoi A - 2008)
Trong khong gian voi hé toa dé Oxyz, cho diém A (2;5;3) va dudng thang
d:x~1:1:z—2'
2 l 2
1/ Tim toa d6 hinh chiéu vuéng goc cuia A trén d.
2/ Viét phuong trinh mat phiang (P) chira d sao cho khoang cach tir A dén (P)
la 1om nhat.

Giai
1/ Goi M la hinh chiéu cia A trén D. Khi do M=(1+2t; t; 2t-1)
:XM:(Zt—l;t—S;Zt—l). A

Vid c6 vecto chi phuong la: u=(2;1:2).

Nén tir AM . u =0 ¢> 2(2t-1)+H(t-5)+2(2t-1) = 0

< It-9=0t=1. /{ )//

Viy M =(3:1:4)

2/Ké AH L (P).DoM € (P)vaM € (d) ma (P)chia (d)

=> AH<AM. Viy d(A,(P)) = AH nhédn gia tri 16n nhat khi va chi khi
AH=AM & H =M. Luc d6 bai toan tro thanh Viét phuong trinh (P) qua A(2;5:3)
vanhan AM = (1;-4:1) 1a vecto phap tuyén. Do d6 (P) c6 dang:

(x2)-4y-5)+(z-3)=0=>x-4y+2z2-3=0.

Nhin xér:
1/ Nhé ¢ phan a) thi ta quy viée viét phurong trinh (P) vé bai toan co ban (loai 1).
2/ Gia sir bai toan khong c6 cau a) Khi do bai toan viét phuong trinh (P) chua
thay ngay thu¢c dang co ban nao. DT nhién ta phai tu giai bai toan phy (cau 1) dé
dua no ve dang co ban thur nhét. Cdach giai néay la hay nhét.
3/Co thé giai cach khac nhu sau:
Vid co thé viet lai dudi dang:
. d :{x -2y-1=0
2y-z+2=0
nén (P) do chira (d) nén thudc chum mat phz;mg sau:
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a(x-2y-1)+B(2y-z+2)=0
+Néu a=0chon B =1 thi lic d6 (P) c6 dang (P,): x—2y—1=0
, 9
Ta cé: d(A,(P,)):—J_g. .
+Néu B=0 chona =1 luc dé (P) c6 dang (P,): 2y —z+2=0
9
-7

+Néu a.B#0, ldy B=1, luc nay (P)cé dang: (P): ax +2(1 —a)y—z+2=0

Taco: d(A,(P,))

Khi d6: d(A (P))——P—lg—al—— -
. ’ J507 —8a+5
) 1(1-a)’ 207 —
Ta cé: d'(A.(P))=8—,(—i=f(a):>f'(a):8l————g—2—7.
Sa” —8a+5 (5o ~80+5)
Ta c6 bang bién thién:
a -2 1

(o) + 0

- 0 +
81
f(a 18 —
(a) / /' 5
5
Viy max cua f(a) <> a ==1. Tir dé
max d(A,(P)) < a=-1

9
Lucnay (P): x —4y +z-3=0(chuy: 18>—=)
\ y y NG

Ta thu lai két qua trén. .

O day ta quy bai toan vé bai toan co ban: Sir dung phuong trinh “chim mat
phing” dé giai bai toan lap phuong trinh mét phing. (D7 nhién két hop thém bai
toan tim gia tri 16n nhat ctia ham s).

Thi du 2: (Dé thi tuyén sinh Dai hoc, Cao ding khéi A — 2006)

Trong khong gian vai hé toa d§ Oxyz cho hinh lap phwong ABCD.A’B’C’D’
vai A(0;0;0), B(1;0:0), D(0:1;0) A’(0;0;1). Viét phuong trinh mat phang chira A’C

va tao vai mait phz’ing (Oxy) mét géc a, biét cosa = —\—}_—6— .
Giai
Gia sir mjt phing (P) can tim ¢6 vecto phap n= (a,B;y) .
Liy C =(1;1;0) la diém ma (P) di qua khi d6 (P) cé dang:
a(x-1)+B(y-1)+yz=0.
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Vi (P) con qua A’ = (0;0;1) nén ta co:

—a-B+y=0=>y=a+pB. :.
Vay (P) c6 dang: B
ax+By+(a+B)z-—a-B=0. B !\

I Y C:
Ngoaira n, =(a;B;a+B). 5]_\\__'__ B,
Mit phang Oxy c6 vecto phap tuyén la P \ ‘

n, = (0,0;1) nén ta cé: B/ X
| ey
cosa =

1| o B (@ rp)
Theo bai ra ta c6 phuong trinh:
o+ B =l<::>6(0L+B)2=oz2+B:+(0H—B)2
\/on2 +B* +(o+BY 6
<20 +50B+2p2 =0
(Rd rang B#0 vinéu B=0 = a =0 mau thuin véia? + B’ >0)

<:>g=—2 hoac g=-—-;-.

Néu = =-2, chona =2, B=-1= (P):2x~y+z-1=0.

Néu

=R IR

:_%,Chon a=1;B=-2 = (P:x-2y-z+1=0.

Vay c6 hai mit phang (P) thoa man yéu cu diu bai.

Thidu 3

Trong khong gian véi hé toa dd Oxyz, cho hinh ling tru dimg ABC.A'B’C’
co A(0;0:0), B(2;0;0), C(0;2;0) va A’(0:0;2).

Viét phuong trinh mat phing (ABC").

Tacé: B’ =(2:0;2); C’ =(0;2;2) 24

= A'C=(0;2;-2);BC'= (-2;2:2). -

Tacé: A'C.BC'=0 = A'C L BC' (1) A c

Mit khac AB LAC, AB LAA= AB1(ACC’A) B 7

= AB 1 A'C (2) N P

Tir (1) va (2)suyra A’C L (ABC).

Vay A'C=(0:2; -2) la vecto phép tuyén cia P AN
(ABC). A=A ————SC  y

Mt khac (ABC’) qua A (0;0;0) nén c6 dang:

2y-0)-2(z-0)=0cy-2=0
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Nhdn xér:
1/ Céch giai trén la ngin gon nhung phai nhdn ra A’C 1a vecto phép tuyén cuia
mat phang (ABC").
2/ Di nhién ¢6 thé [am nhu sau:
AB = (2:0,0), AC"=(0:2;2)

. Vay vecto phap n cia (ABC’) xéac dinh nhur sau:

- =7 (l0 0[]0 2f]2 0
n:[AB,AC]z(.z A ol 2]:(0;-4;4).

Vay (ABC')céddang: 4x +4y=0<<>y-z=0.

Cach giai nay rat tu nhién va don gian.

Thidu4 _

Trong khong gian véi hé toa do Oxyz cho A(1:2:0), B (0:4;0). C (0:0:3). Viét

phuong trinh mgt phing (P) chira OA sao cho khoang cach tir B va C dén (P) la
bang nhau.

) s

Goin= (a;B:v) 1a vecto phap tuyén cia (P). Do (P) qua O nén
(P) cé dang: ax+By+yz=0 (1)
Vi(P) qua A(1;2;0) nén ta co:
a+2=0=>a=-23.

Do d6 (P) ¢6 dang

-2Bx+Py+yz=0.
Theo bai ra ta co:

d(By(P)) = d(C(P))

PO I
syt 5By’
<4p=p. )

Do o+ +y° >0 nén tir (2) suy ra:
+ Chon y=4;B=3=a=-6 lic nay:
(P): —6x +3y +4z=0.
+ Chon y=4;=-3 > a =6 luc nay:
(P): 6x -3y +4z=0.
Viy c6 hai mat phang (P) can tim.
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§2. BAI TOAN THIET LAP PHUONG TRINH DUONG THANG

Duong thing trong khéng gian duge cho dudi ba dang co ban sau:
- Phuong trinh chinh tac: .
Puong théng di qua diém M(xq; Yo; o) vanhan u = (a; b;c) (a’ + b2+ c2> 0)
lam vecto chi phuong cé dang:
X~Xo _¥Y—Yy _2-2
o a b c

(Véigia thictnua =0thix=x,,b=0thiy=0,c=0thiz = z)
- Phuong trinh duéi dang tham so:

o

Dudng thang di qua di’ém M (Xo: Yo: Zo) va nhan vecto u = (a; b; c¢) lam vecto
chi phuong ¢6 dang tham s6
X=X, +at
y=y,+bt, véitham sote R.
z=z +ct
- Phuong trinh dudi dang tong quat:
Duégi dang nay dudng thiang ¢6 dang:
Ax+By+Cz+D =0
{Azx +B,y+C,z+D, =0’

Khi d6 vecto chi phwong u cua (d) la:
- (B, ClIC, A,
u= ;

BZ CZ CZ AZ

Cidc dang bai tdp co bin ) )

Loai 1: Vi€t phuong trinh dudng thang dudi dang chinh tac:

bé sir dung dugc phuong phap nay ta can bict dugc: o

- Vecto chi phuong ciia duong thang. Diéu nay sé ¢ dugce ngay néu biét dugc
hai diém A, B cuia duong thing can tim. Lic d6 AB sé la vecto chi phuong cia no.
Néu nhu d // ql. thi vecto chi Rhuong cga d va d; la nhu nhau.

- Mét diém clia dudng thang d (dicu nay néi chung la tudn luén cd).

Thi dy 1: (Dé thi tuyén sinh Pgi hpc khdi B — 2007)

Trong khdng gian véi hé toa do Oxyz, cho hai diém A(1;4:2). B(-1;2;4). Goi
G la trong tam cua tam giac OAB. Viet phuong trinh dudng thang d vudng géc véi
mat phang (OAB) tai G.

. Al B;

I)

A, B,

)

Giai

G=(0+1—1.0+4+2_0+2+4)=(0;2;2)'

Dé thay:

b k]

3 3 3
vecto phap tuyén n ctia (OAB) dugc xéac dinh nhur sar:
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2 1
4 -1

b

e — 4 2 1 4
n=[OA,OB]=[‘2 4 ;‘—I 5

Pudng thing d L (OAB) nén vecto chi phuong caa (d) chinh la u =(2;-1;1)

U =(12;-6;6) // (2; —1;"1).

(do u//d). Ma qua G(0;2;2) nén phuong trinh cia d la: % = y_—]2 = E—;—3-
Thi du 2: (Dé thi tuyén sinh Bgi hoc khoi D - 2006) ”
Trong khéng gian vai hé truc toa dd Oxyz cho diém A (1;2;3) va hai duong thang:
Xx=2 y+2 z-3

d, )
2 -1 1
d1:x—1 :y.—l =z+1
) ool 2 1 )
Viéet phuong trinh duong thang A di qua A, vudng goc vai d; va cit d,.
A Giai )

Gia sir And, =B khi d6 vi Bed,, nén:
B = (1-t; 1+2t;—1+t).
Tir d6: AB=(-t;2t—1;t—4).
y Ta cé thé coi AB la vecto chi phuong cta A. d, ¢6

V vecto chi phuong 1a: u, = (2-11).

ViALld, ©ABu, =0 & 2t2t+1+t4=0 &> t= -1,
d Viy A c6 vecto chi phuong 13 AB=(1;-3;5) va di
qua A(1; 2; 3) nén A c6 phuong trinh:
x-1_y-2 =z.—3 hay x-1_y-2_ z—~3.
. 1 -3 -5 -1 3 5
Thi dy 3: (Dé thi tuyén sinh Dai hoc khdi B - 2004)
Trong khong gian cho diém A (—4; —2;4) va duong thing
x=-3+2t
d:iy=1-t
z=-1+4t.
viét phuong trinh dudng thing A di qua A cit va vudng goc véi d.
Giai
! Goi M 14 hinh chiéu cia A trén (d).
Véiy A chinh la duong thing qua A va M
ViMednén M = (=3+2t; 1-t; —1+4t)
=AM =(1+2t3-t;-5+4t).

A

(d) AM chinh 13 vecto chi phuong cia A; (d) c6 vecto

chi phuohg la: u= (2,-1;4).
Tir AL (d)<> AM.0 = 0 ©2(1+28) ~3-t)+4(5-4t) = 0 > t = 1.
Viy AM = (3;2; -1).
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x+4 y+2 z-4
o2 -1
Thi dy 4: (Dé thi tuyén sinh Bgi hoc khdi D ~ 2009)
Trong khéng gian vadi hé toa dp Oxyz cho dudng thing:
‘ x+2 y-2_ z
) 1 ] -1
va mét phang (P): x +2y -3z +4=0. )
Viet phirong trinh duong thang (d) nam trong (P), vuéng goéc voi A vacat A.

Vay A c6 dang:

Giii -
Giasir An(P)=M. ' 2 w
Vid e (P)va A cit (d) nén Me (d). I

Viét lai A dudi dang tham s i
Xx=-2+t d M
;

Aiy=2+t

X=—t

Vay toa d (x; y; z) cia M 1a nghiém cia phuong trinh:
(2+H)+2Q2+t)-3(-t)+4=0=6t+6=0t=1.
Viay M =(-3;1;1).
Tacod L A,d L n (6day n =(1;2;3))
la vecto phap tuyén cia (P). Tir d6 néu goi u la vecto chi phuong cia d, ﬂ: la
vecto chi phuong cua A thi:

U g

x+3 y-1_ z-1

. -1 2 1

Thi du 5: (Dé thi tuyén sinh Dai hoc khoi A — 2007) ,
Trong khong gian vai h¢ truc toa dd Oxyz cho hai duong thang:
x=-1+2t

Vay (d) c6 phuong trinh la:

va mat phiang (P): 7x +y —4z=0.

Viét phuong trinh dudng thing (d)
vudng géc véi mat phing (P) cit ca d,
va dz.

Gia sr dnd;=A khi d6 A ed;nén:
A =2t 1-t,; =2+).
Giasrdn d;=B.ViB e d; nén:
B =(-142t;; 1+ty; 3). ‘
Vi thé: AB =(=1+2t,-2t, ; t, +1,; 5-t,) la vecto chi phuong cia (d).
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Dod € (P)) nén AB//n=(7;1;-4), & ddy n la vecto phap tuyén cua (P).
Tir d6 ta c6 h¢ phuong trinh sau:

26,2t -1 t.+t,  S-—t, 2t, -2t - 1=7t, + 7t t,=-2
=— = = =
7 i —4 —4t, —4t, =5-1t, t,=1.
Tir d6 suy ra d ¢6 vecto chi phuong l1a AB =(—7;—l;4)vé d di‘qua A(2;0;1),
nén d cé phuong trinh: X ;2 =% = Z: ! .

Thi du 6: (Dé thi tuyén sinh Bai hoc khoi A - 2005)
Trong khong gian vdi hé toa do Oxyz cho dudng thing:
4-X -1 _y +3 _z- 3
-1 2 1
va mit phiang (P): 2x + y =2z +9 = 0. Goi A la giao diém cia d vai (P). Viét
phuong trinh duong thing A nam trong (P) biét A qua A vudng goc voi d.

Giai
d - x=1-t
T Ta ¢o: d:qy=-3+2t ¢b vecto chi

/ . z l/ z=3+t
0 ® phuong u=(-1;2:1), viy toa do (x; y; 2)

cua A dugc suy ra tir phuong trinh:
2(1-t) + (-3+2t) 22(3+1)+9 = 0 &> t=1.
Tirdé A =(0; -1;4).
ViaLd;AaLln,d day n =2l —2) 1a vecto phap tuyén cua (P), nén vecto
chi phuong J; cta A xac dinh nhu sau:

o =[] [{f_‘z{ -l

1 2
=(_§-0 /(1:0: 1).
I s

Viy A: __y+l z-4
' 1 0 l'
(hay duéi dang tham s6: x =t;y = —1; z =4+t

Nhén xét. Do trong vecto chi phuorng cua dudng thing A c6 mét thanh phén
bang 0, nén ta hay viét né duéi dang tham s6.

Thi dyu 7: (Dé thi ruyen sinh Cao dang Giao thong Van tai — 2005)

Trong khong gian vai hé truc toa dd Oxyz cho diém H (1;2; —1) va duong

thang d:>— =3 y3 3 ; Lap phuong trinh dudng thang A di qua H, cit d va
song song v&i mit phang (P): x+y—z+3=0.

Giai
Do (d) qua H (1;2; —1) ndm trong (Q) la mat phang song song vadi (P) va qua
H. Ta ¢6 (Q)// (P) nén: (Q): x+y—z+m=0.
Vi (Q) qua H, nén c6 phuong trinh:
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1+2+1+m=0om = 4.
Viy (Q)codang:x +y-z-4=0.
Giasitdn (Q)=>dNnA=M.ViMe(d)

— M = (3+t; 343t 21) / \ /
(@

Tir d6 ta c¢6 phuong trinh:
3+4t+3+3t-2t-4=01t=-1.
Do vay M =(2;0; -2)

Puong thing A di qua H va M nén nhan |
~ ~ a4 V4

HM =( ;=2;-1) la vecto chi phuong, vi theé A c6

-1 _y- 2 z+1
-1 2 1
Binh lugn: Cac bai toan dudi day chua gop mat trong cac ki thi tuyén sinh vao
Pai hoc, Cao dang (2002-2009) nhung né co6 dang rét co ban va hoan toan c6 thé
gap trong céc ki thi tuyén sinh Dai hoc, Cao ding nhirng nam t4i.
Thi du 8:

dang

va

, 2
(Bai toan lap phuong trinh vudng goéc chung). Cho d, :%z—y—l— = +l~
o
d,:¢« 2 Yo Lap phuong trinh duong vudng gdc chung cia d, vads.
z=3
Giai "
Gia sir MN la dudng vudng goc chung,
(M € d],N € d‘))
DoM e d, = M=(2t; 1+t; -2+1) M
DoN € dy = N=(-1+42s; I+s; 3)
Vay NM = (2t +1-2s;-t-s;t-5)
Do NM la dudng vudng goc chung, ta co:
NM.u, =0 {m ~3s=3 .
e <~ St=s=1. N x
NM.UZ = 0

3t—5s=-2
Vay M = (2:0;1):N = (1;2:3) = NM = (1;-2,-4).

Do d6 dudng vudng goe chung cua d; va d, ¢ phuong trinh: -——1—2 =—y—2-=z_i4l .

Chii y: 1/ Cach tha hai tim duong vudng goc chung dudi dang “phuong trinh
tdng quat cia dudng thang” xem trong thi du 7, loai 2, §2.

2/ Xét mot bai toan tuong ty:

Cho hai dudng thing:

x=1+t y—
d: y=-1-tVady: T =T=_
z=2
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Tim A trén d,, B trén d, sao cho doan AB c6 d6 dai nho nhét. Thuce chét day

la bai toan xac dinh do;m vuéng goc chung MN cia d; va d; véi M e'dl, N ed,.
Ra dudi dang nay ta bat bugc phai sir dung phuong phap trén (vi mudn xac dinh
dugce duong vuong goc chung). Giai tuong tu ta co:

A=M(1;-1;2) va B=N(3;1;0).
Thidy 9: i .
Viet phuong trinh duong thiang qua M (2; —1;1) va vubéng goéc voi hai duong

thang:

2x-z=0 ' |z=0.

Dé thdy d; va d», lan lugt c6 vecto chi phuong ﬁ; . u* xac dinh nhu sau:
— ({010 o1

= ; =(-11;2),
u‘[0—1—1220.](')
— ([t 00 2[[2 2
u, = =(1:-2;0).

S0 1y ofjo o

Vid vuéng goéc vai ca d; va dy, nén vecto chi phuong u cta né xac dinh nhu sau:
. e 1 212 -1 -1
u =[u|,u:] :(

1
=(—-4;-2;1).
-2 0}10 il =2 D ( )
Do d con qua M (2; —1;1) nén d c6 dang:

X + 1=0 2x+y-1=0
dl:{x y+ y ‘{x y -

b

b

’

’ .

Xx-2 y+1 z-1

2

Thidu 10

, x =3t
Viét phuong trinh dudng thing song song v4i dudomg thing: A:{y=1-t
Z=5+t
v cit ca hai dudng thang: d: x| = y+2 =Z—2; , :{x—y+4z—3=0
1 4 3 2x-y-z+1=0

Goi (d) 1a duong théng can tim.

Giast dnd, =A ;dnd, =B. . 5

Ta hady xac dinh A va B.

Tacéd A € d,

= A=(1+1;-2+42+3t). X —

D& thdy d; c6 vecto chi phuong /
u, = (5:9;1) va di qua diém M (—4; —7; 0) %
(ban doc ty giai) nén:
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x=—4+5s
dy:qy=-7+9s,
z=s
Vay B=(—4+5s;5+4t-9s;s).
Tirdé: AB=(5+t~5s;5+4t=9s;2+3t~s).
S5+t-5s S5+4t-9s 2+3t-s
-1 1

Vi AB //A, nén ta cé:

2
—13t+32s=20 Y
&
7t—lOS=_—7 S'—-4—9-
94
Tir d6 ciing co: A=(3—§;]—£;5—8j va Xﬁ:(@; ﬁ; 6_7.j
47 47 47 94 94 94
35 142 58
X—"> y4-— -
47 _ 47 _ 47

Viy (d) c6 phuong trinh.du6i dang chinh tic nhu sau: | l

Thidull ] . i )
Viét phuong trinh dudng thiing d ndm trong mdt phang (P): y + 2z =0 va cit
ca hai duong thing:

x=1-t x=2-t
d qy=t d,:qy=4+2t
z=4t z=1
- Gidi
Goi A=d,n(P); B=d,n(P). d
Do d, cht d, ma de(P) = d, Nd=A. @/ :

Tuong ty d, Nd, =B. w/
Xét phuong trinh: t + 2(41) =0 = t = 0. A B

Viy A=(1;0,0).
Tuong ty xét phuong trinh:
4+2t+2=0>=t=-3 = B=(5-31).

Puong thing d qua A, B nén nhén AB= (4;—2;1) la vecto chi phuong, do do
d c6 phuong trinh dudi dang chinh tic sau: %—] = —yE =% .

Loai 2: Viét phuong trinh duong thang dudi dang tdng quat

bé viet phuong trinh dudmg thing d dudi dang tong quat, ta phai tim cach quy
duong thing d thanh giao tuyén cla hai mat phang (P) va (Q). Lac d6 néu (P) co
dang: Aix+By+Ciz+D;= 0va (Q) co dang Ax + Byy + Coz + D, =0 thi(d) c6
dang: '
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Ax+By+Cz+D, =0
d):
A,x+B,y+C,z+D, =0.
Bai toan quy vé viét phuong trinh hai m4t phang (P) va (Q).
Thidu l: (Dé thi tuyén sinh Dai hoc khéi D - 2006)

Trong khéng gian vai hé truc toa dd Oxyz cho diém A(1:2:3) va hai duong
thang;

dl:x—2:y+2=z—3 ; dﬁ:x-l=y—l:z+l .
2 -1 1 -1 2 1

Viéet phuong trinh duong thiang A di qua A, vudng goc véi d, va cat ds.

Giii '
Vi A qua A va vudng gbc vai d; va cat d,

ds nén A nam trong (P) di qua A va nhan:
ik 0. = (2-1)
/ A / lam vecto chi phuong, & day [17 la vecto
A chi phuong cua d,. Ta c6 ngay (P) c6 dang:

(P): 2(x—1) - (y-2)*+(z-3)=0
& 2X~-y+z2-3=0

Mat khac do A cat d va qua A, nén A ndm trong mat phang (Q), 1a mat phang
qua A va d,.

Taco: M(L:1; 1) ed; = AM =(0;~1:-4).
Mat phéng (Q) nhan cap vecto J;=(—l;2;l) vi AM lam cdp vecto chi
phuong, nén (Q) c6 vecto phap tuyén la:

=[hQ.A’M’]:[2 1] |t —IIII 2

; ; =(-7;—-4:1).
-1 -4/'l-4 o0 —IU ( )

(Q) con qua A(1:2:3) nén (Q) ¢ dang:
Q)-Tx-1)-4y-2)+z-3=0=T7x+4y-2-12=90

Vay:
2x-y+z-3=0
(A): Y .
Tx+4y-2z-12=0

(Cha y: do u,,u, # 0 nén d, khong vudng goc véi d, do d6 d, khong song
song véi (P), nén d, chic chin cit (P), ma Ae(P) vay A chic chin cit d»).

Chu y:

- Hay so sanh voi cach giai thi du trén bang phuong phap sir dung phuong
trinh chinh tic cia duong thang da trinh bay trong thl du 2, loai 1,§2.

- Cac ban hay chuyen lai dang tong quat nay vé dang chinh tic!

Thi du 2: (Pé thi tuyen sinh Pai hoc, Cao ding khoi A - 2007)

Trong khéng gian véi hé toa d6 Oxyz cho hai dudng thing -
X y-1 z+2

2 |

)
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x=1-+2t

d,:qy=1+t

z=3

Viét phuong trinh duong thang d vudng goc véi mat phing (P).7x +y —4z=0

vacat cad,, ds.

Ta thay d, c6 vecto chi phuong
u, =(2-k1) va qua diém M (0;1; -2).
Ngoai ra d> cdé vecto chi phuong
u, =(2:1;0) va di qua N (=1:1:3).

Do d vudng goc voi (P) va ¢it d,,
nén d nam trong mat phang (Q). 1a mat
phing nhan cap vecto u,‘.ﬁ lam cap
vecto chi phurong va qua N, ¢ day

n =(7;1: —4) la vecto phap tuyén ctia (P).
(C6 thé thay ngay ( ll'] n) ciing nhu (ﬁ;;ﬁ) khong phai la ciac cap vecto cliing

phuong).

Ta ¢6: (Q) va (R) lan luot nhan ng,n 1 vecto phap tuyeén xéac dinh nhu sau:

e e U ) )
n():[iupn}:[\l _4;| l]=(3,15.9).

-4 7
cpee e 100 2
ng =|u,,n|= :
R [ : J [ll —4H—4 7
Do (Q) di qua M(0:1; -2) nén (Q) cé dang
(Qr3x+1y-1)+9z+2)=>x+S5y+3z+1=0,
Do (R) di qua N (-1;1:3) va(R) ¢o dang:
{(R): —4{(.\' + l)‘+8(y -1)-5(z-3) <= 4x —~8y +5z-3=0.
Vay duong thing d can tim dugc cho dudi dang tong quat:
' X +5y+3z+1=0
14x-8y+5-3=0.
Chi y: Hay so sanh cach giai trén vai cach trinh bay trong thi du 5, loai 1, §2.
Thi du 3: Dé thi tuyén sinh DPai hoc khdi B = 2004 i
Trong khong gian vai hé toa d§ Oxyz cho diem A(—4; —2;4) va dudng thang

2 -1

7 1

)

2 1

—

7 1

l]:(-4;8;—5).

Xx=-3+2t
diqy=1-t
z=—1+4t.

Viét phuong trinh dudng thing A di qua A va vudng goc vai d.
Giai
d c6 vecto chi phuong u = (2;—1;4) va di qua diém M(=3;1; -1).
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Vi A qua A va vudng gbc vdi (d) nén A nam trong mit phéng (P). Bo la mat
phing qua A va nhan u= 2;-1;4) la vecto phap tuyén, vay (P) c6 dang
(P): 2(x+4) — (y+2) +4(z—4)=0 < 2x—y+4z-10=0 ( 1) i
d Mit khac, do A qua A va cit (d). nén A nam
A trong mat phiang (Q) xac dinh bai A va (d)
(Agd). Mat phing (Q) nay nhin u va
AM =(1; 3;—5) lam cdp vecto chi phuong, do

/M vay (Q) cé vecto phap ﬁ; xac dinh nhu sau:

g =[.AM] (] S

Do (Q) qua A = (—4; -2;4) nén (Q) co dang,.
-(x+4)+2(y+2)+(z-4)=0=>-x+2y+z-4=0
Vay duong thang A phai tim ¢6 dang sau:
A 2x—-y+4z-6=0
|-x+2y+z-4=0

B U (=7:14;7) /1 (-1:2:1)

Nhdn xét.
- Hay so sanh vai 16i giai trong thi dy 3, loai 1, §2.
- Hay chimg minh hai dap s trong thi du nay va trong thi du 3, loai 1, §2 la
hai cach biéu dién khac nhau cta ciing mot duong thang.
Thi du 4: (Dé thi tuyén sinh Cao ding Gmu
thing Vin tii 2005)

// \ / Trong khong gian véi hé toa do Oxyz cho diém H
(1:2; —1) va dudng thang:
d4: x-3 _Yy -3 -z
1 3 2

Lap phuong trinh duong thiang A qua H, cit d va
song song vdi mat phang
(Prx+y-z+3=0

Vi d qua H va song song v&i (P), nén né phai nim trong (Q) 1a mat phing
song song va&i (P) va qua H. Vi (Q) // (P) nén (Q):

X+ty—-z+m= 0
Do Q qua H(1;2; —1) nén ta cé:
1+2+1+m=0=>m=-4
Trdé (Q)coédangx+y—-z-4=0(1)
Goi (R) 1a mat phiang qua H va (d) nén (R) nhin hai vecto u =(1:3;2)va

HM la cap vecto chi phuong, & day u 12 vecto chi phuong cua (d) va M =(3; 3, 0)
e d= HM = (2; 1; 1). Mit phing (R) ¢6 vecto phap tuyén la:
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s

11‘R‘=[l;,'ﬁﬁ]=(‘]3 N ]lelz 3}]:(1;3-,-5).

Vay (R) c¢d dang (x—-1) +3(y-2) -5(z+1)=0 < x+3y-5z-12=0.

X+y-z-4=0
x+3y-5z-12=0.
Nhdn xét: Hay so sanh |gi giai trinh bay trong thi du 7, loai 1, §2.
Thi du 5: (Sir dung phuong trinh tong quat cua dudng thang dé tim hinh chicu
cia mdt duong thang trén mot mat phang).
(Dé thi tuyén sinh Cao ding Bén Tre - 2006) ]
Trong khéng gian vadi hé truc toa 4o Oxyz cho duong thang:
2x+y+z+1=0
@4,
X+y+z+2=0.

Viy dudng thing phai tim c6 dang:{

va mat phang (P): 4x—2y+z—1=0.
Viét phuong trinh hinh chiéu vuéng goc cua A trén (P).
Hinh chiéu A cua d trén (P) nim trén mat

phéng (Q): b6 la mat phéng chira (d) va vuong

goc vai (P).

Vi (Q) chira (A), nén no6 thude chum mit phéng: : W
ax+y+z+1)+B(x+y+z+2)=0 /{ /

<(2a+B)x+(o+B)y+(a+B)z+a+2B=0(1)

(véi o +B° >0 ) khi d6 (Q) ¢6 cc vecto phap la: n, = (20 + B + i +B) .
Vi (P) vudng goc vai (Q) nén rTQrTP =0 ,0 day E; =(4; -2;1).
Do 86 ta co:
4(20+B)-2(a+B)+(a+B)=0 < 8u+4p-a-B=0 <= Ta +3B=0 (2)
Tur (2) vado o +f° >0, nén chon o =3; B = -7.
Thay vao (1) tacd: (Q): x—4y-4z-11=0=x+4y+4z+11=0
o y . . , {4x—2y+z—l=0
Vay hinh chieu d cua A trén (P) ¢6 dang sau: d:
x+4y+4z+11=0.
Nhdn xét: C6 thé tim (Q) nhur sau:

S , , — A 2R
Duong thing A cé vecto chi phuong u, = R A C A =(0;-1;1).

Mit phing (Q) nhén J; va vecto phdp n=(4; -2;10) la cdp vecto chi
phuong, nén (Q) ¢6 vecto phap tuyén la:

ool 4 Jese
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Do (Q) qua M(1; =3;0) € A, nén (Q) c6 dang: x—1+4(y+3)+4(z-0)=0
o x+4y+4z+11=0.
Ta thu lai két qua trén!
Thidué6
Viét phuong trinh duong thang d di qua diém M (1; —1;1) va cit ca hai duong
x=1+2t )
thing: d,<y =t :d’{,\+y+z 1_0.
ly=2z-3=0
z=3-1
Goi (P) 1a mat phfmg xac dinh bai M va (d;),
(Q) la mat phang xac dinh bai M va (d»).
Khi d6 goi d = (P) n (Q).

d]
. Do o + B*> 0 ma B =0nén chon o = 1. Khi
N doé (Q) co6 dang sau:
>

va nhan cidp vecto irlf; =(2:1:-1)va MN =(0:1:2) la
cap vecto chi phuong. Vi thé (P) c6 vecto phap tuyén:
2

-1 2

Vi (Q) chira dj, nén (Q) thudée cham mat phflng
Qxx+yv+z-1=0
- R | . 2 1
n,,:[uI.MN]=[ ollo ]l]=(3:—4:2).

N
a(x+y+z—1)+P(y+2z-3)=0.a’+ B> 0.
ViM e(d>) > M €(Q), va ta co:
d a(l=1+1=1)+B(=1+2-3)=0=-2=0
= pB=0.
\@ Mait phfmg (P) qua dy ma qua N = (1:0:3) € d,
l 2 - A
Do d6: (P): 3(x~1) —ty+2(z-3)=0 <> 3x—dy+22-9=0

. . . L . Xx+y+z-1=0

Vay duong thang d phai tim ¢6 dang: d: .
3x-4y+22-9=0

Chii y: Dé thay d ¢6 vecto chi phuong la u= (-6:-17).

u,‘ va d, cling nhu u va d> khong cing phuong = d va d, ciing nhu d va d; cét
nhau (do d va d; cing nam trong (P); d va d, cung nam trong (Q)).
Thi du 7: Viét plurong trinh dwong vuong goc chung
I/ Trinh bay cach giai tong quat cua bai toan viét phuong trinh dudmg vudng
-goc chung cua hai dudng thang d, va d» chéo nhau.
2/ Ap dung phan 1/ giai bai toan sau:

| 5 x=-1+2t
Chod,:i:y—”l—:Z+ vad,:{y=1+t
- z-3

a/ Chirng minh d; va d, 1a hai dudng thing chéo nhau.
b/ Viét phuong trinh dudng vudng goc chung cua d, va d..



Gia sir d; va da 1a hai dudng thang chéo nhau.
Gia str dy c6 vecto chi phuong E; va di qua diém A;
d, c6 vecto chi phuong ﬁrz. va di qua diém B. Goi
MN la doan vudng goéc chung.
Taco: MN Ld):MN L dy, vay: MN/[uy,u; |

d,

biat u =[u,.u:j|.
Khi d6 néu goi (P) la mat phéng' qua A va nhan u,, ula cip vecto chi
phuong: (Q) 14 mat phang qua B va nhan u,: u la cdp vecto chi phuong thi:

MN =(P)n(Q).
Tir d6 suy ra cach giai bai toan duong vudng goc chung nhu sau:

a. Tim u =[li;,hg} .
b. Tim vecto phap n_l: = [u;fl] = phuong trinh ctia mat phang (P).
c. Tim vecto phap hd = [ﬁzﬂjl = phuong trinh cia mit phing (Q).
d.Giasm (P:Ax+By+Ciz+D=0; (Q):Ax+By+Ciz+D>=0
L, Al.\+Bly+C|Z+D|=0
Khido: d:
A2x+Bzy+C22+ Dz =0

la dudng vudng goc chung can tim.

2/ Xét bai toan cu thé trén: ta ¢ LTl =(2:-1;1) va A(0:1;-2) ed,

uy =(2:10) vaB (-2:1;3) € da.

Lic d6 ﬁ:[u,‘;d;']:[ll] :)l 022 : —:H=(—l;2;4),nén
iﬁ: ul,u [ ”'l 7]:(6;9;—3)//(2;3;—1),
ng = [“;’H]‘(l 0 '0 l2 2l 21|J:(_4;8;_5)'

Do (P) qua A (0;1; -2) va (Q) qua B(-1;1:3) nén
(P):2x+3y-2z-5=0va(Q):4x-8y+52-3=0.
Vay dudng vudng goc can tim la:
2x+3y-2z-5=0 °
4x -8y +5z-3=0.
Loai 3: Céc bai toan khac vé thiét lap phuong trinh dudng thang:
Dé giai cdc bai todn nay ta tiél] hanh theo céc budc sau:
- Birge 1: Dua vao yéu cau dau bai, thyc hién cac thao tac phy, nht{ ké thém
duong (thuong la ke thém dudng song song hodc duong vudng goc), dé quy bai
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toan can giai vé mot trong hai bai toan co ban (loai 1 hoac loai 2) viét phuong trinh
dudng thang.

- Birge 2: Thyc hién mot phép giai co ban da biét (dugc trinh bay can than
trong loai 1, loai 2).

Thi du 1: (Dé thi tuyén sinh Bai hoc khéi B — 2009)

Trong khong gian voi h¢ tryc toa do Oxyz cho mat phang (P): x =2y +2z-5=0,
hai diém A(-3:0;1) va B(1; -1:3).

Trong cac duong thang di qua A va song song voi (P), hay viét phuong trmh
dudng thing ma khoang cach tir B dén d6 1a nho nhat.

Giai

Puong thﬁnb d qua diém A va song song
vSi (P) nén nd nam trong mat phang (Q). qua / /
A va song song véi (P). R rang (Q) ¢6 dinh.

Vi (Q)/(P) nén no ¢o dang

(Q):x—-2y+2z+m=0()

Do (Q) qua A(-3:0;1) nén ta co: 'q

B+2+m=0=>m=1. /Q/#’(a)/
Vay (Q)codang: x -2y +2z+1=0(2)

Ké BH L (Q). Khi d6 H cé dinh.

Ta xac dinh H nhu sau: Do BH//n =(1; -2;2); & déyﬂ a vecto phap tuyén cia

Xx=1+t
(Q) nén BH c6 dang: BH:{y=-1-2t
z=3+2t

Vithé H = (1+t; —1-2t;3+21)
Do H €(Q), nén ta c6 phuong trinh:

[+t-2(=1-20)+23 +20)+ 1 =09t +10=0 <:>t=—199.

Do do H[—I u,]—)
9 99
Ké BK 1 d, khi dé BK=BH
Vay d(B, d dat gia trj nhé nhat <> K = H.
No6i cach khac duong thing d cin tim 1a duong thang qua hai diém A va H.

Vithé AH = (%6 % —%)//(26 11;-2) 1a vecto chi phuong cua d.

+3 vy z-1

Do d qua A (-3;0;1), vay d c6 phuong trinh chinh téc sau: X

Nhdn xét

- Béng phép vé thém mat phing (Q) song song v&i (P)m va sir dung dau higu
nhan biét gia trj nho nhat ta xac dinh dugc thém mot diém nam trén d.

- Bai toan quy vé& mot trong cac bai toan co ban loai 1.
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' PINH DIEM VA CAC YEU TO KHAC TRONG
HINH HOC GIAI TICH KHONG GIAN

-

muc nay xét cac bai toan xac dinh diém trong hinh hoc khéng gian, dac
i toan xac dinh hinh chiéu cia diém trén mat phing, trén dudng thang:

1 x4c dinh diém ddi xing. .
ai toan dé cap trong muc nay cling thuong ¢6 mit trong cac dé thi tuven
2009.

ai hoc, Cao dang trong nhirng nam 2002 -

fu 1 (Dé thi tuyén sinh Dgi hoc khéi A~ 2009)
g khong gian véi hé truc toa d6 Oxyz cho mat phang (P): x-2y+2z-1=0

x+1 y_z+9, p X=-1 y-3 z+]
6 " 2 1 27

dng thang:
dy: :
T ,
n dieém M trén d, sao cho khoang cach tir M dén d, bang khoang cach tir M

Giai
iasirM (=1 +1t; ;-9 + 61t) ed, 1a diém can tim.
~2t+2(-9 +61)~1 1
hi détacor d(M,(P)) = S+ t-2t+2(-9+60)~ | (1 t— 1(])
Y (-2) 22 .

Puémg thing d; ¢6 vecto chi phuong u, = (2;1;-2) va di qua diém N = (1:3; -1)

M =(t-2;t-3;6t-8)
. o — t—-36t-8 16t-8t-2 it-2t-3) ) '
Taco: [NM,Uz] =( | ol REN , U =(14-8t;141-20;4-t).
NM,u, 14-8t)* + (14t - 20)° + (4t
Do vy : d(M,(dz))zl[ 2]‘—_-\/( ) +( y+(4-y)
tUZ 3
Vi vay: d(M (P))zd(M,(dZ))Q\/26lt2—792t+612=|11t-20[
" t=1
<2617~ 792t+612 = 1217 = 440t + 400 <> 35— 88t + 53 =0 < 53
35
Viy c6 hai diém can tim: M, =(0;1;-3); M (E,—S—zi)
35735735

Thi du 2 (Dé thi tuyén sinh Pai hoc, Cao dang khoi B — 2008)
Trong khong gian vdi hé toa d Oxyz, cho ba diem A(0;1;2), B(2; -2;1)

C(-2:0;1) va mat phéng (P); 2x +‘2y +z-3=0
1/ Viét phuong trinh mit phiang (ABC).
2/ Tim diém M e (P) sao cho MA = MB = MC,
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1/ Theo thi du 1, loai 1, §1 thi mat phz'ing (ABC) N
c6 phuong trinh:
X+2y-dz+6=0
Ta co:
AB'=4+9+1=14,AC’=4+1+1=6
BC*=16+4 =20,
= BC’= AB’+ AC? = BAC =90".
Goi | la trung diém cia BC, thi 1=(0; —1;1) va B
IA=IB=IC. Vi MA=MB=MC, nén | chinh la hinh
chiéu cia diém M trén (ABCD).
Theo cidu 1/ thi (ABC) ¢6 phuong trinh x + 2y — A
4z + 6 = 0, nén vecto phdp n =(l;2;—4) cia (ABC)
chinh la vecto chi phuong cua dudng thang M.
Duong thang M1 qua I (0; —1;1) nén Ml cé phuong trinh:

Xx=t
y=-1+2t
z=1-4t

Mat khac M con nam trén (P): 2x + 2y + z— 3 = 0, nén ta cé phuong trinh:
20+ 2(-1+20)+ 1 -4t-3=0 > t=2.

Vay M =(2:3.-7) la diém can tim.

Chiy.

Cau 2/ ¢o thé giai déc lap nhu sau:

Goi M (x:y;z) la diém can tim. Khi dé ta c6 hé phuong trinh sau:

2x+2y+z-3=0 Ix+2y+z=3
X (y=1) #(2-2) = (x=2) #(y+2) +(2-1)° & {4x-6y-22=4
2 a(y-1) +(z-2) =(x+2)* +y? +(z-1)’ —4x -2y -2z=0

ox=2y=3z=-7.

Viay M =(2:3; -7) ta thu lai két qua trén,

Thi dy 3: (Dé thi tuyén sinh Dai hoc khoi D - 2007)

Trong khong zian cho hai diém A(1;4:2)" B(~1;2:4) va duong thang:

A :E = _)Lig = E .
) -1 1 2 )
Tim diém M € A sao cho dai luong MA™+MB? nhan gia tri nhé nhat.
) ) Giai

Viét lai A dudi dang tham s6 sau:

x=1-t

Ady==-2+t
z=2t

Khido M €A, nén M =(1 -t, -2 +1t; 2t).
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Luac d6 ta co:

MA2 + MB? =[(]—t—])2 +(2+t-4) +(2t~2)2}+[(]——t+])2(-—2+t—2)2 +(2t—4)2}

=12t'— 48t+76— l"(t~")“"8(])<3t—"

Tir (1) suy ra: MA® +MB nhén gia tri bé nhit =28 & t=2o M =(-1;0:4)

Thi du 4: (De thi tuyen sinh Dai hoc khoi B - 2006)

Trong khong gian voi hé toa do Oxyz cho diém A (0:1;2) va hai dudng thing:

| x=1+t

X y-1 z+l

d == —="—: dy:qy=-1-2t

15 1 ) 2:yY e
z=2+

Tim toa dd cac didm M e d,, N € d, sao cho A, M, N thfing hang.
Giai
ViM ed, = M=2t; 1+t; -1-1)
ViN e d» = N =(l+s; —1-2s; 2+s)
Tir d6 ta co: AM = (2t:t; —3—t) va AN =(1+s; ~2-2s:5).
Ta c6 A,M.N thing hang < [/{MAN} =0
t -3-t )

@[
-2

& (—ts—2t—65-6:-3ts~t—3s5-3:-5ts-5t)=(0:0;0)

2t t

l+s —-2-5s

3-t 2

k] k]
-2s sl s 1+s

J:(O;o;o).

ts+2t+6s+6=0 4))]
> <3ts+t+3s+3=0 (2)
5t(1+s)=0 _ 3)
Tur (3) suy ra t=0 hodc s=-1.
: . . |6s+6=0
+ Néu t=0, thay vao (1), (2) co: &Ss=-—1.
3s+3=0

. t=0
+Néus=-l,thayvéo(l),(2)cé:{ _ &t=0.

Vay hé (1). (2). (3) <:>{ .

DodoM = (0 l:-1) edy: con N =(0;1; l) € d, 1a hai diém can tim.
Thi du 5: (Dc thi tuyen sinh Dai hoc khoi D - 2006)

Trong khdng gian voi hé toa do Oxyz cho diém A (1:2:3) va duong thing:

Xx-2 y+2 z-3

d: = =
i ) 2 ~1 |
Tim toa do diem A" doi ximg vai diém A qua d.
Giai

Goi M 14 hinh chiéu cia A trén d.
DoM e d = M= (2+2t; -2-t; 3-t)

89



= AM =(2t+ -t~ 4;-t),
d co vecto chi phuong u =(2;-1;1)

Tacd AM.u=0 <22t + 1)+t+4+t=0
o t= 1

Vay M =(0; ~1;2) (d) M
Do M la trung diém ciia AA’ nén ta cé:
Xa = 2XmM — Xa=2.0-1 =~] 4
Ya=2ym—ya=2.(-1)-4=-+4
Za=2Zy—2p=22-3=1
Vay A" = (-1 4;1) la diém dbi xirng cua A
quad. o
Thi du 6: (Dé thi tuyén sinh Pai hoc khdi A - 2002)
x=1+t

77

Trong khong gian cho dudng thing d:{y=2+1t va
z=1+2t
diém M (2;1:4). Tim toa do diém H thudc d sao cho doan
thang MH c6 d6 dai nho nhat.
Giai

H chinh 1a hinh chiéu ciia M trén (d). Giai nhu thi du d H
5 taco: H=(2:3;3).
Chui y:
C6 thé giai nhursau: Do H=(1 +1t; 2 + ;1 + 2t)
= MH = (t- 1)+ @+ 1)+ Q2t=3Y=6(t-1) +5
Vay MH dat gia trj nho nhit < t=1 < H(2; 3; 3).
Thi du 7: (Dé thi tuyén sinh Dai hoc khéi D - 2005 )
Trong khong gian v&i hé toa dd Oxyz cho hai duong thang:
x-1 y+2 z+] {x+y—z—2=0
d,: = = ; dy
X+y-12=0

3 -1 2
Gia strd; n(Oxz) =A; d; N (Oxz) = B. Tim dién tich tam giac OAB.
Giai
Tir hé phwong trinh:
X=1 y+2 z+]
T 2 = X=-5y=0z=-5.

[} 2

y=0
Vay A (=5; 0; -5).
(Mat phang Oxz c6 phuong trinh y = 0).
L : . X+y-z-2=0
Tuong tuy, tir hé phuong trinh: =>x=12;y=0;z=10.
X+y-12=0
Vay B = (12:0;10).

Tacé: OA =(-5:0;5);0B = (12;0;10).
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-5 0
0 10/{10 12

N 0‘]:(0;—10;0).
1

[OA OB]| 2.10=5 (dvdt)

Vi thé [‘o’K,b’é] :(‘0 =5 H-S _5

Vay Sppe =

Thidy 8: (De thi tuyen smh DPai hoc, Cao ding khoi A — 2005)
Trong khong gian véi hé toa do Oxyz cho duong thing va mat phéng (P) nhu
sau:

x-1 y+3 z-3
-1 2 ]
1/ Tim toa do diém | thuge d sao cho khoang cach tir 1 dén(P) bam, 2.
2/ Tim toa do diém A, néuA=d n (P).

Giai
1/Dol € d = I=(1-t, -3+2t;3+1).
2(1-t)+(-3+2t)-2(3+t)+9

22+ 1P +(-2)

Viy trén d co hai diém can tim [,(3;-7; ) va I(=3; 5; 7)
2/ Xét phuong trinh 2(1 —t)+( 3+2)-23+)+9=0t=1
Viy A=(0; —1;4) 1a giao diém cua d v6i (P)
Thi du 9: (Dé thi tuyen sinh Cao diing Sw pham TP Ho6 Chi Minh - 2005)
Trong khong gian véi hé truc toa do Oxy, cho mat phing (P):x+y+z-4=0
va ba diém A (3:0;0), B(0: —6;0) va C (0;0;6). Tim tht ca cac diém M sao cho:

| MA +MB +MC | 1a nhd nhat.
Giai
Goi G la trong tdm tam giac ABC. Ta co:

1MA+MB+MC| ’MG+GA+MG +GB +MG +GC| 3IMG

d: (P 2x+y-2z+9=0.

t=-2

t=4

Do d(L(P))=2<

Min |[MA + MB + MC|=0 & MG =0 M=G < M =(0: -2;2).

Thidull:
. Cho hai diém A (~1:3;2); B(-9:4; 39) va mat phan;: (P): 2x~y+z+1=0. Tim
diém K e(P) sao cho AK+BK la nho nht.

" patf(x,y,z)=2x-y+z+1. B
Taco: f(=1;3;-2) =—6 <0; f(-9;4,9) =-12<0 A
= A, B ¢ cing mét phia cua (P). N\
Goi A’ la diém ddi ximg cua A qua (P). / H ok
Gia st A’'B n(P) =K khi d6 dé thay K v
chinh 1a diém can tim. ] _i/
Goi H 12 hinh chiéu cta A trén (P). A

Pudng thang qua A, H nhén vecto phap n=(2;-1:1)
1a vecto chi phuong, do d6 n6 c6 dang:
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X=-1+2t
y=3-t
z=-3t

Tir d6 H = (—1+2t; 3—t; —2+t), va do H € (P) nén ta cé phuong trinh
2(=1+20) - G-+ (2+)+1=0 < =1 < H=(1;2; 1)
Vi H la trung diém cia AA* = A" =(3;1:0).

x=3+4t
Ta cé: BA'=(12:-3;-9)//(4:-1:~3) nén phuong trinh BA’c6 dang:{y =1t
' z=-3t

Do K € (P) nén ta cé phuong trinh:
23+H4t) — (1-tH( 30+ 1=0 = t= -1 & K=(-1:2;3).

§4. BAI TOAN CO THAM SO VOI PUONG THANG
VA MAT PHANG TRONG KHONG GIAN

Ciing gidng nhu cac bai toan c6 tham sé khac trong dai s, giai tich, luong
giac... cac bai toan co tham s6 trong hinh hoc ndi chung va trong chuyén muc nay
néi riéng ta cling tuin theo cic quy tic sau day:

- Bire 1: Giai mét bai toan hinh hoc thuan tity va tat nhién trong dap sb cia
bai toan nay van chira tham sb.

- Burde 2: Tim cace gia tri thich hop cia tham sé dé thoa man yéu cau bai toan.

Thi du 1: (Dé thi tu_r(fu sinlt Dai hoe khéi D - 2002)

Trong khong gian véi hé toa do Oxyz cho mit phéng (P): 2x—y+2=0 va duong
thang:

m
mx +(2m+1)z+4m+2=0

{(2111 +1)x+(m=1)y+m-1=0
Tim M dé d,, song song voi (P).
Goi u',; la vecto chi phuong cia d,,, thi

Il-m 0|0 2m+1
um:

O2m+1 2m+1 m
Vid,, // (P) nén diéu kién can la ﬁ;,ﬁ =0, o day n= (2; -150) l1a vecto phap

2m+1! I-m

.

N

m

] = (=2m™+m+1; —4m’—4m—1:m’—ni).

tuyén cua (P).

Taco: u

. , 1
mn=0 & 2(-2m +m+ D-(-4m’-4m-1)=0 <:>m=—5.

y=1

Khim = —l thi d,, co dang: d: .
2 x=0



. e ~ .. 1
RS rang voi moi z € X thi A =(0:1;z) € d véim = —3- nhung A ¢(P).

~ ., N l - - A A 3.
Vay d//(P) , tirc lam = -5 thoa man yéu cau dau bai.

&

Chui y:

. L 1 .. | . . « ged
Viéc thir lai m=—— xem d,, v&éi m == ¢0 song song vGi (P) khong 1a diéu
can thiét. )
Thi du 2: (Dé thi tuyén sinh Dai hoc khoi D - 2003) i
Trong khong gian voi hé truc toa d¢ Oxyz cho duong thang
X+3ky-z+2=0
M lkx-y+z+1=0

Tim k dé duong thang dy vudng géc voi mat phang (P): x—y -2z + 5 =0,

} Gidi
buong thang d, co vecto chi phuong:
- (Bk =1 -1 1|1 3k ,
u, = : : =3k~-1;,-k-1;-1-3k")
-1 |t kfik =1

RG rang u: 20 v&i moi k
3k-1 k-1 _-1-3k?

-1 %)

“

Tacod, L (P) <> u //ne>
Jk—-I=k+1
_ PSS
2(3k —1) =143k~
Vay k = 1 14 gia tri duy nhat cia tham sd k dé dy L (P).
Thidu3: . .
Trong khong gian vgi hé tea dd Oxyz, cho hai duong thang:
x—-az-a=0 ax+3y-3=0
: va d,
Xx+3z-6=0

k=1.

y-z+1=0
Tim a dé d, va d- cat nhau.

d, va d, cat nhau khi va chi khi hé phuong trinh sau:
X—-az—-a=0 )
y—z+1=0 2)
ax+3y-3=0 3)
X+32-6=0 (4)
¢6 nghi¢m duy nhat. Tir (2) suyray=z- l:tir(4)suy rax =06-3z. Vay:
y=z-lx=6-3z y=z-1ix-6-3z
hé (1), (2).(3).(4) <> s6-3z—az-a=0 »><z(3+a)=0-a (5)

6a-3az+3z2~3-3=0  [3z(1-a)=6(1-a). (6)
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Vay hé (1) (2) (3) (4) c6 nghiém duy nhit & hé (5) (6) c6 nghiém duy nhit.
+Néua=-3 = (5) vo nghiém.
+ Néu a=1, khi d6 (5) (6) & 4z=-5(7)
Vi (7) ¢6 nghi¢m duy nhit = a=| chép nhan dugc.
6-a

. =— 8
Néua# -3 vaa# | thi: (5)(6) = z 3+a (8)
z=2 9
Tu d6 suy ra: 2.2 =a=0.
3+a . )
Vay a=0vaa=1 lahai gia tri dé d, va d, cat nhau.

Chui y: :
1/ Cach giai trén thuan tiy dua vao dai so.
2/ Ta co thé giai nhur sau:

—-a 1jll O
; ; =(0:1;1),

3

1 OD = (9:-3a:-3).

— (|0 -a
d, c6 vecto chi phuong u; = (lo :

ngoai ra M (a; -1;0) ed,.
0 a
3 1

L)

— (130
d, ¢b vecto chi phuong u, = ‘ 3H

ngoaira N (0; 1: 2) eda.

Taco
— | 1l 11 0 0 1 R

. = . : =(3a-3;9;-9); MN =(-a:2;2).
[u, uz] (_33 _31 ’_3 ° ‘9 —3a] (3a 9); MN =(-a:2;2)

Do dé: | u;.u; | MN =-3a” +3a

Dé d,, d» cit nhau diéu kién can 1a l—l"|.,i,l‘2~ phai d6ng phz’ing, tirc la
[u1.0; [MN =0 & -3a’+3a=0<> [: :?
Dio lai: Néu a = 0; uy =(0:1;1) va u, =(9:0;-3) khong cing phuong nén
d, va d,.
Néua =1 thi u, =(0:1:1) va l_l: = (9:-3;-3) khong cung phuong nén d, cét d,
Viy a =0 va a=1 la hai gia tri can tim cua tham sb a dé d, va d, cit nhau.

BAI TAP TU GIAI

Bai 1 (Dé thi tuyén sinh Cao déing giao théng 2004)

Trong khong gian véi hé toa dd Oxyz cho diém G(1:1:1).

1/ Viét phuong trinh mat phang (P) qua G va vudng goc véi duong thing OG.

2/ Mit phéng (P) & cdu 1/ cit cac tryc OX. Oy, Oz lan luot tai A, B, C. Chirng
minh ABC la tam giac déu.

Ddp so: 1/ XyXiZog,
3 33
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Bai 2: (Dé thi tuyén sinh cao ding sw pham khoi A-2004) )
Trong khong gian vai hé toa do Oxyz cho duong thang d va mat phang (P):

(d)' 2x+y+z+5=0
12x-2z43=0
Viét phuong trinh hinh chiéu vuéng géc cua (d) trén (P).

Xx+y+z-7=0
Dap $6

6x-y-5z+7=0
Bai 3:

Trong khong gian vé&i hé toa do Oxyz, cho mit phing (P): 4x-3y+11z-26=0
va hai duong thing:

d :—

(P): x+y+z-7=0

s ds: =
-1 2 3 B

1/ Chiang minh d, va d, chéo nhau.
2/ Viét phuong trinh dudng thang A nam trén (P) va cét d,;d-.
X+2 _y- 7 z- 5

5 8 -4

X _y- 3 z+1 x-4_ y_2z-3
| .

Pdp s6 2/ A

Bai 4:

Trong khong gian v&i hé truc toa d¢ Oxyz, cho diém M (5:2; -3) va mat
phang (P): 2x+2y—z+1=0.

1/ Xac dinh hinh chiéu M, clia M trén (P).

2/ Viét phuong trinh mét phang (Q) qua M va chira dudng thang.

x-1 y-1 z-5
2 1 -6

Dap so: UM, (1; -2, -1); 2/x+4y+z-10=0

Bii 5:

Trong khong gian voi hé toa dd Oxyz cho hai diém 1(0;0:1) va K(3:0;0). Viét
phuong trinh mat phang qua I, K va tao véi mat phang (xOy) mot goc bang 30",

Xy . z_,
30372 1
' , Ca
Dap so: -
S AN
32 I
L 2
Bai 6:

Trong khong gian vai hé truc toa dé Oxyz, cho hai duong thang:

3x-z+1=0
I L. { 2

2 2k + y—-1=0
1/ Chirng minh d; va d» chéo nhau. '
2/ Viét phuong trinh duong thiang d cat ca d,. d> va song song vdi duong
4 y-7 z-3
a4 20

thing A: x]_
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dx-y-5=0
Ddp s0:
2x+z-6=0. _
Bii 7: (Pé thi tuyén sinh Cao ding Si pham Qudng Ngdi — 2006)
Trong khong gian véi hé toa do Oxyz, cho hai dudng thang c6 phuong trinh:
' {2x—y+3z~5=0' {2x—2y—3z—l7=0 .

X+2y-z=90 “12x-y-22-3=0

va diém A(3:2:5)

1/ Tim toa dd diém A" ddi ximg voi A qua d,.
2/ Lap phuong trinh mat phang di qua d, va song song v&i d..
3/ Tinh khoang cach gitra hai duong d, va d-.
Dadp s6: 1/ A'=(-17. =24; -11)
2/4x+ 3y +z-5=0
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26
Bai 8: (Pé thi tuyén sinh Pgi hoc Hing Vieong — 2006)
Trong khong gian voi hé toa dd Oxyz, cho hai dudng thang:

3/

x=5+2t 120
X+y+z-7=
d={y=1-t vady:{
2x+3y+z-16=0
z=5-t

1/ Ching minh d,//d-.

2/ Viét phuong trinh mat phang chira d, va d,.

Pap $6: 2/ 3x + Sy +2-25=0.

Bai 9: (Dé thi m_w?ﬁ sinh Cao dding Y té 1-2006)

Trong khéng gian véi hé toa do Oxyz cho hai dudng thing d,.d> va mit phang

(P) ¢6 phuong trinh:
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 +1 y -1 -2 X-2 y+2
,:"+ =Y.z ;d‘):\ =27 =—f~;(P):2x—v—52+l=0
2 3 1 - =2 ’
1/ Chirng minh d, va d; chéo nhau. Tim khoang céach gitra d; va d..
2/ Viét phuong trinh dudng thang, A vuong goc voi (P), cat ca d, va ds.
o) - - —
62 S e l_y-4_z-3 .
V195 2 -1 -5
Bai 10: (Dé thi tuvén sinh Pai hpe Hang hai — 2006)
X+y-2z+3=0

x+3v+2z-7=0.

Ddp so: 1/

Cho diém A(3: -2:5) va dudng thang d :{

1/ Viét phuong trinh tham s cia d.
2/ Goi A” la hinh ¢chiéu cita A trénd. Timtoa do A",

x=-8+4t
Dadp so: 1/ 4y =5-2t ; 2/ A" =(4:-1;3).
z=t



Bai giang s6 6

HIiNH CAU

Bai giang ndy dé cdp dén nhitng bai toan co ban thudng gip cia hinh cdu
trong hinh hoc khong gian, ciing nhur trong hinh hoc giai tich khong gian. Mic du
trong cic dé thi toan vao cac truong Pai hoc, Cao dang trong nhitng nam 2002-
2009, cac bai toan hinh cau c6 mat trong cdc bai toan hinh cia dé thi chiém mot ti
Ié rat khiém tdn khodng 10%; nhung cac nodi dung vé hinh ciu (trong hinh hoc
khong gian va hinh hoc giai tich khong gian) van co mat trong chu‘ong trinh thi
tuy€n sinh mén Todn trong cac ky thi tuyén sinh vao Pai hoc va Cao dang do Bo
Giao duc va Dao tao quy dinh.

Bai giing ¢6 hai phan

- Hinh cau trong hinh hoc khéng gian.
- Hinh cau trong hinh hoc giai tich khéng gian.

§1. HINH CAU TRONG HiNH HOC GIAI TiCH KHONG GIAN

1. Cic kién thirc co ban

a. Phuong trinh mdt cdu.

- Mit cau tam tai diém I(xo; yo: zy) va ban kinh R la

(x =X’ + (y = yo) + (2~ 2)* =R%.
- Phuong trinh mit cau tong quat c6 dang:
X4y +2° +2ax+2by+2cz+d=0,

vdia’+b +c'=d>0

Duéi dang nay thi tim mit cdu 1a | (-a; —-b; —) va
ban kinh cta no la:

R=vVa +b’+c?-d.

b. Vi tri tirong doi ctiv mdit céu var mdit ph(fng

Cho hinh cau (S): (x~-x, )2 +(y —yo)2 +(z-z, )2 =R? va mat phing (P):
Ax+By+Cz+D=0

L ]Ax0+By0+Czo+D| L i »
Khidé: h = la khoang cach tir tdm I cua (S) t6i (P).
JA?1B2 4

- Néu h>R thi (S) va (P) kiong cit nhau.

- Néu h =R thi (S) va (P) ti€p xtic vdi nhau.

- Néu h<R thi (S) va (P) cat nhau theo mét giao tuyén 1a mét dudng tron.
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Hinh a Hinh b

Hinh ¢
I6 tim K cuia duong tron giao tuyén chinh la hinh chieu vudng goc cua
trén (P), con ban kinh r cua hinh tron giao tuyén d6 xéac dinh nhu sau:

r=vR?-h?,

“4c dang toan co ban
ai 1: Viét phuong trinh mit cau:
viét phuong trinh mat cu ngudi ta sir dung hai phuong phap chinh sau:
Xéc djnh tdm 1 ciia m3t cdu va ban kinh cta né. -
' Sir dung phuong trinh tdng quat ctia mit ciu.
cach 1/ sir dung khi viéc xdc Siinh tam | va ban kinh R 1a tuvong dbi dé dang
u nhu trong cac bai toan: Viét phuong trinh mat cau tiép xiic véi mot mit
g nao do).
Cach 2/ §& du:}g trong cac truong hop khi 1/ k'h() st dung. Pé sir g]ung duoc
1 ndy ta can thiéf idp mot hé phuong trin!} ma an s0 la cac tham s6 a, b, ¢, d
1g phuong trinh tong quat ca dudng tron can tim.
Thi du 1: (Dé thi tuyén sinh Pai hpc khdi D ~ 2004)
Cho ba diém A (2;0;1), B (1;0;0), C(1;1;1) va mét phing (D): x +y + z -2 = 0.
iét phuong trinh mit cau di qua A, B, C va c6 tam thude (P).
Giai
Gia sir phuong trinh tdng quat ciia mat cau qua A, B, C va cd tdm thudc (P) la
(S): x*+y*+2° +2ax+2by+2cz+d =0, vdi a> +b*+c? >d (1)
Khi 6 tam cia (S) la diém | (-a; ~b; —¢).
Theo bai ra ta c6 hé phuong trinh sau dé xac dinh a, b, ¢, d:
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-a-b-c-2=0 2)
4+1+4a+2¢c+d=0 3)
3+2a+26+2c+d=0 (4)
1+2a+d=0 )
Giai h¢ 2)(3) (@) (S)vacoa=-1;b=0;c=-1;d =1
Thay vao (1) suy ra mét cau (S) c6 phuong trinh 1a
x2+y2+22+l=0
& (x-1 +y* +(z-1) =1.
Viy (S) la mat cau tam I(1;0;1) va ban kinh R=1,
Chu y:
Xét bai toan tuong ty sau: i
Lap phuong trinh mét cau (S) c¢6 tdim thugc dudng thang:
{x +z-1=0
d:
y-2=0
va cit mat phang (P): y—z=0 theo thiét dién la dudng tron 1én c6 ban kinh bing 4.

Vi mat cau (S) cat (P) theo thiét dién la duong tron 16n, nén tam 1(xe; yo; Z) cla (S)
nam trén (P) va ban kinh R cia (S) ciing bing 4. Nhu vy ta c6 hé phuong trinh:
Xp + ZO =1 X = -1
Yo=2=0 &qyp=2
Yo~ Zo =0 zp=2
Vay (S) cé phuorng trmh (x+ 1)+ (y- 2) +(z-2)'=
Thi dyu 2: (Dé thi tuyén sinh Pai hoc khoi D-2008) «
Trong khong glar) véi hé truc toa 4o Qxyz cho b,on dgém A(3;3;0), B(3;0;3),
C(0;3;3), D(3;3:3). Viet phuong trinh mét cau di qua bon diém A, B, C, D.
Giai
Goi phuong trinh mat ciu phai tim Ja:
X’ +y*+2° +2ax+2by+2cz+d=0 (1).
Vi mit ciu qua A, B, C, D nén ta c¢6 hé phuong trinh sau:

18+6a+6b+d=0 2
18+6a+6¢c+d=0 3
18+6b+6c+d=0 4

27+6a+6b+6c+d=0 (5)
Tir (2) (3) (4) suy raa = b = ¢, vdy ta c¢6 hé sau:
{18+12a+d=0 a=—%

27+18a+d=0"
+18a+d= d=o

Thay vao (1) ta co:
x2+y?+22 +3x-3y-3z=0 1a phuong trinh mat cau cén tim.
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Thi du 3: (Dé thi tuyén sinh Pai hoc khoi B - 2005)
Trong khong gian cho hinh lang tru dung ABCD.AB,C,D; véi A(0; -3;0),
B(4;0;0), C(0;3;0) va B,(4,0;4). o i
Viét phuong trinh mét cau c6 tam A va tiép xac véi mat phang (BCCB)).
Giai
Dé théy A, =(0; -3;4) va C(0;3;4). Mat phang (BCC,B,) nhan BC = (-4;3;0)

va B_Bl =(0; 0;4) lam cép vecto chi phuong. Do d6 vecto phap tuyén n cta né xac
dinh nhu sau: '

N 30

n =[BC,BB,]:U

10-41-43

04/t 000
R& rang (BCC,B,) di qua diém (4;0;0) nén mat phing nay cé phuong trinh:
‘ 3(x-4)+4y=0 & 3x+4y-12=0. ]

Vi hinh cau tam A tiep xtc v6i (BCCB,) nén khoang cach tir A t&i mét phang

nay chinh la ban kinh R ciia hinh cau ta c6:
_3.0+4(-30-12] 24
s

]=(]2;16;0)//(3;4;0).

R =d(A.(BCC,B,))) = : -

.

! ) N , N 2 2 7
Viy mat cau (S) can tim c6 phuong trinh: x= + (y —3) +z2 = 376 .

-~

Thi du 4: (Dé thi tuyén sinh Cao ding Kinh 16 Ki thudr 1 - 2004)

Trong khong gian vdi h¢ toa do Oxyz, cho bon diém S(2:2;6), A(4;0:0),
B(4:4:0), C(0:4:0.

1/ Ching minh rang S.ABCO la hinh chép tir giac déu.

2/ Viét phuong trinh mat cau ngoai tiep hinh chép S.ABCO.
zy Ta cé OA =(4;0;0);CB = (4:0;0), vy

OA =CB.
Ta lai c6: AOC=90° = OABC la hinh
chir nhat. Dé thiy OA = OC =4 = OABC
1a hinh vudng.

Do S$(2:2:6) nén hinh chiéu cua S trén
(xOy) la K0:0.6) la giao cia OB va AC.
Theo dinh nghia S. AOCB la chop tir giac
déu = dpem.

2/ Tam K ciia mit cau ngoai tiép hinh chop
tir giac déu phai nam trén SI, do d6: K =(2; 2: t).

Ta c6: KS = KO < KS? =K02<:>(t~6)3=23+23+t3<:>t=_37_.

Vay mat cau ngoai ti€p hinh chop céd phuorgg trinh:

_2)? _2)? _Z)bzg QZE
(x=2)" +(y )+[z3 +9 5
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n
3

s s . g2 7Y
Do 1a mat cau ¢o tam tai diém K (2;2;-;) va ban kinh R =
Chit y: Co thé lam cdu 2 nhir sau:
Tam K phai tim 13 giao diém cta S| va mat phang trung truc cia SO.
x=2 ’
S1 ¢6 phuong trinh <y =2

z=t.

SO = (2:2:6) . Mat phing trung truc ctia SO nhan SO 1a vecto phap tuyén va
di qua trung diém H = (1;1;3) ctia SO, nén no c6 dang:
2x-N+2(y-1N+6(z-3)=0 < x+y+3z—-11=0.(1)

Tacd: K=(2; 2; —;—), va thay vao (1) taco: 3t-7=0 < t=l.

Vay K =(2:3; %). Tir d6 thu lai két qua trén.

Thidus =
Trong khéng gian voi hé toa dé Oxyz cho mat phing (P): 2x +y —z+5=0
va cdc diém A(0:0:4) va B(2:0:0).
Viét phuong trinh mat cau di qua O, A, B va tiép xuc voi (P)
Goi M 1a trung diém cia AB thi M = (1:0;2). Tam |
ciia mit cau di qua O, A, B nim trén duong thang vudng
goc voi (xOy) tai M, do dd 1= (1;1; 2).
Vimat cau tiép xiic vai (P) nén:
10 =d(l. P)
[2+t-2+5]

J6

S6S+E)=(t+5) -1y ’=0 ot=1.
Vay [ (1;51:2).
Mt cau can tim ¢6 phuong trinh:

(x=1y+(y="1y+z-2y=6.
Thidué6
Viét phuong trinh mat cau (S) co tam
X+y+z+1=0

< 5+t

nam trén dudng thang d :{

x-y+z-1=0
va tiép xic voi hai mat phang: (P): x +2y +2z+3=0va(Q): x +2y +2z+ 7 =0.
Giai

Goi I (xo; Yo 2o) la tdm hinh cdu can tim. Khido 1 e (d) nén ta co:
Xg+Yyo+2zy+1=0
{xo—y0+zo ~1=0

Tirdosuyra: xo+ yp=0 <z, =-xy va yp =~1. Vay I (xo; —1; —xp).-
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Do mit cau tiép xuc v6i (P) va (Q), nén ta co:
R=d(l, (P))=d (1, (Q))

Ixo—2-2x0+3| |xg—2-2x5+7|
Viva+rd  Ji+d+4

1-x%, =
= |l—ml=|5—m|©[ B & Xp=3.
. s 1o A4 2
Vay I =(3; —1; -3) va liac do R=-3—.

Do d6 mit cau (S) ¢6 phuong trinh: (x — 3)*+ (y + 1)’ + (z + 3)*=

N-JIFN

Thidu7: . i ) ]
Viet phuong trinh mat cau c6 tam tai diém 1 (2;3; —1) va cat dudng thang:
d4: 5x -4y +3z+20=0
' 3X—4y+z—8=0
tai hai diém A, B sao cho AB=16.

Giai

Ké1H L AB thi HA=HB=8.

Pudng thiang d co vecto chi phuong la:

L (43 s |5-4
u:( 4 ],‘ ‘, J=(8;4;—8)//(2;1;—2).

| 1 33-4
w{ Ngoai ra d di qua diém M(11:0; -25). Tir dé:

“ 1H=d(l,d)=‘[a’m]‘.

|
Do lT\Z=(9; -3, -24), nén
; . I =22 212 1
[u,lM]=(l H H |J=(—30;30‘,—]5).
-3-24|)-24 919-3

\f(—30)2 +302 +(-15)
3 =
Do d6 ban kinh R ctia hinh ciu 1a: R = VIH? + HA? =225 + 64 = 17.
Vay mait ciu can tim ¢6 phuong trinh la: (x=2)+(y-3)"+(z+1)*=289.
Chu y: ) ]
Ta co bai toan tuong ty: Cho diém I(1;2; -2), duong thang:
2x-y-5=0
d :{ *my
y-z+3=0 ,
va mat phing (P): 2x + 2ytz+5=0. )
Viét phumg trinh mit cau (S), tdm | sao cho (P) cidt (S) theo dudng tron giao
tuyén c6 chu vi bing 8 ..
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Dé thay dudmg tron giao tuyén co ban kinh r = 8, nén ban kinh mat cauR =5,

Loai 2: Cac bai toan lién quan dén tnep dién cia mat cau.

Pé giai bai toan nay chi can luu y ring: Mit phéng (P) tiép xuc vé&i hinh cu
(S) tdm |, ban kinh R khi va chi khi:

d(L,(P)) = R.

Thidul: (Pé thi 1ot nghi¢p THPT - 2005)

Trong khong gian cho mét chu (S): X’ +y + 22— 2x + 2y + 42— 3 = 0 va hai
dudng thing:

(+2y-2=0
d;: i va 2:———I—=—X=E.
x—-2z=0 1 1 1
Viét phuong trinh tiép dién v&i mat cau (S), biét rang nd song song Vi d va d,.

. Giai
Viét lai (S) dudi dang:
o x=PHyF DPH(x+2)=09.
Vdy (S) 1a hinh cau tdm I(1; --1; —2) va ban kinh R = 3.
20100 11f1 2
; ; =(-4;2;-2}/7(2;-1;1}.
0——2I -2 1 ’l OU ( ) ( )

d, co vecto chi phuong El. =[

d, ¢6 vecto chi phuong u, =(-1;11).
Vay tiép dién (P) nhan G: va 1—12 lam cdp vecto chi phuong, nén (P) cé vecto
phap tuyén 1a;
— e -1 2f2
=l u,u 5 5
n=[uies |- [Il 1!1—1—
Vay (P) c6 dang: 2z+3y-z+D=0.
Vi (P) 1a tiep dién vai (S), nén d(1,(P))=3

|2-3+2+D| D=3V14 -1
& e =3 & D+ :3x/ﬁ¢:>
J14 D+ D=-3J14 -1.

2x+3y-z+3J14-1=0
2x+3y-z-3/14-1=0

-1
| IIJ =(-2-3:1)//(2;3;-1).

Viy c6 hai tiép dién can tim: {

Tlu'dy 2; i ]
Lap phuong trinh mét phing chira duong thang:
d ’{8x—lly+81—30=0
X-y-2z=0
va tiép xic voi mat cdu (S): x>+ y*+ 2+ 2x — 6y + 42— 15 = 0.
Gidi

Viét lai (S) dudi dang: (x + 12+ (y = 3+ (z + 2)’=29.

Vay () ¢6 tam tai I(~1;3;2) va ban kinh R=+29 . Tiép dién (P) chira d nén n6
thugc “Chum mat phang”:

o(8x—11y +82-30)+B(x —y-2z)=0 véia’+ B >0
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o Bat+ BxH=1la-PB)y+(8a-2 B)z—30a=0.(1)
Do (P) tiép xtc vai (S) nén: d(1.(P)) = J29
- |—8a—B—33a—3B—16a+4B—3OB| _J%

\ﬁ&x +B) +(11a-B) +(8a - 2p)’
a

C>87|0.|=29\[2490.2 +6B° +6af <20 +20B-p =0 2(%) -[——J—lzo ‘

B

(vinéu B=0 = o =0, vd li)

+ Néu %=l thichona= B =1 vacd (P): 3x-4y +2z-10=0.
+ Néu %=——;— thichona=1; p=-2vacoé(P):2x -3y +4z-10=0.

Loai 3: Cac bai toan yé vi tri trong ddi gitra dudng théng v&i hinh cau:

Thi du 1 (Dé thi tuyén sinh Dai hoc khoi D - 2008)

Trong khong gian voi hé toa do Oxyz cho bon diem A(3;3:0), B(3;0;0),
C(0;3;3); D(3;3;3). . ]

1/ Viét phuong trinh mat cau di qua bon dinh A, B, C,D.

2/ Tim toa d6 tam dudng tron ngoai tiep tam giac ABC.

Gidi

1/ Xem thidu 2 loai 1, §1.

. 2 2 2

Phuong trinh mit cau (S) la: (x - —3—) + (y —3) + (z - —3—) _27

2 2 2 4

Pay la hinh cau co tam tai diém l(—i—;%;%) va ban kinh R=-3—\2/_3— .

2/ M3t cau (S) cit mit phang (ABC) theo giao tuyén la duomg tron. Duong
tron nay chinh la duong tron ngoai tiép tam giac ABC. Tam H cia né chinh la hinh
chiéu cua | 1én (ABC). Dé thay (ABC) qua A, B, C nén c6 phuong trinh:

x+ty+z-6=0.

Pudng thang 1H nhan vecto phap n=(1:1;1) cia (ABC) la vecto chi phuong
nén c6 phuong trinh.

P
[
+

-

+
-

~N e
Il ]

W oW oW
+

Tir d6 suy ra H(2;2:2).
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Nhdn xét

I/ Cach giai trén chinh 1a cach giai “truyén théng” dé tim tdm cta hinh tron
giao tuyén do mat cau (S) cit bai mat phang P.

2/ Tuy nhién, v&i thi dy trén 6 cach giai rat doc dao sau ddy:

Dé thiay ABC la tam giac déu canh bang 3, nén tim dudng tron ngoai tlep H
ctia n6 ciing chinh 1a trong tdm ciia tam giac ABC vi thé:

H=[3+3+0'3+0+3'0+3+3)=(2'2'2).

L) b

3 3 3
Thi du 2:
Trong khong l,lan vm he truc toa do Oxyz cho hai mét cau
(S x” +y +7 —..z—Ova(S) X+ v +72-4z2=0
1/ Chirg minh (S;) va (S») cat nhau.
2/ Goi (S) la duong tron giao tuyén cua (S1) va (S»), xac dinh tdm va tim ban
kinh caa (S).
Viét lai (S)) va (S ) dudi dam, sau:
(S)): X +y +(z— 1Y =1;(Sy): x° +(y—”) +77=
Vay (Sy) 1a hinh cau c6 tdm tai diém 1,(0:0;1) va ban kmh R=1,
(S>) 1a hinh cdu o tam tai diém 1,(0;2;0) va ban kinh R,=2,

Taco il = /5. Do dé: Ry~ Ra<liL<R; +R;.
Véy (S)) va(Sy) cit nhau theo giao tuyén la dudng tron (C).
2/ Cac diem M (x; y; z) € (C) thoa man hé phuong trinh.
xz+y2 +22-22=0
x> +y2 +2°>-4z2=0.
Tird6 2y -z=0. ) . i
Viy duong tron giao tuyen (C) nam trong mat phang (P): 2y-2z=0.
Ta f:(') LI, 1 (P) va giao diém K cua 1,1, v&i (P) chinh la tam cia dudng tron
giao tuyen (C).

x=0
Vi il—l = (0;2;—1) nén l;1; c6 phuong trinh:<{y = 2t
z=1-t.

Dod6o K (0;2t; 1 —t) € (P)néntacod phuon;, trinh sau dé xéc djnh t

4t—-1 +t=0 ¢:>I——

Vay K= (O = g—] 1a tam cua (C).

5
Ban kinh r cta (C) xac dinh nhur sau: éb
r= R -1 K*

2)2
Do R;=1, conIK ( ) +(
S 5 5
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Tir d6 suy ra: r=g—;£_§—.
Thidy3:
Tim diém A trén mit ciu S x*+ y2 +2°-2x+2z-2=0sao0 cho khoang

cach tir A dén mat phing (P) : 2x-2y+z+6 1a 16n nhat, nho nhit.

Gidi :
@ Dua (S) vé dang sau: (x — 1)2+ y*+ (z + 1)’=
4.
Vay (S) la mat ciu tam tai I(1;0; =1) va ban
kinh R=2,

Puong thing (d) qua I nhdn vecto phap
tuyén n=(2-21) cia (P) la vecto chi
x=1+2t

/ / phuong nén né c6 dang: d:<y =-2t
z=1+t .

Tim giao diém cta d v6i mat ciu (S) thong qua phuong trinh sau:

(142t-1 +(20) +(1+t-1 =4 =90=4 t==

WIiN

Khi t=£, ta cé giao diém A = (Z,~i,—_—1)
3 3
Khi t =—§, ta c6 giao diém B =(—%;3;—§).

d(A,(P)) =]—33— vad(B,(P)) =§ .

Viy A, B tuong (g la diém trén mit cau (S) xa va gan (P) nhét.
Loai 2: Vai bai toan v& hinh ciu c6 tham sé.

Thidul :

Cho ho (S,) xac dinh nhu sau: (Sp): x> +y’ +Z° —4mx —2my —6z+m’ +4m =0

1/ Tim m dé (S,,) 1a phuong trinh cia mdt mit cau.

2/ Chimg minh cac tdm I, ciia mit cau (S,) luén nam trén mot dudmg thing
b dinh (véi céc gia tri m tim dugc & cau 1).

1/(Sm): (x —2m)2 +(y —2)2 +(z-—3)2 =4m? -4m +9

Ta nhédn thiy 4m® -4m+9>0 Vm ¢ R (vi A’= 4-36<0)

Viy v6i moi gi trj ca m, thi (S,,) ludn 1a phuong trinh ciia mot miat cau voi
tim: I,(2m; m; 3)

. \ A . LA . |x=2y=0
2/ Goi I(x; y; z) la tdm cta (Sy,), tir phan 1/ ta co: {z _3 n

Viay tam cua mit ciu noi trén véi moi m ludn ndm trén dudng thing c6 dinh
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xac dinh bdi (1)

Chu y:

C6 bai toan tuong tu sau:

Xétho (So): x* +y* +2° —2xsina—2ycosa—-3=0

Ching minh rang tam I, cua (Sq) (v6i a bién thién sao cho (S,) 1a mat clu)
ludn ndm trén mot duodng tron cb dinh.

That véy ta cé: (So): (x —sin a) +(y- cosot)2 +2° =4,

Nhu vy vai moi a, (S;) ludn la mat cau véi tam:

I, = (sina; cosa; 0)

Khi a thay dbi 1, Iuén nam trén mét phing z = 0. Ngoal ra do X2 + y? =1 nén
I, ndm trén dudng tron tam tai gdc toa do ban kinh 1, dudng tron ndy nam trén mat
phing z = 0.

Thi du 2:

Trong khong gian véi hé toa do
Oxyz, cho dudng thang;

4 2x-2y-z+1=0
|x+2y-2z-4=0 w
va mit cau (S)
(d)

x? +y2 +2° +4x-6y+m=0
Tim m dé d cét (S) tai hai diém M, N sao cho MN =8.

Ta c6 (S): (x+2)2+(y—3)2+zz=13——m €
Tur (1) suy ra (S) 1a mat cau < 13-m>0 < m<I3 2)
Taco IH=/(13-m)-16 =V-m-3 ?3)
Lai ¢6 IH =d(1,(d)). (4)

Puong thang (d) ¢6 vecto chi phuong :

~ (1-2-1 12 1
= ; =(6;3;6)-
(B A e

Viay u=(6;3;6)/ (2:1;2).

o2 u,MI .
Mit khac dé thay M (0;1; -1) €d, nén d(l,(d)) = l[u ]' , voi MI=(-2;2;1).

Jui
Ta co: [G,m]=[\12 21H12 _;I;._z_z ;‘]=(—3;—6;6).

Do vy d(1,(d)) =-————m =3 (5)

Tir (3) (4) (S) suy ra: V-m-3 =3 m=-12 (6)

R& rang (6) thoa man (2) nén m=—12 la gia tri duy nhét can tim cta tham sb m.
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§2. HINH CAU TRONG HINH HOC KHONG GIAN

Néu nhu cac bai toan hinh ciu trong hinh hoc giai tich khong gian thién vé
tinh toén, thi cac bai toan hinh cau trong hinh hoc khéng gian thuan tiy thién vé
cac tinh chat dinh tinh. Dé gidi dugc cac bai toan trong muc nay doi hoi hoc sinh
phai nam virng va sir dung thanh thao céc kién thire ciia hinh hoc khong gian (dic
biét 1a cac kién thirc vé quan h¢ song song va quan hé vudng goc).

Cidc dang bai tip co bin
Loai 1: Cac bai toan vé hinh cau:

Thi du 1: (Dé thi tuyén sinh Dai hoc khéi D — 2003)

Cho hai mat phang (P) va (Q) vuong goc voi nhau cé giao tuyén 1a A. Trén A
ldy hai diém A va B cho AB =a. Trong mit phang (P) lay diém C, trong (Q) lay
diém D sao cho AC, BD clng vudng géc vé6i A. Gia sir AC=BD=AB. Ching minh
ring bon diém A, B, C, D nim trén mot mat cau va tim ban kinh caa hinh ciu ay.
® Do (P) L (Q):(P) N (Q)=A,
ma AC LA =AC 1L(Q) = ACLAD.
Tuong tytaco DB L DC.

Vi thé goi I 1a trung diém cia CD, thi trong
cac tam giac vuong CAD va CBD ta ¢oé:

IC=ID=1A;
/ \ IC=ID=IB. v
Q Suy ra: IA = IB = IC = ID, t(rc 14 bdn diém

A, B, C, D nam trén mot mét cau tam 1, ban

kinh R=%CD(1)

Tacé: CD?> =CA® + AD? = CA2 + BA2 + BD? = 3a2.

s a\/i

Tir(l)va(2)suyra: R :T.

N\ Thi du 2: (Pé thi tuyén sinh Cao d(fng Ky

D,“\‘ { thudit Cong nghiép — 2006)
/ }(‘ . Trong mit phépg (P) cho hinh vuéng ABC[?.
)/ oo — _ . Trén dudng thang Ax vudng géc véi (P) lay
,//// _z =T ¢ mét di€ém S bat ki. Dyng mit phang (Q) qua
Jr = - A va vudng goéc v6i SC. Mit phing (Q) cét
p— . SB, SC, SD lan luot tai B, C’, D’. Ching

minh rz"ing cac diém A, B,C, D, A’, B, C’,
D’ cing nam trén mét mat cau ¢ dinh.
Vi(Q) L SC = SC L AC’ (1)
‘DoSA 1 (P) = SA L CB.
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Talaic6CB L AB (gia thiét) > CB 1 (SAB) = CB L AB’.

Do (Q) L SC, =SC L AB’.

Tirdo AB’ L (SBC) = AB* L SB ()

Ly luédn tuong tv ¢c6 AD” L SD 3)

Tir (1) (2) (3) suy ra néu ké AB’, AC’, AD’ lan lugt vudng goéc vai SB, SC,
SD thi mat phang (Q) chinh la mat phang (AB’C’D").

Trong (ABCD) ta c6:

ABC =AD'D =90° (4)
Theo trén AB’ | B’C = AB'C =90° 5)
Tuong ty lai co AC'C=AD'D =90 (6)

Tir (4) (5) (6) suy ra: A, B, C, D, A", B*, C’, D’ ciing nam trén mit cau dudng
kinh AC = dpcm. v

Thi du 3:

Cho hinh cau (S) tim O ban kinh R = Sem. Tam gidc ABC véi ba canh
BC=13cm, CA = l4cm. AB = 15cm, trong do6 ca ba canh cung tiép xuc véi mat
cau. Tim khoang cach tir tim O dén mat phang (ABC).

Gia sir AB, BC, CA lan lugt tiép xuc véi
mat cau tai N, M, P. Nhu viy ta co:

ON 1 AB,OM 1 BC,OP L CA.

Ké OH 1 (ABC). Theo dinh li ba duong
vudng goc ta co:

HM 1 BC,HN 1 AB,HP 1 CA.

ViON=0OM=0P =R = HM=HN=HP.

Viy H la tim duong tron noi tiép tam
giac ABC véi ban kinh r=HM.

Ap dung cong thic r=—=, & day S, p tuong ang la dién tich va nira chu vi cua
)

tam giac ABC ta co:
C13+14+105
2

Theo cong thirc Hé-rong ta co: S = \/p(p -a)(p-b)(p-c)=v21.8.7.6 =84.
Tir 36 suy ra r = 4cm. Do vay theo dinh li Pitago thi khoang céach tir O t6i

(ABC) la: OH = V5% -4% =3cm.
- Thi du 4:

Cho hinh chép S.ABCD c6 day la hinh vuéng, va SB vudng goc véi (ABCD).
Liy diém M trén SA (M-£ S, M # A). Gia sit (BCM) N SD = N. Chimg minh ring
sau diém A, B, C, D, M, N khdng cling nim trén mot mit cau.

Giai

Do BC//AD = BC// (SAD) = (MBC) n (SAD) =MN, trong d6 N € SD va

MN//BC.

21.
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Do SBL1(ABCD), ADLAB=>SALAD
(dinh i ba dudong vudng gbéc) = MNDA la
hinh thang vudng tai A va M.
Gia sir 6 diém A, B, C, D, M, N ciing ndm
trén mot mit cau (S). Nhu vady mit cau (S)
phai cit mit phing (SAD) theo mét giao
tuyén la dudng tron (C).
Vi A, D, M, N vira nam trén (S), vira nim trén
(SAD) = A, D, M, N phai nim trén (C). Néi
khac di AMND la tir giac ndi tiép dudmg tron
©).
D6 1a diéu vo li vi AMND la hinh thang vudng thuc sy (MN // AD va

MN<AD). ‘

Viy gia thiét phan ching 12 sai, tirc 13 6 diém A, B, C, D, M, N khong cung
nim trén mot mt cau = dpem.

Thidu 5:

Cho hinh chép tir giac déu S.ABCD ¢
canh bén va canh day déu bing a. Co6
mét hinh cu di qua A va tiép xiic vdi
SB, SD tai cac trung diém cua ching.
Xac dinh tam O cida hinh cau va tinh
ban kinh cta hinh ciu 4y theo a.

Vi hinh cdu tiép xiic voi SB tai trung
diém cia SB nén tam O cua hinh cau
nam trén trung diém cia SB.

Goi M la trung diém cua SB. Tir gia thiét suy ra SAB va SBC déu la cac tam
giac déu canh a, nén AM L SB, CM L SB, vy (MAC) chinh la mjt phéng trung
truc ciia SB. Do d6 O € (MAC). Tuong tu néu goi N 1a trung diém cua SD thi O €
(NACQ).

Do d6: O € (MAC) n(NAC) = O €AC.

Trong mit phing (MAC) vé trung tric cia MA, cit AC tai O = OM = OA.

Dé thdy AMAO = ANAO = OM =ON.

Tir d6 ta ¢6 O chinh 14 tdm cda hinh cdu can tim.

Goi R 14 ban kinh cua hinh cdu nay thi R = OA (1)

LSS
. cosKAO cosMAH
& day K va H 1an lugt 14 trung diém cia AM va tdm cia day ABCD.
Tir (1), (2) suy ra: R =22 a3 a2
a2 2 8

2

Tacd: OA =
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Loai 2: Hinh ciu ndi va ngoai tiép hinh chop:

- Hinh cAu ngoai tiép mot hinh chép (hay hinh chép ndi tlep trong hinh ciu)
néu dinh cua dinh hinh chop va céc dinh cia day nim trén mit cau.

- M&t hinh chép néi tlep mot hinh cdu khi va ch| khi day cua n6 la mot da giac
ndi tiép trong hinh tron. Khi d6 xac dinh tdm hinh cAu ngoai tiép ta 1am nhu sau:

1/ Xéc dinh tim I cta dudng tron ndi tiép day.

2/ Dyng duong thing A vuéng goc voi day tai |

3/ Vé mit phang trung tryc (P) cia mét canh bén bét ki.

4/ Giao diém O cua A véi (P) 1a tdm hinh cdu cin tim.

(Chii y: trong 3/ mat phing trung tryc thay bang dudmg trung truc néu A qua
dinh ctia hinh chép; hodc 1a ¢o moét canh bén song song vdi A. Khi 4y s& vé trung
tric ciia canh bén dy trong mit phing xac dinh bdi né va A).

S s

- Hinh cau ndi tiép trong hinh chép, néu né tiép xic vai tit ca cac mat bén va -
mit day cua hinh chop.

Thidy l:

Cho hinh chép luc giac déu S.ABCDEF canh déay béng a, goc clia mat bén va
day 12 a. Tim ban kinh hinh cau ngoai tiép va néi tiép hinh chop.

Gidi

Goi H 1a tdm cia ddy. Do S.ABCDEF la s
chép deu, nén moi diém trén duong cao SH déu
cach déu cic dinh cua ddy; ciing nhu cach déu 6
mit bén. Do d6 tim O cua hinh céu ngoai tiép
va tam I hinh ciu ndi tiép cta hinh chép déu K D
nim trén SH.

- Tam O s& la giao diém cia dudng trung
triyc cua canh SB véi SH. Ban kinh R cua hinh

cau ngoai tiép xac dinh nhur sau: B E
R=S0=—K __ , ' 3
cosKSO M
¢ diy K la trung diém cia SB. Ta co:
R___SB SB _ SB? A F
2cosBSH 2SH 2SH
SB

Goi M la trung diém cua AB, thi SMH =a..
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V3 aV3

Tacéd HM-a SH=———ta

=SB = vSH?2 + HB? ,{~—tan o+a’ V4 +3tan’a.
(4+3tan a) a\/§

Va R= = cotaf4+3tan’a}.
2y = > ( )
4.~ 5~ tano

Nlt»

Tam I cia hinh ciu ndi tiép la giao diém cia duong
phén giac trong cia SMH vé&i SH.

1 i ‘aa\/ia

Taco: IH=MHtan — =——tan—
2 2 2

" C Viy béan kinh r ctia hinh cau néi tiép xac dinh nhu sau:
H
a ]
=IH= —\/_—t
2 2

Nhdn xét:

Thi du trén da dién ta phuong phap xac dinh tam, ciing nhu tinh ban kinh cta
cac hinh cdu ngoai tiép va noi tiép mot hinh chop déu.

Thi du 2:

Cho hinh chép S.ABC trong d6 day la tam gidc vudong ABC dinh A. Gia su
SA vuong goc véi day. Biét AB=c, AC=b, SA =a.

" 1/ Xac dinh tam I va tinh ban kinh R ctia hinh cdu ngoai tiép hinh chép S.ABC

2/ Goi G la trong tam tam giac SBC. Chimg minh A, G, I thing hang.
Goi M la trung diém cia BC. Do BAC =90°
nén ta c6 MA = MB = MC. Qua M dung dudng
thang A vuéng gbc véi (ABC) (tic [a A // SA).
Trong mat phing () xac dinh bai SA va A, ta
dung duong trung tryc cia SA. Pudng nay cét
Atail. Khido:
[ chinh 12 tdm hinh cdu ngoai tiép hinh chép
S.ABC.

R=IA=vVIMZ +AM? = ,f—sx —BC2 JaZ+b2+c?.

2/ Mit phang (n ): Al nSM =G. Theo dinh li Talet ta c6 g%

Ta co:

SA

M
Viy G la trong tam tam giac SBC. Néi khéc di A, G, I thiang hang = dpcm.
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Thi du 3: ) '
1/ Gia sir R 1a ban kinh hinh cau néi tiep hinh chdp tam giac S.ABC.

. v .. . YU S 5
Chimg minh r=—, ¢ dady V va S, tuong ang 1a the tich va dién tich toan
tp

phan cua hinh chop.

2/ Ap dung giai bai toan sau: Cho hinh chép S. ABC trong d6 SA, SB, SC d6i
mdt vudng goc voi nhau va SA = SB = SC = a. Tim ban kinh hinh cau néi tiép.

i ~ Giai
1/ Goi I 1a tam hinh cau néi tiép va r la ban kinh caa n6. Ta co:
Vsapc = Visan + Vispe + Visac + Vl ABC

>V =—r(Sg,\B +Ssic +Ssca +Sanc)

1 \'
ISy, =r= EAd .
S
2/ Ap dung: Vi SA, SB, SC d6i mot vung
goc v&i nhaunén V = %a3.
3 | 2 82
Tacd: Sgap =Sgpc =Ssca = Ea N

Do ABC la tam giac déu canh bang a2 nén:

(a\/f)z NE) _ 3a’

SABC - 4 - 9

2 +
Do dé S, _3a%+ V3 ﬁa (3 ]).

. 4- e

Vi thé ban kinh hinh ciu noi tiép r ctia no la:

v W ()
Sip \/—a (ﬁ+]) 2

2

4

Thi du 4:

Cho tir dién ABCD ¢6 cac cap canh déi bang
nhau: AB = CD: AC = BD va AD = BC. Chimg
minh rang tam hinh cau ngoai tiép va noi tiép cua
tor dlen trang nhau,

Goi O la tam hinh cau ngoai tiép hinh tir
dién. Khi d6 ta c6: OA = 0B = 0OC = OD.

Tir O ké OA;, OB,, OC,, OD; lan lugt vuéng
gbc cac mat (BCD), (ACD), (ABD) va (ABC).

DoOB=0C=0D= A B=A,C=A,D.
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Vay A, la tam duong tron ngoai tlep tam giac BCD. Tuong tu By, C, D, lan
lugt 1a tam duorng tron ngoai tlep cac tam giac ACD, ABD va ABC.

Tir gia thiét suy ra AABC = A BCD = cac ban kinh duong tron ngoai tiép
ctia hai tam giac nay bang nhau = AD, = A|C = tam giic vudng AD;O = tam
giac vudong CA|O = OD=0OA,. Tuong tu co OA,=0B,=0C,=0D; = O la tam
hinh cau ndi tiép tir dién ABCD = dpem.

BAI TAP TU GIAI

Bai I:

Cho ABCD Ia tr dién c6 cac cap canh ddi vudng géc véi nhau. Chimg minh
ring trung diém cua cac canh va cac duong vuong goc chung cua cac cap canh déi
dién ndm trén mot mit cau.

Bai 2:

Cho tir dién ABCD ¢6 4 chiéu cao ké tir 4 dinh 1a h;, h,, hs, hy. Goi r 1a ban
kinh hinh cdu noi tiép tir dién. Chimg minh:

Bai 3:
Cho hinh chép S.ABCD day ABCD la hinh vudng canh a. Hai mat bén SAB
va (SAD) cung vudng goc vGi day, SA=a. Tim ban kinh hinh cAu ndi tiép hinh

chop
3(2—\/5)

Ddp so: t= 5

Bqii 4:

"Cho hinh chép tir giac déu S.ABCD c6 tat ca cac canh day va canh bén déu
banga. Goi A’, B’, C.D lan lugt 1a trung diém cua cac canh SA, SB, SC, SD.

1/ Chimg minh rng cac diém A, B, C, D, A’, B’, C’, I, ciing thudc mit cau (S)

2/ Tim ban kinh mat cau (S).
av10

Pap s6: R =

Bai 5:

Cho t(r dién ABCD 5:(’) AB= C,D =¢c; AC=BD=b;AD=BC=a.

Tim dién tich mit cau ngoai ti€p tr dién.

s A e T2 22

Ddp so: S= 2(a +b“+c¢ )

Bai 6: . .

Cho 'hin'h hop chir nhat déy 12 hinh vudng canh day bang 2r, chiéu cao la 3,5r.
Hoi c6 the x€p vao d6 13 qua cau ban kinh r hay khong?

Ddp so: Co.
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Bai giang s6 7
BAT BANG THUC VA GIA TRI
LON NHAT, NHO NHAT CUA HAM sd

Bit déng thic va gia trj In nhat, nho nhét cua ham sé ludn 1a mot cha dé hap
dan trong chu‘orng trinh giang day va hoc tap cia bd mén Toan & nha trudng phd
thong. Trong cac dé thi mon Toan cua céc ki thi tuyén sinh vao Dai hoc, Cao déng
cac bai toan thu¢e dang nay ludn c6 mat, dac biét trong nhirng nam gan day nd déu
thudc vao nhung bai toan khé (thuong xuat hién o cau 5).

Bai giang nay dé cap dén nhiing phuong phap co ban va thong dung nhét dé
chimg minh bat dang thic hodc tim gia tri Ion nhit va nho nhit cia ham sd.

§1. SUDUNG BAT DANG THUC COSI CHUNG MINH BAT DANG
THUC VA TiM GIA TRl LON NHAT, NHO NHAT CUA HAM SO

1. Céc kién thirc co ban
Bat dding thire Cési cho hai hogc bu $6
a/ Néu a, b la cac s6 khong am, khi d6 ta co:
a+b
ERAS

Déu bang trong (1) xdy ra <> a=b.
b/ Neu a, b, c la cac so khong am, khi dé ta co:

a+b+c > 3fabe @)

DAu bang trong (2) xay ra <> a = =b=c.
Mot dang thong dung cua bat dang thirc Cosi
a/ Néu a, b 1a cac s6 duong, thi
11 11 4
a+b)|— 24 hay —+—2——
( )[a b) y a b a+b 3)
Déu béng trong (3) xdyra < a=b.
b/ Néu a, b, ¢ 1a cac so duong, thi:
(a+b+c)(l+l+lJ29 hay LENLILIN o
a b c a b c a+b+c

4

Dé4u bang trong (4) xdyra <> a=b=c.
2. Cac dang toan co ban
Logi I: Cac bai toan sir dung truc tiép bat ding thirc Cési

Pic diém cha nhitng bai toan nay 1a c6 thé sir dung tryc tlep ngay bit dang
thirc Csi dé chimg minh bit déng thirc trong d&, ma khong qua cac phép bién déi
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trung gian phirc tap. Vi nhitng bai toan nay cac sé a, b (hoac a, b, ¢) trong céc bt
dang thirc Cosi cho hai so (hogc ba s0) o thé lya chon duge ngay tir diu bai.

Thi du 1 (Pé thi tuyén sinh Dgi hoc khéi B — 2005)

Chirng minh rang véi moi x € R, ta cé:

X X ) X
(Ej +(-l—5j +(—“2) >3" +4* + 5%,
5 4 3

Khi nao bét ding thirc xay ra?

Giai
A A = . a Lt . A .
Ap dung bat dang thire Cdsi cho hai s0. ta c6:

(22 (5) (25 s
5 4 3 4 5 4

Dau bang trong (1) xay ra:

X

’)
2
@(lJ (lﬂ '—5— =1 < x=0.
5 s
4

Lap luan hoan toan tuong tu ta co:

DR e

DAau bang trong (2) ciing nhur trong (3) xay ra < x=0
Tir (1) (2) (3) suy ra (sau khi cong timg vé vSi vé clia ba bat dang thirc)

H‘—Sg) +[l—43—) +(~2—39J }22(3‘+4‘+5X)
@(E) +(Ej +[2—9J 23" +4% +5% (4)
5 4 3) 7

Dau bing trong (4) xay ra khi va chi khi dong thoi ¢6 dau bang xdy ra trong
(1) (2) (3) trc 1a khi va chi khi x =0.

Nhdn xét.
Dang, téng quat cua bai toan trén la: Néu a, b, ¢ >0 thi:

a+b+c>ab++/be +Jea.
Thidu 2: (De thi tuyén sinh Pai hpc khéi D — 2005)
Cho cac sé duong x, y, z thda man xyz = 1. Ching minh rang;

3 :
\/l+x +y +\/l+y +z +\/7+Z +x° >33 .
Xy yz zx

Khi nao dau bét ding thic xay ra?
Giai

[3®

Theo bit dang thirc Cési ta co:

1+x* +y* 2331xty? =3xy.
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Tir d6 suy ra:

\/l+x3+y3 NE)
> m
v oy

Déu bang trong (1) xdyra & 1 =x'=y' o x=y.
Lap luan hoan toan tuong ty ta co:

3.3 ' 3.3
iy 2 B N2 B
o yz yz zX zX
DAu bing trong (2) xay ra & y=zva dau bang trong (3) xay ra < z=x.
Cong tung ve (1) (2) (3) vaco:

\/l+x3 +y’ \/I+y3+zJ 42 +%°
+ +

' 1 1 1
pd + 4)
xy yz 2 (\/E Jyz Jzx )
Diu bang trong (4) xay ra khi va chi khi dong thai c6 dau bang trong (1) (2)
(3), tirc 1a khi va chi khix=y=x=1(chuydoxyz=1).
Lai theo bat ding thae Cosi, ta co:

] 1 1 1
+ + >3
NN AN ol e
(do xyz = 1). Diu bang trong (5) xayra &> x=y=2z= 1.
Tir (4) (5) suy ra:

3.3 3.3 3.3
\ﬁ+x +y +\/1+y +z +\/l+z +X >33 (6)
Xy yz zx

Déu bing trong (6) xay ra <> dong thdi cé diu bing trong (4) va (5)

<ox=y=z=1 Do6ladpcm.

Nhdn xét

Thi du 2 1a dién hinh cho phuong phap sir dung truc tiép bat dang thirc Cosi
dé chimg minh bat dang thirc.

Thi dy 3 (Dé thi tuyén sinh Pai hoc khdi D — 2008)

Cho x, y la cac s thuc khéng am. Tim gia tri 1on nhét va nho nhit cia biéu

=3 (5)

thirc sau:
_(xoy)(-wy)
(1+ x)2 (1+ y)2
Giai

Do x,y 20, nén hién nhién ta co:
I(x—y)(l—xy)|$|(x+y)(l+xy)l:(x+y)(l+xy).
Vi thé:
|P|:|(x—y)(l—xy)l< (1+xy)(x+y)

(+x)(+y) [(x+y)(1+xy)T
Theo bat ding thirc Cési ta cé: (x +y)(1+xy)22/(x +y)(1+xy) (2)
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1 1 1
Tu(l)(2)suyra: |P|<— =>-—<P<-(3)"
()@ suyra: [Pl =-7<P<7 ()
Kétho’pvéikhix=l,y=0,thiP=-},
5 | 1
khix=0,y=1,thiP=——.
4

| : .
Tém lai, P dat gia tri lon nhat = Z va dat gia trj nhd nhat khi P= —l .

Thi du 4: (Dé thi tuyen sinh Dai hoc Sat Gon khdi A - B 2007)
Cho a, b, ¢ la ba s6 duong théa man a'+b +¢’=1. Tim gia tri nhé nhat cua biéu

thirc: P=—t1+E+E3
c a
Giai.
Do a>0, b>0, ¢c>0 nén P>0 va
202 2.2 2.2
Pzzag +b§ +ca; +2(a2+b2+cz) M
c a b
Ap dung bat dang thire Cosi ta co:
202 122 212 2.2 22 2.2
b
-—a?+b2_ 2;a2+cz;22a;b<2: cz;2202
c a c b a b
Tir d6 suy ra: P> 3@+ b2+ ) . (2)
Doa’+b’+c’=1= P?>3.
Vi P>0 nén ta cé: P >3 3)

Diu bing xdyra < a=b=c=

]
=
3

Vay P nhén gia trj nho nhit=+/3 khivachikhia=b= ——3— .

Thi du 5: (Dé thi tuyén sinh Cao dang Sur pham Qudng Binh — 2006)
Cho a >0, b >0. Ching minh 3a* + 7b° > 9ab’.

Giai
Theo bt dang thirc Cosi ta c6

33 + 7b =3a% +3b% + 4b® 2 3336a°b% =3ab*3/36 (1)
Do ab” >0, con /36 >3, nén tir(l) suy ra
3a’ + 4b > 9ab’ (2)
Déu bang trong (2) Xay ra & ab’= 0.
Tic la trong hai s& a,bceoit nhit mot s6 bing 0.

Thidu6 (Dé thi tuyen sinh Cao ding Co khi lupén kim -2006)
Cho a, b, ¢>0. Chirng minh
3 .3 3
ii—+—b——+c—2ab+bc+ca.
c a
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id

< wa cho tuong duong voi bat ding thirc sau:
3 3
(%—+ab] (~—~+bc] {%+ca)>2(ab+bc+ca) (1)
Theo bt dang thirc Cosi ta ¢6: ’

83 a2 2
—+ab=a|—+b|2a2a=2a" (2)
b b

3
Déu bang xay ra < —%—-:ab@a =b.
. b 2 | ¢’ 2
Tuong ty ta co: ———+bc22b 3) wb~+ca22c 4)
Dau béng trong (3), trong (4) xay ra tuong Gng khi va chi khib=c:c = a.
Cong tirng vé voi vé cia (2) (3) (4) ta co:

VT (1) 2(a° + b* + &), (5)
D4u bing trong (5) xay ra <> ddng thai c6 ddu bang trong (2) (3) (4)
<a=b=c.

Lai theo bét ding thirc Cosi ta co:
2(a2 +b? +c2)=(a2 +b2)+(b2 +c2)+(c2 +a2) 2(ab+bc +ca). (6)

DA4u bing trong (6) xay ra <> a=b =c.
Tir (5) va (6) suy ra VT (1) = VP (1) = dpcm.
DA4u bing xdy ra <> ddng thoi c6 dau bing trong (5) (6).
<ra=b=c.
Thidu7:
Cho hai sb duong x, y thay dbi va thoéa man diéu kién x +y > 4. Tim gna tri
hdt ciia biéu thic:

A 3x +4+2+y
4x y2
Giai
1¢O:
2 3
a3t 20y x 1LY,y aty (1)
4x y x \y” 8 8 2

dung bt déng thirc Cési, ta co:

1 f I
-—-+ 22—-—-! 2
4 x 4 x (2)

)éng trong (2) xay ra khi va chi khi:
x |
= — > X =2,
X
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Lai theo biit ding thirc Cosi ta cé: —=+ %+ ¥ > 33 iz.-’-'.l 3
y- 8 8 y- 88 4

Déu bing trong (3) xay ra & -]5 = % oSy=3.

y .
Lai c6: x +y > 4 (gia thié) (4)
Dau bang trong (4)xayra & x+y=4. '
Tir (2) (3) (4)taco: A> l+2.% +2= —2—
Viy Az 2 | - )

Déu bang trong (5) xdy ra <> dong thoi ¢6 déu bang trong (2) (3) (4)
&S x=y=2.

. 9 -
Nhu the min A = 5 e x=y=2

P4

Thidy8
Chox>0,y>0vax+y=1.Chimg minh:
Pt v 44243,
X'+y Xy
Giai )

Tacox+y=1 = (xty)Y' =1 = x+y' +3xyix +y)=I=x'+y +3xy = I.

330, 33 ey 3.3
Vay P = X +}) +33.\y+.\ +y +3.\)=4+ 33xy3+x +y ()

X"ty Xy X" +y Xy

Theo bat dang thirc Cési ta c6:
3x x> +y°
Yy . y

3

3 >23 = dpcm
X" +y Xy

x+y=1

Déu bing xay ra <> .
g xay {x3+y3= (3xy

Thi du 9:

Cho x>0, y>0 va x’+y* = 1. Chirng minh

S=(l+x)[]+—)‘l—)+(l+y)(l+£)3\/§+4.

Giai ’

Ta cé

S=(l+x)[l+lj+(l+y)(l+lj =l+x+l+—x—+1+—l—+y+l.
y X y vy ox X

=(x+—l—)+ y+——l— ) L 4 +l(l+l)+2.(l)
2x 2y y X, 2\x x

Theo bét ding thirc Cosi ta c6:
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x+432 ) g2 3)
X 2y

Dau bang trong (2)va(3)xdyra & x=y=

-

Lai theo bat dang thirc Cosi, ta co:

Xilso LI 2__ w2
y X

ny—J\+y !
7

Diu bang trong (4) va (5) xay ra @ X=y=

-

Thay (2), (3). (4). (5) vao (1) ta co:

o $>3J2+4. o (6)
Dau bang trong (6) xay ra <> dong thoi c6 dau bang trong (2) (3) (4) (5)

e x= y:Jﬁ_.
Thi du 10:
s 1
Chox,y,z>0va ! + ! + ! =2.Ching minh rang: xyz<—.
I+x l+y l+z 8

Giai

Tir gia thiét, ta co:

1 1 ] y z
—={1- +1- =—+ .
! I+x - T+y I+z) l+y 1l+z
Do d6 theo bt dang thirc Cosi, ta co:

L5y Xy ()
1+ x (1+y)(1+2)
y z
Déu bang trong (1) xay ra <> ——=—— oy=z.
I+y l+z

Lap luan tuong tur, ta co

>2 >2
l+y 1+z 1+\ l+z l+z l+)

Déu bang, trong (”) (3)xayra ¢ x=zvax=y.
Nhan vé vai vé (1) (2) (3) ta ¢co:

] >8 Xyz

(1+x)(1+y)(1+z)  (+x)(1+y)(1+2)

]
= Xyz < 3 = dpcm.

Dau bang Xdyra < x=y=z,
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Loai 2: Sir dung bt ding thirc Cosi két hop voi bién déi dai s6

Véi cac bai tap dang nay khong thé ap dung tryc tiép bit ding thirc Cosi dé
chimg minh nhu céc bai tap thuge dang 1. Pé c6 thé sir dung dugc bat ding thirc
Cési, trude hét ta can thyc hanh cac phép bién dbi dal s0, ma chu yeu 1a phép dat
4n phu Sau qua trinh bién dbi ta dura bat déng thirc cin chimg mlnh vé dang ma c6
thé sir dung tryc tnep dugc bét dang thirc Cosi.

Thi du 1 (Dé thi tuyén sinh Pai hoc khoi A-2007)

Cho x, y, >0 va xyz=l. Tim gia tri nho nhat cta biéu thirc sau:

(y+z) yz(z+x) 2(x+y)
y\/_+22\/— z\/—+7\\/_ z z+2y\/_

Gla;

P=

Ap dung bét ding thirc Cosi ta co:

y+z22yz = x* (y+2)22xyx%yz =2xvJx (do xyz=1)

Vay ta co:
X(y+z)22xdx (1); Y2 (z+x)22yy ) 2 (x+y)22zJz.(3)
2xJx 2y\/§ : 2232

T (1) (2)(3)tacd: P2 + + . (4
y\/_+2z\/_ 2+ 2xJx  z z+2y\/_ )
Déu bang trong (4) xay ra < dong thdi c6 diu bang trong (1) (2) 3)
& x =y=z=]
xfmode+a-2b
a=y.y+2zVz 9
Dit<b=2z z+2xvz <:><y‘\/;=4a+Tb_2¢.(5)
c=x~/;+2y\/§ 4b+c-2a
oz =2bre-2a
9
2(4 -2b) 2(4a+b-2 2(4b+c—-2
Tu(4)(S)suyra: P> (c+a )+ (a+ c)+ ( e a)
9b 9¢ 9a
:>P2z 4(£+3+2)+(3+2+E)—6 . (6)
9 b ¢ a b ¢ a

Do a>0, b>0, ¢>0, nén lai theo bét déng thirc Cosi ta ¢o:

£+ +b>333i2=3
b ¢ a Vb a
El-+b+c>3,/3 =3
b ¢ a b

T (6) suy ra P> 2 (7).

Diu bz°1ng trong (7) xayra < a=b=cvacé déu béng trong (4)
o x=y=z=].
VayminP=2 & x=y=z=1,

olcr o
mlo
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b du 2: (Dé thi tuyén sinh Pgi hoc khdi A — 2009)
ho x>0, y>0, >0 va thdéa mén diéu kién x(x+y+z) =3xyz.

hiang minh:
(x+y)3+(x+y)3+3(x+y)(x+z)(y+z)$5(y+z)3.
Jta=x+y,b=x+z;c=y;khidétacoa>0,b>0,c>0va:
’ _a+b-c a+c-b _ b+c-a

= s

=T 2

2
Tir gia thiét x(x+y+z)=3yz, ta c6:
a+b-~ca+b+c _a+b-c b+c-a
2 2 2 2

c:;>(a+b)2 —¢? =3(ab+ac—a2+bc+c2-ac—b2~bc+ab).

a2 +b? —c? +2ab = 6ab-3a’ + 3¢ - 3b2.

e c?=a’+b’-ab.
Bit ding thirc can chimg minh:

(x+y)3'+(x+y)3 +3(x+y)(x+z)(y+z)s5(y+z) )

< a’+b*+3abc<5c.

Theo (1) ta cé:
¢ =a’ +b? ~ab=(a+b)2 ~3ab.
Theo bét ding thirc Cosi ta co:
2
RLCLL)
4
Do d6 tir (3) ¢o:
(a+b) (a+b)’

czz(a+b)2-—3——-z———~ hay 02'2 2

Do a, b, ¢ >0, nén tir (4) ta co:
at+b <2c.

Déu bing trong (5) xiy ra < a=b.

Tacé:
() o(a+ b)(a2 ~ab +b? ) +3abc < 5¢°

o (a'+ b)c? +3abc < 5¢® (theo (1))
&> (a+b)c+3ab<5c? (6). (doc>0)

Theo bét dang thirc Cosi va theo (4) ta co:
3ab< %(a + b)2 <3c?.

Tir (7) va do >0 suy ra: (a+b)c<2c?.
Tir (7) (8) suy ra (5) dling = dpcm.

(1)

(2)

3

Gy

(%)

)
(8)
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Nhdn xét. o
Trong bai tap trén ta sir dung bat dang thirc Cosi & dang don gian nhat.
a+b> 2\,/E<:>(a+b)2 > 4ab.
Tuy nhién, phép bién déi dai sb & day dong vai trd rat quan trong.
Thi du 3: . .
Ching minh rang trong moi tam giac ABC, ta co:
abc>(b+a-c)(a+c-b)(b+c-a),
& day a, b, ¢ la ba canh cuia tam giac.
Giai

Patx=b+c¢-a;y=at+tc-biz=a+b-c:Khidox,y, 20
va ta co: a:-——y+z;b=———x+y;c:}-u.

2 2 2
Tiurdo: abc>(b+c-—a)a+c~b)at+b-c).

o < (y tz)(x +z)(y + x) 2 6xyz. (1)
Theo bat dang thae Cosi, ta ¢o:
222[yz

\+z>"\/_
x+y22\/x‘y

Tir @6 suy ra: (y + z)(x + y)y + z) > 8xyz.
Vay (1) dung = dpcm.
Diu bang xayra <> x=y=1z
< a=bs=¢
<> ABC la tam giac deu.
Nhdn xét:
O day ta sir dung bat dang thirc Cosi dang don gian nhat: a+b>2Jab véi a,
b >0. Tuy nhién, phuong phip bién doi dai s6 dé dua bai toan vé dang c6 thé ap
dung dugc bat dang thiae Cosi méi quan trong.
Thi du 4: (Dé thi tuycfu sinh Dai hoc khoi A — 2006)
Cho hai s thue x # 0, y # 0 thay di va thoa man diéu kién
(X +y)xy =x’ +y - Xy.
Tim gia tri Ion nhét cia biéu thirc:

] 1
A—-—? -
Xy
Giai
] . e 2
Pita=— ;b= l . Khi @6 tir gia thiét:
X y

(X + YAy =X+ y — Xy, taco

(l+l)L=—1;~ l +—l—<:> a+b=a’+b'—ab(l)
a bjab a® ab b?
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1

Ta c6: A:x%+y3 =a’ +b’ :(a+b)(a2—ab+b2)=(a+b)2 (do (1)).

-

Theo bat dang thirc Cdsi ta co: (a+ b)2 > 4ab :abs%(a+ b)". (2)
Do do: tir (1) (2) tacod
2 2 W2 2 3 2 2
a+b=a'+b'—ab=(a+b)'—3ab2(a+b)'—z (a+b) :>a+b2%(a+b)“

:>(a+b)2—4(a+b)<0 =0<a+b<4(3)
Tir (3) suy ra: A=(a+by<16(4)

Dau bang trong (4) xdyra <& a+b=4vaa=b & x=y= %
Tomlaimin A=16 & x=y= %

Thidus ) i
Chox>0,y>0,z>0vaxyz=1.Tim gid tri I6n nhat cua biéu thirc:

1 ] 1

P= + +
il I ) °
x“+2y2+3 y2+22‘+3 22 +2x1+3

] Giai
Ap dung bat dang thire Cdsi. ta co:

x2+y222xy
y2+122y
1

Tu do6 suy ra: .\3+2_\/2 +3 > 2(xyty+l) = < ()
x2+2y2+3 2(xy+y+l)
] I
Lap luan tuong tu co < 2
.p v o y2+222+3 2(yz+z+]) ( )
| < | 3)

2 +22° 43 2(xz+x+1)’
DAu bing trong (1) (2) (3) xay ra khivachikhix=y=l,y=z=1z=x=1.
Cong tirng vé vai ve cua (1) (2) (3) va co:

P sl ! + ! + ‘ . 4
2ixy+y+l yz+z+1 zx+x+1
DAu bing trong (4) xay ra khi va chi Khix=y=z=1.
Vixyz =1 nén viét lai (1) dudi dang:
P s—l— ! +—3 XY + y
2{xy+y+1 xy“z+xyz+xy XyZ+Xxy+y

hayPsl + Y + Y =P<
2ixy+y+1l xy+y+! xy+y+l1

1
E .



Vay Pmax=%<:>x'=y=z=].

“

Thi du 6:
Cho x, y, z>0. Chirng minh
P= X + Y + z sz.
2x+y+x 2y+z+x 2z+x+y 4
Giai

DitA=2x+y+z,B=x+2y+2z C=z+y+2zKhidé
_3A—(B+C).y_3B—(C+A).Z_3C—(A+B)

b

4 - 4 ’ 4
Viy P:3A—(B+C)+3B—(C+A)'+3C—(A+B)
4A 4B 4C
1 (A B) [A C] (B C) 3
=19 —+— + —+—||<=
4 B A C A C B 4
= dpcm

Daubangxa)ra<:>A B=C & x=y=z

Loai 3: Sir dung bét ding thirc co ban

1

(x+y)(l+§)24;(x+y+z)(£+—§/~+—)29.

z
Rét nhiéu bai toan  chimg minh bat dang thirc hodc tim gia tri 16n nhat va nho

nhit cia ham sé quy vé hai bt dang thirc co ban néi trén. Vi thé cb thé xem nhu
viéc sir dung hai bat ding thirc nay la mét trong nhitng cach sir dung bét ding thirc
Cosi trong céac bai toan cu the
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Thi du 1: (Dé thi tuyén smh Dai hoc khéi A — 2005)

Chox,y, z>0va l+l +l =4 . Ching minh:

Xy z
1 1 1
+ + <lI.
2X+y+z X+2y+z X+y+2z
) o Giai
Ap dung bat dang thirc
l+-]—_>_ (1) & day a>0, b>0
a b

(bat dang thirc nay suy tryc tiép tir hai bét dz‘ing, thirc Cosi

l
a+b>2\/bva——+ ),tacéd
J_
1 1 4

+ > . )]
X+y x+y 2x+y+z

DAu bang ca (1) xdyra <> y=z
Lai ap dung (1) ta ¢6:



1 1 4 L1 4 2 1 1 1 ]
—+—2—— Vd —+—2> D—+—+—24 + . 3)
X y X+y X zZ Xx+z X y z X+y y+z
DAu bing trong (3) xay ra <> x=y =1z
Tir(2)(3)tacé:z+l+lz———]—6~——. 4)
X Yy z 2X+y+z .

Déu bang trong (4) xay ra <> x=y =z

21 16

Lap ludn tuong trtacd: —+=+—2> — . (%)
X Yy zZ x+2y+z
l+~l—+22~—lg———. , (6)
X y 7. Xx+y+2z

Cong timg vé (4) (5) (6) suy ra:

11 1 1 1
—+—+—24 + +
Xy z 2X+y+z X+2y+z Xx+y+2z

N |
Tir gia thiet — +—+ 1 4 suy ra dpem.
X y z

Daubang xdyra © x=y=z=

Thidu?2
Chox>0,y>0,z>0vax+y+z=1.

W |

y z
+ + .
x+1 y+1 z+1

Tim gia tri Ién nhat cia biéu thic: S=

) Giai
Viét lai S dudi dang:
Y% PRLUNNS PUR U GUE SN S U S S I ()
x+1 y+1 z+1 x+l y+1 z+1
Ap dung bat ding thirc Cési ta co:

[(x+|)+(y+1)+(z+n)]( L jz9

X+l y+1 z+1
1 1 1

+ +
x+1 y+1 z+1

2-49— (dox+y+z=1)
. 3
Tir (1) suy ra Sﬁz ).
s 1
Dau bang trong (2) xdy ra <> x=y=2z= g

Vz_iymaxS=% oOX Ty=z=

Thi du 3:

1
3
b C

Cho a, b, ¢ >0. Chiing minh a + + 22.
b+c c+a a+b 2
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Ta cé:
a b c 3 a b c 9
+ + z2-ol+ +1+ +1+ >—-
b+c c+a a+b 2 b+c c+a a+b 2

2(a+b+c)[ ] + ! + ! Jz‘)
b+c c+a a+b

1 1 1
. c>[(b+c)+(c+a)+(a+b)](b+c +c+a +a+b)29.(l)
Theo bét dang thirc Cosi co ban thi (1) ding = dpcm.
Déiu bang xayra <> a=b=c.
Thidu 4 .
Ching minh ring trong moi tam giac ABC, ta c6:

1 1 1 (l 1 l)
+ + 22l —+—+—|,
p-a p-b p-c a b ¢

0 day a, b, ¢ la ba canh, con p 1a nira chu vi tam gidc.

o Giai
Theo bat dang thirc Cdsi co ban, ta co:
1 4 4
! + > =—. Q)]

p-a p-b (p-a)+(p-b) ¢
Dau bang trong (1) xdyra <> p—a=p-b < a=b.
Tuong tu ta co:

1 4
! b2 (@)
p-a p-c b
11 4
f——, 3)
p-b p-c "a
Dau bang trong (2) (3) xay ra tuong tmg khi a = b; b = c. Céng timg vé (1) (2)
(3) suy ra dpcm.
Dau bang xdy ra <> a=b=c < ABC la tam giac deu.
Thidus ’ .
Chox>0,y>0va x+y<]l.Tim gia tri nho nhat cta biéu thirc:
2 2
p=2 b2 +_l +X+Yy.
I-x 1-y x+y
o Giai
Ta co the viet lai (P) ¢ dang
P=(1+x)+ X +(1+y)+ Y + 2
‘ 1-x Y] -y x+vy B
= ! + ! + ! -2. e))
l-x 1-y x+y

Theo bét ding thirc Cési co ban ta co:
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= ! + ! + ! 22 2)
l-x 1I-y x+y 2
T&(l)(Z)suyraPZ—;—. » ' 3)
P . X= 1
Dau bang trong (3) xdy ra < SOx=y=-—.
I-x=2x 3
A 5 1
ViyminP == &S x=y= —.
: 2 3
Thidué6

Chox,y,z,t > 0. Tim gia tri nho nhat caa biéu thirc

' X—-t t- -z zZ-X
ML A At .

t+y y+z z+X X+t

P=

o

idi

Ta c6: P:[x—t+]J+[t—y+]j+(y—z+])+(z—x+])_4
t+y y+z Z+X X+t

X+ t+z X+ t+z
= y+ + y+ -4
t+y y+z z+x X+t

1 1 1 1 D
=(x+ —+ +(z+t + -4.(l
e e Mt Farteery U
Theo bat dang thirc Cosi co ban, ta co:
1 1 4 1 1 4
+ > + > .
X+t X+y+z+t

t+X Z+X X+y+z+t y+z

X+ +1
CeNErY) 4 psy,
X+y+z+t
Viy P > 0. Mt khac ching hankhix =y =z=t=] thi P = 0.
Do d6 P, = 0. o
Loai 4: Su dung phép thém bot khi sir dung sir dung bat dang thie Cosi:
€6 hai cach thém bot chinh: thém bot hang so va thém bot bicu thirc chira
bien. Xét cic thi dy minh hoa sau diy.
Thi du 1: (Dé thi tuyén sinh Cao ding kl'ufi A, B —2005)
Cho x> 2,y>3,z>4, Tim gia tri I6n nhat cua biéu thirc:
N nyz—4 +yzy/x -2 +zx\/y—3
Xyz '
Giai

Thay vao (1) tacd: P>4

P

-

Xyvz -4 +yzi/x -2 + 2x\[y -3 n
Xyz '

Tacd: P=
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1 b6t hiing s6 va sir dung bét déng thirc Cost, ta vo.

r—~——-——~<(zm4)+4 z-4 1
(2*4)4_‘ > = - ..Z
<(x~2)+2:> x-2 _ 1
,/(x-z)z__ 5 Szﬁ

X
(y»3)+3 y-3 1
‘/ -3)3 < = <
(y=3) 2 y 243
11 1 |

rong (2)xdyra <> x=4,y=6,z=8;

P——_]_.(_.L+_...l__+_l_.)
2V2 B3 2)

3 . :
Ovax+y+z =Z . Chitng minh rang Q/x +3y +Q/y+3z +Yz+3x 3.

Giai
ich thém bot hing s va theo bat dang thirc Cdsi ta cé
X+3y+1+1 x+3y+2

Ix+3y =3(x+3y).1.1< 1
Yx+3y = Y(x+3y) )
'+3z+1+1 y+3z+2
Yy+3z=3(y+3z). 113> = 2
Uy Y(y+32) 5 @
%/z+3x=§/(z+3x).1.15”3"3””:“3;”(3)
gtimg vé (N Q) B)vadox+y+z= % suy ra dpcm.
X+3y=1
w bing xay ra < y+3z=l::>x=y=z=~§.
z+3x=1
hidu3
- 3003 03 2 2 2
Jhox,y,zlébaséduong.Chx’mgminh:%+—)—I§~+%2%+!—2—+~2——.
y  z yo ozt X
Bing cach thém bét hing s6 va sir dung bt déng thic Cosi, ta c6:
NE RN X2 _ ,
—‘—-3—+—-3—+12 5 )]
y |y y
303 2
Yo+ ¥ 123 2)



3 3 2

Zz VA
L L 3)
X3 x3 2

X
Cong timg vé véi vécaa (1)(2)(3)tacd
303 3 2 2 2
2 §3—+—}i3~+z~3 +323 —)%+y—2+—17 . 4
y. oz X y° oz x

DAu bing trong (4) xay ra <> ddng thoi ¢6 dau bang trong (1) (2) ) &> x=y=z.
Lai theo bat dang thirc Cési ta ¢6

2 2 2
_x_2_+_y_2_+_z_2 >3. (5)
y© oz x .
DAu biang trong (5) xdy ra <> x =y =z>0.
Tir (4) (5) suy ra:
3003 3 2 2 L2
%+—)%+—272—)%+12—+% (6) = dpcm
y z x y z X
Diu bing trong (6) xay ra <> x=y=2z>0.
Thidu4:

Chox,y,z>0vax+y+z=1.Ching minh

S=x+\[)§+,3/xyz S%.
’ Giai
Viét lai S dudi dang:

S= x+%\[x.4y +%§/x.4y.]6z .

x+4y+x+4y+l6x

Theo bét déng thirc Cési, tacd: S<x + a >

= 8§ 3(dox+y+z=l):>dpcm.

12

(16

X=—

21

A M . x=4y=16z 4
Dau bang xdy ra < Dly=—
X+y+z=1I 21

|
z=—.

21

Thidus:
Cho -1 < x < I. Chirng minh

S=V1-x2 +¥-x++x<3.
o Giai
Theo bat dang thirc Cosi, ta co:

Y1-x2 =Y -xY1+x S_l+_x_;__l_~_x_ n
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4\/l—x=4\/l—x.ls—————-“—2m Q)
N+ x =\4/1+x.|s——“+2"+' 3)

Cong tirng vé (1) (2) 3),tacé

S<I+VlI-x+vl+x (4)

D4u bing trong (4) xay ra < ddng thai c6 du bang trong (1) (2) (3)
< x=0.

Lai co: V1-x = (1-x).1 st;)i,

i A (1+x)+1
\Kl+x)—\/(l+x)+ls——2——.
Tirdé: Vi-x +V1+x<2.(5)

DAu bing trong (5) xdy ra <> x=0.
Tir (4) (5) didénS <3 (6) = dpem .
Dau bang trong (6) xay ra <> x =0.

Thi du 6: .
Cho x, y, z >0 va xyz=1. Chang minh ring
P= X + y3 + 2 >g
(1+y)(1+z) (1+z2)(1+x) (1+x)(1+y) 4

Ap dung bat dén_g thire Cosi, ta co:

x> Sy lrzoo x> (1+y)(1+2)
(1+y)(1+z) 8 8  \64(l+y)(1+2)
x> l+y l+z_3
hay: >2—x.(1
v (ry)+2) 3 "8 2a0 W
Lap ludn tuong tu, ta cé:
3

y l+z 1+x_3
+ + >2=y,(2
(1+z)(1+x) 8 § 4 @
3 ,
z 1+x l+y>§Z‘(3)

(lix)(i+y) 8 8 4
Cong timg vé (1) (2) (3), taco: P +:31—2%(x +y+2z) (4)
Lai theo bat ding thac Cosi, ta co: x+y+zz3{/;y—=3 (do xyz = l)(S)
T (4) (S)suyra: P> % = dpcm.
Diubing xdyra & x=y=z=1. - -
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Thidu7:
Chox,y,z>0 va /xy + \/;; +Vzx =1. Chirng minh r?lng:

2 2 2
X z 1
S= + 4 + >—.
X+y y+z z+x 2

Giai
x?  x+ y

Ap dung bt ding thirc Cosi, ta cé: T Ex (N

X+y

2

+z
y +)’
y+z 4
72 Z+X
+

2y (2)

>z.(3)
Z+X

X+y+z

Cong tirng vé (1) (2) (3) va cé: S> (4)

Lai ap dung bat dang thirc Cosi, ta co:

x+y22\/;;;y+222\/;2;z+x22\/z_x
Vay: x+y+22\/;;+\/;-z_+s/g =1.(5)

- T (4)(5)suyra: S> % = dpcm

!
.3
Nhdan xér ' . , ’
Trong cac thi du 6, 7, 8 ta da sir dung phép thém bét bieu thirc chira bien khi
str dung bat dang thac Cosi.

Daubangxayra <& x=y=z=

Thidu8
. 2 1] , S
Cho x, y. z la ba s6 duong va 5‘— + 3—y + 3—2 =1. Chirng minh rang:
9% 9Y 9* 3¥+3Y+ 3
+ + 2 .
3X +3)+1 3} +3X+Z 32 +3x+y 4
Giai

Pata=3*b=3"c=3* = a,b,c>0.

Tir gia thiét taco: 3¥"Y 4372 £ 3%** =32 5 ab + be + ca =abe (1)
Khi d6 bat dang thirc can chirng minh c6 dang tuong duong;:
a’ b’ c? a+b+c
+ + > ,
a+bc b+ca c+ab 4

3 b} c3 >a+b+c

a
fo=

. + +— >
a- +abc b°+abc ¢ +abc 4

a’ b3 2 >(a+:)+c) ) (do (1),

< (a+b)(a+c)+(b+c)(b+a)+(c+a)(’c+b)
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Theo bat déng thire Cosi, ta ¢cd:

a’ a+b a+c_3a
>— 2
(a+b)(a+c)+ 8 * 8 4 (2)
b} b+c b+a_3b
>— 3
<(b+c)(b+a)+ 8 * 8 4 )
el c+a c+b_ 3c
>2— . (4
o)) 8 T8 o4 @

Cong tung vé (2) (3) (4) = 2dung = dpcm.
Diu bing xdyra <> a=b=c=3 oSx=y=z=1.

§2. SUDUNG CHIEU BIEN THIEN HAM SO DE CHUNG MINH BAT
DANG THUC VA TIM GIA TR] LON NHAT, NHO NHAT CUA HAM SO

bay la mét trong nhiing phucmg phap co ban dé chimg minh bt ding thic.

Pé sir dung phuong phép nay ngudi ta tién hanh nhu sau:

- V&i mdi bat ding thirc hdy chon mdt ham s thich hop (céc ham s& nay
thudmg c6 thé thay ngay tir diu bai, hodc sau mot vai phép bién ddi don gian sé€ tim
dugce no).

- Khao sat chiéu bién thién ham sb vira tim dugc trén mién xac dinh ciha no6
(mién xac dinh nay dugce tim thdy dya vao diéu kién cua diu bai). Théng thuong ta
sir dung dao ham dé 14p ra bang bién thién.

- Tir bude 2 sé cho ta loi giai cua phép chirng minh bat ding thirc, hoic gié tri
I6m nhit, nho nhit cua ham_ s6 can tim.

Thi du 1: (Dé thi {uyen sinh Dai hgc Igh(‘)‘i B -2009)

Tim gid trj lon nhat va nho nhét cia biéu thirc:

A= 3(x +y +x2 y ) 2(x2+y2)+]

vi X, y la céc sb thoa man diéu kién: (x + y)3 +a4xy>2.

Giai

Dya vao bét déng thirc hién nhién (x + y)2 >4xy, nén tir

(xHy)' +4xy 22 = (x+y)' + (x+y) 2 (xty)' + 4xy 22 = (xty)' + (x+y) -220

= [x+y)—]][ x+y) (x+y)+2}20 (1

2 A
Do (x+y)2+(x+y)+2=[(x+y)+%} +%>0 va tir (1) suy ra: x+y > 1.

Viay néu cdp (x, y) théa mén yéu cu dau bai thix +y> 1 (2)
Ta bién d6i A nhu sau:

A= 3(x +y +x y) 2(x2+y2)+]
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hay AZ%(x +y )2—2(x2+y2)+l.
Vi x2+y22i+——

nén tir (2) ta co x? +y2 2%.

Dt f(t) =

O

t°—2t+1 véit zl
2

. 9 e Crs X
Taco f(t)= St- 2 Tir d6 ta co6 bang bién thién sau :

t 1

O

2
(1) 7/ +
f(t) _ /

R . Y9
Vay I::lnf(t)—f( )—16 4

2

T (4)suyra A> l% Mat khéc ta dé thiy khix =y = ;l’- thi A = %

9 _ .
Tom lai min A = 6 (va co thé thay dieudo xayra < x=y= —;—).
Thi du 2 (Pé thi tuyén sinh Pai hoc khéi D — 2009)

Chox,y>0vax+y=1.Tim gia trj 1on nhat va nhé nhit cua biéu thic:

S =(4x2 +3y)(4y2 +3x)+ 25xy .
Giai
Ta co:
) S:(4x2 +3y)(4y2 +3x)+25xy = l6x2y2 + 12()(3 + y3)+34xy
= l6(x2 + y2)+ 12(x+ y)(x2 —xy+y2)+34xy
=16x"y? +l2[(x+y)2 —3xy]+34xy (doxt+y=1)

=16x2y% - 2xy +12 (1) (clingdox +y =1).
Patxy=ttaco: (dox>0;y>0)
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=0<t<

B -

Vi thé xét ham s6 f(t) = 16822t + 12 v&i 0<t <

Tacé: f’(t)=32t -2.
Do d6 ta c6 bang bién thién sau

S| —-

t | o L

16 4

F(t)’ - 0 +

f(t) \/
N AL
Vaymlnf;(x)—f(m]— 6

‘4

_ o 2 2512
max If(x) = max {f(O),f(4)}—max{l2, 5 }— 5

| [0‘2}

Gia tri nho nhit coa S dat duge

2+¥3  2-3
| x+y=I X= 2 jy = 2
S t=— 1 ©
16 |xy=— 2-3 2+
16 X= 3y = .
4 4
| x+y=l |
Giatrilon nhitcua Sdatdugec © t=— << - | ox=y=—.
. 4 Xy=z 2

Thi du 3 (Dé thi tuyén sinh Cao ding khoi A, B — 2009)

Cho 0 <a<b< 1. Ching minh: a’lnb-b*Ina>Ina—-Inb.
Giai

Taco: a2inb-b2Ina>lna—Inb <:>Inb(a2 +l)>lna(l+b2)

Ina Inb

—_—< (1)
al+l b+l
Xét ham sé f(t) = 2,vc'7i0<t<l.
: 1+t
1+t
—y " 2tint 1+t2 -2 Int

Taco: () =

t
) (1+¢) | t(l+t2)
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R +t-20nt>0 = P)>0 VO<t<l,
v ay 1(t) 12 ham sb dong bién trén (0;1). Do 0<a<b<l nén

Ina Inb

f(a) < f(b) hay ———< .
SUSAPE PRI

Vay (1) diing = dpcm.

Thi du 4: (Dé thi tuyén sinh Cao ding khdi A, B - 2008)
Cho x, y la céc sb thuc va théa man x* +y’ = 2.

Tim gid trj lon nhét va nho nhét cia biéu thire: P=2(x* + y3)-3xy .
P =2(x+y)(x2 —xy+y2)~3xy =2(x+y)(2-xy)-3xy. (1)
2
+ -2 .
Tacd: xy= —(-)i-——}—;-)—w— , vi thé sau khi dat t = x+y, thi

2 2 _
P=2t[2—t 5 2]-3‘ 5 2 =4t—~t3+2t—%t2+3 = -2t +6t+3.(2)

2
‘ X+
R rang ta co: x? + y2 > ( )

:>(x+y)2 <4
= 2 <t<2.

Tir d6 xét ham s f(t) = ~t* ~%t2 +6t+3 voi -2 <t <2=> (1) = -30-3t+6
Ta c6 bang bién thién sau:

t -2 1 2
7 5

(1) 7 0 + 0 - =
Y’ -

f(t) Z -

Viy maxf(t)=f(1)= i

B
[-2:2] 2’

min f(t) = min{f(-2),£(2)} =min{-7;1} =7
[-2:2]

x_l+\/§ x-l‘"ﬁ
2, .2 = =
)d()maxP=E UL R ”2<:> 2 hosc 2
x+y=| “]-—\ﬁ __l+\/§
y “"“"’“2 y >
2 2: 3"] .
minP=-7 & {X *Y 2¢:>{x
X+y=-2 y=-1
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b a
~Choa > b> 0. Chimng minh ring; (2“ +?]a-) S[2b +—b—) .
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Thi du S: (Dé thi tuyén sinh Pai hoc khdi B - 2007)
Cho x, y, z>0. Tim gia trj nho nhat cuia biéu thic:

x 1 (y I) z 1
P=x| —+—|+y| =+—|+2z| —+—].
2 yz 2 = 2 xy

—t— (1
2 2 Xyz )
Ap dung bét ding thirc Cési, tacé: x> +y* +2* 2 xy +zy + zx .
Tir d6 theo (1) thi: ’
2 2 2

poX Y 2 xytyzeax
T2

z
2 Xyz
2

2 2
:P-Z[x—+lj+[!—+l]+[£—+lj- (2)
2 x 2y 2 z

DA4u bing trong (2) xay rd <> x=y=z.
2
Xét ham sé f(t) = 12— +% vGi 50

3_ - +t+1
Tacc’):f’(t)=t—l2=t 2]__.( )(2 )
t t t

Do t* +t+1>0 V t (n6i riéng V t>0, nén ta cé bang bién thién sau:

t 0 1

f;(ta
f(t)

PAMARVARNRNG

Vay minf(t)=f(l
(0:40)

e

N | W

trdosuyra:

x2

2

Z2

— +

2
Y132 0
2z

+ : > >
2

3

O X | —
< |-
| w
N | W

T (2)(3)suyra: P 25.(4)
Diu b?mgtrong(4) Xayra <> x=y=z=1,
DodéminP=% o x=y=z=],

Thi dy 6 (Pé thi tuyén sinh Pgi ligc khdi D - 2007)
1
2



Q
Ee

T <. 2a 1 b<‘ 2b 1 ]ﬂ | 1

aco.( +E;)._( +E§ Q)

®(1+.4:)b S(1+4")a ®(1+4a)b S(]+4b)a . 1n(1+4*’).S ln(]+4b)
2‘|+ 2a+b ] a b

(do a, b>0) (2)

In(1+4)

Xét ham sé f(x) = véi x> 0.

4% In 4" -(4" +1)1n(4x +1)
x2(4" +l)

Viy f(x) 1a ham nghich bié'n khi x>0. Do a >b>0 nén ta cé: f(a) < f(b).
Viy (2) ding = dpcm. Dau bang xdy ra <> a=b.
Thidull:

Tac():f’(x).= <0 ¥x>0.

Chox>0,y>0,z>0vfith6am§ndiéukiénx+y+z$ %.Timgiétrinhé

L, 2 T2 , 1 1 1
nhat cia biéu thirc: P=x+y+z+—+—+—.
X y z

iai

Theo bét dfmg thirc Cosi, ta co:

I 1 1 1 1 1 9
(x+y+x)|—+—+— |29 —+—+—2——
X y z

P2x+y+z+—-9—.(1)
X+y+z
Diu bz"mg trong (1) xdyra & x=y=z

bit t= x+y+z, khi d6 0<t < %

Xét ham sb f(t) = t+% véi 0<t <

(SRS

, 9 _t2-9 g
TacofP(t)=1-—==—5—.Taco bang bién thién:
t t

t
2
2

(1)

0
v -

1

I .

3 15
Vay min f(t) = f(=)= —.
dy min f(t) (2) >
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15 !
VaiyminP= — @ t=> & x=sy=z= —,
ay 5 =3 =y 5
Thi du 7: (Dé thi tuyén sinh Dgi hoc khoi B — 2004)
2
trén doan [1:¢%].

Tim gi4 trj 16n nhit va nho nhét cha ham sé: y =
Gidi

1 2
2Inx.—x-In“x ~ lnx(Z—-lnx)

Taco: y'= X
) x2 x?
Tt @6 c6 bang bién thién sau:
X P el e’
Inx 0 + +
2-Inx + 0 -
y' 0 + 0 -
y / \

Véy=maxy=y(e2)=—?2—<:>x=e2.
€

)
Miny=min rfnn y= min{y(l);y(e3)} = min{O;%} =0 x=1.

Thi du 8: (Dé thi tuyén sinh Dgi hoc khdi D - 2003)
trén doan [-1;2].

Tim gia tri 1on nhat va nho nhét cha ham s6 y = -
x“+1

Giai
Vx?+ —(x+l)\/._2x_ .
Tacd y'= X"+l —X
x* +1 (X2+1)\/x2+1
Tir d6 ta c6 bang bién thién sau:
‘X ~1 1 2
y + 0 -
Yy / \
Viy maxy =y(1)=v2; miny=min{y(—l);y(2)}=min{o;—:;-}—_-o.
[-12] [-12] Vs

140



Thi dy 9: (Dé thi tuyén sinh Dai hoc khoi B — 2003)
Tim gia tri Idn nhat va nho nhat ciia ham s6:
y=x+\/4—x2 véi -2 <x<2.

X \/4—x2-—x

Ta cé:y'= 1- =

\/4—x2 \/4—x2
Khi—2<x<0thi V4-x>-x>0
Khi 0 < x <2, ta co: (4-x%) —x’ = 4-2x>. Do d6 taco 'y’ > 0 khi 0 < x <22

vay <Okhi V2<x<2.
Tom lai ta c6 bang bién thién sau:

, 7O

Vay maxy=y(\/5)=2\/5 ;

Miny = min {y(-2);y(2)} = min{-2;2} =-2.
Nhdén xé{.‘
Ta cé thé giai nhu sau: _
Do-2<x<2 = x+V4-x22-2 vay(-2)=-2
Viy miny =2 ) o
Deé tim gia tri 6n nhat ta s& sir dung bat dang thirc Bunhiacopski.
_ Binh lugn: V&i cac thidu 5, 7, 8, 9 viéc sir dung truc ti€p phuong phap chiéu
bién thi€n Ham s6 dé giai bai toan 1a rd rang va qua don gian. i '
Trong céc thidu 4, 3, 2, 1 va 10 ta thuong sir d‘ung dit bién phu dé ¢6 ham so
tuong trng. Khi dat an phu, dieu luu y la cam tim mién xac dinh cho bién méi do.
Thi du 10: (Dé thi tuyén sinh Cao ding Giao thong Vin tii — 2005)
Cho x, y, >0 va x+y=1. Tim gia tri I6n nhét va nho nhét ctia biéu thirc:
' P=3"+3".
Giai
Tacody = l—x, tir d6 P =32* +3I™ =32 +3§x— voi0<x <1,

Patt=3%khido 1 <t<3.
. 5, 3 3 2t8-3
Xéthimso: fH)=t"+—=>f'(t)=2t - =———.
V) t (¥ t2 t?

Tir d6 c6 bang bien thién sau:
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2

£(t)

f(t) \ /

Vay max P = max f{(t)

= max {f(1);f(3)} = max{4;10} :]0<:>t=3<:>{x=l .

15t<3 y=0
3
x=log3i/:
MinP = min f(t) =f i/—i =3{/—§~<:>t.:{/§<:> 2
1<t<3 2 4 2 3
y=l—log335.

§3. CAC PHUONG PHAP KHAC CHUNG MINH BAT PANG
THUC VA TiM GIA TRI LON NHAT, NHO NHAT CUA HAM SO

Trong muc nay, ching t6i dé cap dén mot sé phuong phap khac dé ching
minh bat déng thirc va tim gia tri 16n nhat, nho nhét cia ham s6. Mac di cac bai tap
str dung nhimg phuorng phap nay hodc la chua c6 mit, hodc la c6 mit chi mot hai
1an trong cac ki thi tuyen sinh vao Pai hoc va Cao ding trong nhitng nim gan day.
Nhung chiing toi nght rang phuong phap ma sip dugc giGi thiéu & day 1a rat co ich
trong viéc chirng minh bat dang thirc va tim gia tri Ién nhit va nho nhit cia ham
s6. Viéc sir dung n6 dé giai cac bai toan trong céac ki thi tuyén sinh sip téi la kha
ndng hoan toan hi¢n thyc va cé tinh kha thi 16n.

a. Phuong phdap mién gid trj ham sé dé chieng minh bit ding thirc va tim
gid tri lon nhdt va nhé nhit caa ham so.

Phuong phap nay dic biét hiru higu dé tim gia trj I6n nhét va nho nhét coa céc
ham s ¢6 dang sau dy (hoic cac dang khac ma c6 thé dua vé chung):

a;sinx +bjcosx +c; £ alx2+b,x+cl
£(x) =

f(x)=—= ; . .
a,sinx +b, cosx +c, a,Xx“ +byx+¢y
Pé giai cac bai toan nay, ta tién hanh theo lugc db sau day:
Gia sir yp 1a mot gia trj tiy y clia ham s. Khi ¢6 phuong trinh sau (4n x)
f(x)=yo (1) c6 nghi¢m.

Tir dang ciia (1) ma ta c6 cac diéu kién thich hgp. Noi chung cac dleu kién
ndy codanga <yo < B.(2)

Tir (2) suy ra max f(x) = B va min f(x) = a.
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Thi du 1: (Dé thi tuyén sinh Pai hoc khdi B — 2008)

Chox*+y’=1.
. 2(x2 +6xy)
Ching minh rang: -6 < —————=<3.
1+ 2xy +2y
o Giai )
Vix?+y?= I, nén dua bt dang thic da cho vé dang sau:
2(x2 +6xy)
—6< <3.()

T xPy 2xy + 3y2
Xét hai kha nang: :

-Néuy = 0 (khi d6 x = 1). Lic nay (1) hién nhién dung vi n6 c6 dang—6 <2 <3
-Néuy # 0, khi do:

- 2
(e -6<—— < p.—esi—til—zig voi Vte R
X X t°+2t+3
—1 +2—+43
y y
2
Goi m Ia gié tri thy y ciia ham s6 f(t) = —— 2 véit e R.
. t°+2t+3
. Khi @6 phuong trinh sau (an t)
2
t
3 H2 o)
t°+2t+3

¢6 nghiém. Do t* +2t+3 >0, Vt €|R, nén

(2) < 2t2 +12t=mt? + 2mt +3m

=(m-2)t* +2(m-6)t+3m=0.(3)

Néu m = 2 thi rd rang (3) c6 nghiém.
Néu m # 2, khi d6 (3) c6 nghiém khi va chi khi
A'=(m-6)’ ~3(m-2)m>0 o m’+3m-18<0c—6<m<3 (m #2)
Tom laitacd: —6 <m < 3.
. 2(x2+6xy)
bieu d6 c6 nghia la: 65—
| X°+2xy +3y
DAu bing bén trai xay rakhiim=3 & t?-6t+9=0<t=3

2,21 |x= 3 L y= 1

X“+y‘= == YT =

&4 x = Vio V10

Y NN

Phan con lai (ddu b?mg bén phai xay }a) xin danh cho ban doc.

<3 = dpcm.
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Thi du 2:

, Los e ., 1 _2sinx+cosx+1
Ching minh rang véimoi x € R,tacéd: —=—< <

, sinx —2cosx+3
Giai

e e s e g 2sinx+cosx+1 .
Goi m la gia trj tuy y coa ham so: f(x)=— vai x €|R.
sinx—2cosx +3

Khi d6 phuong trinh sau (an x): 2sin X + COSX + . m (1)
sinx —2CcosX + 3
c6 nghi¢m. Do sinx—2cosx + 3 >3 - J§ >0 Vx, nén
(1) & 2sinx +cosx +1=m(sinx + 2cosx + 3)
e (2-m)sinx+ (1+2m)cosx = 3m-1 (2)
Theo ly thuyét phuong trinh lugng giac (phuong trinh bac nhat d6i vai sinx va
cosx thi (2) c6 nghiém:

1
oQ2-m)+ (1+ 2m)2 2(3m - l)2 < 2m'-3m-2 <0 < -3 <m <2. D¢ 1a dpcm.
Chii y: Dau bang bén phai xdy ra <> m = —% < sinx =—1 (theo (2)) -

o x=—12t—+k21t,k eZ

Ban doc tu xét khi nao dau bfing bén phai xay ra!

b. Phuong phdp sir dung bdt ding thirc Bunhiacopski

Bit ding thirc Bunhiacopski 1a mét bat dang thirc ciing rat théng dung chi sau
bét dang thirc Cosi. Mic di n6 chi xuit hién mot 1an trong cac dé thi, nhung khong
vi thé ma ta xem nhe; cac dan&, y bai tdp thude loal nay.

Thi du 1 (Dé thi tuyén sinh Dgi hoc khoi B —-2003)

Tim gia tri Ién nhit va nho nhat coa ham sé:

f(x)=x+v4-x* trén mién 2 <x<2.
Gidi
Do x > — 2 nén hién nhién ta cé: f{x) > -2 voi Vx €|R.
Mit khac f{-2) =-2 = min f(x) = -
Ta s& sir dung bt déng thirc Bunhiacopski dé tim gia tri lon nhat ciia ham sb.
Ap dung Bunhiacopski voi hai day:

)(;\/4'—)(2 va 1;1 ta co:

. 5 » [f(x)<2v2
[x +(4—x )](l +1 ) (x+\/:1_—x) :>82(x+ﬂ) =

f(ﬁ):zﬁ

Vdy max f(x)= 22

—2<x<2
Chu y: ) . ) ’
1/ Hay so sanh vdi 16i gidi sir dung phuong phap chiéu bién thién ham so.
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2/ Cac ban hay gidi thich vi sao khéng sir dung duoc bat ding thirc
Bunhiacopski d€ tim gia trj bé nhat?
(Vi theo bét ding thirc Bunhiacopski thi f(x) > 2V2 nhung khéng ton tai xo
ma f(xo) = —2v/2 ! Tai sa0?)
Thi du 2:
Cho x, y, z. 1a cac s6 thoa man diéu kién xy + yz + zx = 4. Chung minh:
4 4
X +y +z2 2—.
y’ 3
Giai
Ap dung bat dang thac Bunhzucopskt cho hai day sb

,y z-val,l,l

Ta cé: (x4+y4+z4)( +12+1? ) (x +y +z)

:>3(x +y +z) ( ) A1)

x2 Zz
Déu bang trong (1) xdy ra < T3 =T<:> x2=y?=22.
Lai ap dung bét_déng thirc Bunhiacopski cho hai ddy s6: x, y, zva y, z, x ta c6:

(xz +y? +zz)(y2 +2z? +x2)2(xy+yz+zx)2

2 bl 2
:>(x2 +y* +z“) 2(xy+yz+zx)2=16(2)
(do xy +yz+zx=4)

Déu bing trong (2) xdy ra <> Xy .z
y

z X

Tir (1) (2) suy ra: x4+y4+z421-36~ = dpcm.

Xy+yz+zx=16 x—y~z—2\/§

2_2_.2 sy=i=—"7/—"
Diu bang xay ra <> X =y =z o 3

X Yy 2\/5

—===— X=y=zZ=——.

y z X 3

Thidu3
Cho x, y, z>0. Chimg minh:
LI A
y+2z z+2x Xx+2y
) o Giai
Ap dung bat dang thirc Bunhiacopski cho hai day

X y z .
2
\/)’+22’\[Z+2x’\/x+2y va \ﬁ‘()’+ Z),\/y(z+2x),’\[z(x+2y)’

ta co:
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(yj22+z+y2x+x+2yj[x y+2z)+y(z+2x)+z(x +2y ]> X+y+z)2

5 . S AN S PN (x+y+2) Q)]
y+2z z+2x x+2y) x(y+2z)+y(z+2x)+2z(x+2y)
Déu bing trong (1) xay ra
X y z

y+22 __z+2x __X+2y

x(2+2z) y(2+2x) z(2+2y) exTyTn
(x+y+z)2 1. 2. 2
Taco VP (1) =——FF—21 (2Q)dox"+y +z 2 xy + yz + zx.
3(xy +yz+2x)

DAu bing trong (2) xdy ra <> x=y=z.

Tur (1) (2) suy ra dpcm.

DAu bing xay ra & x=y =z

c. Plurong plmp sir dung lmmg gidc :

Trong mét so truong hop ngudi ta co thé doi bién dé dua bleu thirc trong bit
dang thic, hoac trong ham s6 can lay gia trj 16m nhét, nho nhét vé dang lugng gidc.
St dung céc phep bién dbi lugng giac co thé 1am cho viéc ching minh bat déng
thirc hodc tim gia tri I6n nhat, nhé nhat dé dang hon.

Hai phép dbi bién thong dung, va hay dung la: Dat x = sin t (hodc x = cos t);

= tan t (hodc cot t)
Thi du 1 (Dé thi tuyen sinlt Dai hge khoi B -2003)
Tim gi4 tri 1on nhat va nho nhat cia ham sb:

f(x)=x+v4-x* tréndoan [-2;2]

Giai

Do-2<x<2néncothéditx =sint (—5<t<zj tir d6 ta co:

max f(x)= max F(t); mm f(x)— min F(t), & day
-2<x<2 L -25x Tt
272 272

F(t) =2sint++4—sin’t =2sint+2|cost|=2sint +2cost

A
(vi khi, (—— <t<— ) thi cost >0 h
2 2

A

= |cos t| =cost.

Dodo F(t) = ZJ—cos(t——) ) ————

Khi —Teteloy 3Me BT
2 2 4 474 a

:>—£$cos(t—£)sl 2)
2 4).
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T (1) (D suyra max F(t)= 22, min_F(t)=-2.

—stes Lty

2 . 2° 72
T -3n |
Va min fx) =2 S t-——=—-St=-—Sx=-2,
dy _min, 1) 4~ 4 2
max f(x)=2\/§ ot—E=0<:>t=E:>x=\/§.
-2<x<2 4 4
Chii y:

Hay so sanh véi 161 giai cia thi dy trén bang cach:

- Dung bat dang thirc Bunhiacopski.

- Dung phuong phap 5:!1iéu bién thién ham sd.

Thi du 2 (Pé thi tuyén sinh Pai hoc khéi B — 2008)

s . 2(x2 + 6xy)

Cho x’+ y*= 1. Chimg minh ring: -6 S5————75% 3.

X +2xy + 3y
Giai

Do x*+ y2= 1, nén dit x = sint, y = cost. Khi d6:

2()(2 +6xy) 2(sin2t+6sintcost) 1= cos2t + 6sin 2t
P= = = .
o 1+2xy +2y2  1+2sintcost+2cos’t sin2t+cos2t+2

Pén day sir dung phuong phap mién gia tri ham ) (giéng nhu thi du 2, muc a) sé
suy ra: 6 <P <3.

Thidu3

Gia sir x va y khong ddng nhét bing 0. Ching minh

S
-2\/5—2sw—32\/§—2.

X“ +4y
' Giai
Néu y=0 (khi d6 x #£ 0). Tacé:
2 2
~-(x-4 . s :
i——i(—x——zy—) =0, bat dang thirc hien nhién ding.
X“ +4y :

2 2
—(x-4
Néu y # 0 khi —2\/2—2sx——2(—"—7y—)—s2\/2—2
x“ +4y

5
o-22-2<NY) \Y <22-2 (1)

2
B
2y

Dit — =tan't, khi d6
2y
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2 2
t t—(tant-2
() & 2J2-25 (23" ) <2f3-2
tan“ t+1

= —2\/5—2$coszt(4tant—4)s2\/§—2

& —2J2 ~2<sin2t—cost <2V2 -2 & —\2 Ssin(2t—§)$\/—2_ Q)

Vi (2) ding = dpcm.
BAI TAP TU GIAI

Dung bt dang thirc Cosi giai cc bai toan sau:

Bai 1:
Cho x, y, z> 0. Ching minh
X 2 z 3
P= + + <-—.
2x+y+z X+2y+z x+y+2z 4
Bai 2:
Chox,y, z> 0 vaxyz=xy +yz + zx . Chiung minh
1 1 1 3
= + + <—.
X+2y+3z 2x+3y+z 3x+y+2z 16
Bai 3:
Chox,y,z>0vax’+y’+ Z= 1. Ching minh
X y z 33
5 2+ 5 7+ 3 22 .
y +2° oy +x° y“+x 2
Bai 4:

Chox>0,y>0vax+y=1.Ching minh: L | >2.

Buai 5:

Choa, b, c>0vaa'+b'+c’=48. Chimg minh

: ab’+ bc’+ ca’ < 24,
Bai 6:
Cho x, y, z la ba s6 dwong va x + y + z = 1. Chitng minh

J-x+ -y +1-z<6.

Bai 7:
2 2 2
z
24

Cho x,y,z>0 vaxyz= 1. Chirng minh :
I+y l+z 1+x

3
2—.
2

Bai 8:
Cho x, y, z 12 ba s6 duong théa man x + y + z= 0. Chimg minh
V2445 4244y 12447 2343,
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Bai 9 :
Cho x,y, z la ba s duong va x +y +z >3 chirng minh
XX Zss,
Jy Yz Jx
Dimng phiromg phdp chiéu bién thién ham sé giai cdc bai todn-sau:
Bai 10:
Cho 0 <x <y < |. Chirng minh

! In 4 -In X >4,
y-x\ -y 1-x
Bai 11:

Cho x >y > 0. Chirng minh

In x < 1
T x=1 Jx
Bai 13: )
Tim gi4 tri 16n nhat va nho nhét cha ham sb:

2

. .. T
f(x)=sinxcos® x vai 0 <x 55

. 33
Dap so: —.
T
Bii 14: | ' , .
Cho 1 <x <2 va 3 <y <4. Tim gia tri 16n nhat va nho nhat ctia biéu thirc:

DPdp s6: max P = 4122 ;min P= ——,
Bai 15: " ) ]
Tim gia tri Idn nhat va nhd nhat cia ham so
fF(x)=V3+x+V6-x -VI8+3x -x> véi-3<x <6
9-3v2

Pdp so: max f(x) = 3; min f(x) = S

Bii 16: , ,

Cho f(x) = x*+ 4(1 — x?)’ v&i —1 < x < 1. Tim gi4 trj lém nhit va nho nhit caa
ham s6.

; . 4
Dadp s6: max f(x) = 4; min f(x) = s
Ding phrong phdp bat déing thirc Bunhiacopski gidi cde bai toan sau:
Bai 17: .
Cho ba sb khong 4m x, y, z va thoa man diéu kién x + y + z= 1. Ching minh

1
+y +2>—.
y 9
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Bai 18 :
Chox,y,zthéamanx(x— 1) +y(y—-1)+z(z-1) s%.

Ching minh: -1 < x+y+z <4,
Bai 19 :
Cho ba s6 duong X, y, z va xyz =1. Ching minh
2 2 2
X + Y + z 1.

X+y+ 3Z +z+z3x Z+X+X3
yty y y

Sir dung lheong gide dé giai cde bai todn sau:
Bai 20 : '
Cho x>+ y?= 1, u*+ v’ = 1. Chiing minh
|x(u +V)+)’(U—V)IS\/§ .
Bai 21:
Cho a, b, ¢ €|R. Chirng minh
la—¢| la—b| |b-c|

< + .
Ji+a2Vi+ 2 Ji+a2V1+6?  J1+b2V1+c2
Str dung phirong phdp mién gid tri ham $0 gidi cde bai todn sau:
Bai 22: .
Cho x, y € |R. Chimg minh
5 < X+ 2y +1
147 x2+y? 47

1
<—.
2
Bai 23:
Chirng minh rang véi moi x€|R ta c6:
3 2x%+7x+23 5
P LI et S
27 x242x+10 2



Bai giang s6 8
CAC BAI TOAN VE SO PHLUT

Céc bai toan v& sé phirc 13 chii d& mdi xuét hign 14n ddu trong cac dé thi tuyén
sinh vao céc truong Dai hoc va Cao déing nim 2009.

Bai giang nay gidi thiéu cac bai todn co ban nhét vé sé phirc: Céc bai toan ve
modun so phirc, dang lugng giac cua s6 phirc va phuong trinh xét trén tap cac s6
phrc. :

§ 1. CAC PHEP TINH VE SO PHUC VA MODUN CUA SO PHUC

1. Tém tit li thuyét

- Céc phép tinh vé sb phirc:

Cho hai s6 phirc Z = a + bi va Z’ = a’+b’i. Ta dinh nghia

Z+Z’=(@+a)+(b+b)i,

Z-2=(@-2)+(b-b)i

Cho sb phiuc Z = a + bi. Sb phuc Z=a — bi goi la sb phuc lién hgp véi s6
phuec trén.

- Médun cua s6 phirc:

Cho sb phirc Z = a + bi, ta ki hiéu |Z| 1a m6dun cta s6 phirc Z duge xac dinh

‘nhu sau:
|Z|=Va? +b?.

- Cho hai sb phirc Z=a + bi va Z’ =a’ + b’i. Ta dinh nghia
) Z.2> =aa’ —bb’ + (ab’ + a’b)i.
- Cho s0 phirc Z =a + bi # 0 (tirc 1a a’ + b? > 0). Ta dinh nghia

1 = a-bi
Z'= Z= .
a? + b? a? +b?

Néu Z # 0 thi —ZZ-=Z'Z".

2. Cac dang toan co ban

Loai 1: Céc phép tinh vé sb phirc:

Céc bai toan thugng c6.dang hodc doi héi tinh toén tryc tlep mot biéu thic vé
sb phuc, hoic phai giai mdt phuong trinh dang don gian dé tim s phirc Z, ma thyc
chét cua phép giai phuong trinh nay chi doi hoi thl,l’C hién cac phép tinh vé s phire.

Thidul: (Dé thi tuyen sinh Cao ding kllOl A, B-2009)

Tim phén thyc va phén 4o cla s6 phirc Z, néu nhu ta c6

A+ Q2-1)Z=8++(1+20)Z
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Giai

Taco (1+i)Y (2-1)Z=8+i+(l +2|)Z
& Z[(1+i)(2-i) - (1+20)] = 8 + i & Z[2i(2-i) — 1 - 2i] = 8 +i

_ 8.+| :(8+|)(1 2|)=2_3|.

2i+1 5

Viy phan thuc cia Z 14 2 va phan do la -3.
Thidu 2:
Xét cac diém A, B, C trong mjt phang phu‘c theo thir ty biéu dién cac sé

A aopas2iy 28
i—1 3

1) Chirng minh ABC | tam giac vudng can.

2) Tim so phirc bi€u dién bai diém D, sao cho ABCD la hinh vuéng.
‘ _ Gidi

1 Ta cé .—4'—1 - 4‘(';') =2-2i. Viy A=(2;-2).
l._- p—

(A -D)(1+2i))=3+i=> B=(3; 1).

2+§| :(2+6|)(3+|)=2i —~C=(0:2).

3-i 10

Tir d6 suy ra BC* = 10;

BA’=10; CA’=20, néncé

{BA =BC vt

AC? = AB? +BC? c
Viy ABC la tam giac vudng can dinh B. %B
2) Goi D la dinh th{r tu cia hinh A : [
vudng ABCD. Ta c6 1/ 1o v /3 X
BA=CD Lo 1\/
& (-1 -3) = (x0} yo-2) Y M '

<:>X[)=—l' yDI"‘I
o D=(1-D
Viy sb phirc Z = —1—-i dugc biéu dién bdi diém D.
Thi du 3:
Giai cac phuong trinh sau:
N(R2-1)Z-4=0;
2+i —1+3i

2) —Z= — .
1-i 2+1

l)Taco(Z—n)Z 4=0 o Z=
8§ 4, .

=—+—i.

55

-INI
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S Z=—-—1i.
55

”o N . Y
)Taco 2z z=( ”_3')

1-i - -2+i 2+i
o 7= (—l+3|)‘([—|) _ 2+4i

(2+i) 3+ 4i
o 7 =v_(_g:4_..l)(3_—4..l_) :.2_2 + il .
2 25 25

Nhdn xél’: '
Thyc chat day la cac bai toan thurc hién cac phép tinh trén 0 phurc.
Thidu 4.
Giai cac phuong trinh sau:
1) Z+2Z=2-4i,
2)2°+2=0.

1) Xét phuong trinh Z+2Z =2-4i (1)
Pit Z=x+yi = Z=x-yi Khidé
(e (x+yi)+(x—-2yi)=2-4i

SO 3x-yi=2-4i

{3:(:2 x=2
& _ 4 & 3
Y=- y=4.

2 '
Vay Z:§+4|.

2) Xét phuong trinh Z*+Z =0 (1)
PatZ=x+yi = Z =x-yi. Tirdé
(X -y +2xyi+x-yi=0
SX-y +x)+(2xy-y)i=0

X’ -y +x=0
c}{x y +X

y2x-1)=0
r [(y=0
=0
{y’ ﬁ{x=0
x +x=0
x=-1
< le < 1
2 X=5
30, {
Z-y'=0 NE)
{ 4 y:i————
L 2

Vay (1) c6 cac nghiémsau: Z, =0; Zy=-1;
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1 V3, NE

Zy=—+2i; Z,=—-22i,
3 2 4

2 2 2

Nhdn xét: Ta da sir dung dinh nghia vé si bang nhau ciia hai s6 phic

) a=a'
a+bi=a’+b’|<:>{

b=b".
Thidu5:
Giai phuong trinh: (Z+f) =1,
Z-i
Giai

: z+iY!
Xét phuong,trmh( ] =1.(1)

Z+i
Taco(l) <
j (3)
—~—=I . . S, .
. _ Z+i=Z- i=— loa
Dé thay (2) & Z-i = l |.<:> ' ( 'l)
Z+n N Z+i=-Z+1i Z=0
LZ—:
NEALN . z-171_
Z—i Z+i=iZ+1 1+i
Tuong tu (3) & . S o et .
Z+1 Z+1=-1Z -1 —-1-i
—_—=— Z= — =1,
Z-1 1+1

Vay (1) co6 3 nghiém Z, 0,72,=1, Zx——l

Loai 2 : Céc bai toan vé médun cuia s phuc:

Cac bai toan thugc dang nay c6 cac dang co ban sau :

- Tinh cac biéu thirc cé chira mddun cia sé phirc

- Tim tap hop diém cac sé phic néu nhur chang théa man mét diéu kién nao

do vé modun.

- Giai cac phuong trinh 6 li€n quan dén modun s6 phirc.

Thidu I: (Dé thi tuyen sinh Dai hoc khéi A 2009)

Cho Z,, Z» la nghiém cta phuong trinh Z'+2Z + 10 = 0. Tinh dai lugng
=|Zi*+|Zf.

Xét phuong trinh Z*+2Z + 10 =0 (1),

tacé: A’ =1-10=-9=9 = Ja" =3i

Viy (1) | Z, =~1+3i
a Land :
» Z, =-1-3i.



dién sb phic Z = x + yi ndm trén dudng
tron tim I(3; —4) ban kinh R = 2,

Taco: |Z)| =|Z)=V1+9 =V10. Viy A= 2> + 27 = 20.

Thidu?2: (Pé thi tuyén sinh Dai hoc khéi B - 2009)
Cho s6 phirc Z théa man:

|z -(2+i)|=V10 va ZZ =25. Hay tim Z.
] G
batZ=xtyi = Z=x-yi = ZZ=(x+yi)(x~yi)=x +y*.
Taco|Z - (2+i)| = \/(x+2)2 +(y—l)2

Tir d6 theo bai ra ta c6 hé phuong trinh:

{(x—2)2+(y—l)2=10

& P(B,)=C2(0,03)*(0,97)'
x2+y2=25 .
x+2y=10  [x=3;y=4

= X =
X +y =25 x=5,y=0.

Z=5
Thi du 3 (Dé thi tuyen sinh Dgi hoc khoi D — 2009)
Tim tap hop cac diém biéu dién sb phtrc Z biét ring |Z — (3 4i) =

Giai
GlasuZ x +yi, khido: [Z-(3 - 4|)|—

A Z=3+4r . , o U
Vay la hai s6 phirc can phai tim.

( )E | ( )?. 1
) 1| (1+3t)2 1+3t)2
<:>|(x—3)+(y+4)|]=2 g 3 - 3
2 10300
o (x=3) +(y+4) =4, )
Tur (1) suy ra céc dlem M(x y) biéu

Ya
Chuy:

Ta c6 thé giai bai toan trén nhu sau:
Goi M la diém biéu dién so phirc Z,

con I(3; —4) 1a diém biéu dién sb phirc 3-4i. 3 >

Khi.dé ta co: -1

lZ- (3-4)=2 >MI=2(2) -2
Tir (2) suy ra M nam trén dudng tron

tam [ ban kinh 2. Ta thu lai két qua trén. |

Thidu4 )
Tim s6 phirc Z néu 2>+ |Z| =
' Giai

Pt Z=x+yi = [Z| = {x? +y? , khi d6 Z*+|Z|=
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<:>(x+yi)2 +yx2+y? =0 (x2 +‘y2)+\/x2 +y? +2xyi=0
<:>{x2—y2+\/x2+y2=0o (1

2xy =0 (2)
[(x=0 (3)
-y’ +1yl=0 (4)
fagd
y=0 (5) .
x2+|x|=0 (6) _
Giai hé (3) (4) va (5) (6) (dé dang) ta'di dén hé (1) (2) c6 nghiém
x=0:y=0 ’
x=0y=-1
x=0y=1.
Vay ba sb phirc can tim Z=0; Z=i; va Z = —i.

Thidus
Tim tip hop cac diém biéu dién sé phic Z néu nhur thoéa man mot trong cac
* diéu kién sau:
1/1Z+2|=}i-Z
2/1Z - 4i| +|Z + 4i) = 10.
l/Tacd|Z+2j=|i-Z| < |Z-(2)=|Z-i(])
Goi M la diém biéu dién s phirc Z, A 1a diém biéu dién sé -2 (tic la
A =(-2;0), B la diém biéu dién s6 I (tic 1a B = (0;1).
Khido (1) & MA =MB (2).
Tir (2) suy ra tap hgp nhing diém M biéu dién s phirc Z ndm trén dudng
trung truc cua doan AB.
Chii y: 1/ O day ta da sir dung nhan xét sau: Néu MM, tuong (g 2 hai diém
biéu dién cac sd phirc Z,.va Z, thi:
|22 = MM,
+ Ta c6 thé giai cach khac nhu sau: Pat Z = x
+ yi.
Taco: |Z+2|=|i—2
< (x+2) +yi| =[x+ (y - 1)il

yﬂ

B T ; 3
A e J(x+yY +y =<+ (y-1)
-2 0 . Xty Hax+4=xT+y —2y + |
\-1 S4x+2y+3=0(3)
2 \ Viy tap hop cic di'ém M la dudng thing (3).
Cac ban c6 thé thay (3) chinh Ia trung truc
cua AB.

2/ Gia sir ta c6: [Z — 4i] + |Z + 4i| = 10.
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Goi M la diém biéu dién

phic Z, A = (0, 4) va B = (0;

tuong ng la cac so phirc —4i va
Khi do:
|Z—4i| +|Z +4i|=10
<> MA+MB=10(*)
Tir (*) suy ra M nam trén elip
diém 1a A; B va truc I6n bang 10.

Phuong trinh cua elip c6 dang:

Xy
9 25
Thidub6:

s ¢
4) :
4. 4

¢o hai tiéu

Tim tap hop cac diém trong mat

phing phirc biéu dién cac sd phi
thoa man diéu kién sau:

AZ-i|=1Z- Z +2i
Giai
Dat Z=x+yi,thi

AZ-i|=|Z- Z +2i

< 2x +(y = Dif=[2(y + Dl

uc Z rYy

<:>\/— —I) —\/y+|)2

‘2
o X +y - y+l—y +2y+tleoy= 3

Vay tap hop nhing diém M

Nhan xét:
Véi cac thi du 3, 4. 5 nén sir

X
la parabol y = —
P 4

dung biéu dién hinh hoc ctia s6 phurc.

Con trong thi dy 6. thi sir dung bang phép tinh vé modun.

Thidu 7:

Tim s6 phirc théa min hé:

Véi hai sb Z, Z° (2" # 0) thi | =

[z~
@

=z-ii ()
ij=jz-(-i)]  (2)

Z—l'_]
Z—i
] .
lz-3._l
Z+i '
Giai
'Zl 12{ . do d6 hé di cho tuong tng voi:
ANVAR
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GQI M l4 diém biéu dién sb phirc Z, A=(1; 0), =(0;1) tuong g biéu dién
cac s 1 vai; C (0;3) va D = (0; —1) tuong (ng biéu dién cac sb phirc 3i va i thi:

D@ o MA=MB (3)
Ya :
MC =MD. (4)
c B Tir (3) (4) suy ra M 13" giao diém cua
y=x dudng trung tryc cia AB va duong trung -
truc cua CD.
118 _ Déthidy y =xvay = | tuong (rng 12 hai
o y=1 dudng trung trirc ctia AB va CD.
. Av. — + 113 A , A oy .
3 ; 3 X vVayZ 1 + i la s6 phtrc can'tim
-1 D
2 Thidy 8
Tim s6 phirc théa mén h¢
Z-12/ 5
Z-8i| 3
Z-4 _i
Z+8
bat Z= x+yi khi do:
Z-4
=l o |x~-4+yil=|x-8+yi
73 | yif=| yil
& (x-4) +y'=(x-87+y
< x=6(1)
Z-12] 5 ' .5 .
— == x-12+yi|=—|6+(y - 8)i
7 sl 3 yil=316+(y -8

©|—6+yil=—§-l6+(y—8)il (do x = 6)

& 36+y>2 =2—95[36+(y—8)2]

< y?-25y+136=0

=17
Y
[y 8.

Vay ¢6 hai sé phtrc cintim:Z=6+8ivaZ=6+ 17i.

Nhdn xét:

Hai thi du 7 va 8 clng loai nhung ta dung hai phuo‘ng phap giai thlch hop
khéac nhau (phuong phap biéu dién hinh hoc ctia s6 phirc vé&i thi du 7, phuong phap
tinh toan médun vaéi thi du 8).
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§2. DANG LUQNG GIAC CUA SO PHUC

1. Tém tit li thuyét
Néu ¢ la mdt acgumen ciia s6 phirc z thi moi acgumen ctia n6 cé dang
z=0o+k2n,k eZ )
Néu r> 0 1a médun cia sb phirc z, con ¢ 1a mot acgumen cia no, thi
=r(cos® + isin ¢ ) la dang lugng gidc cua sb phirc z.
Néu zi=r(cos @, +ising,), n>0
_ Z;=T(coS P>+ ising,), rn>0,
thiz z,=rr, [cos((pI +¢,)+isin(e, '—(pz)];
.ZI n ’ -
== —[cos((pl — @) +isin(@; -9, )] .
Z; N
Cong thirc Moivre: Néu z = r(cos ¢ +isin ¢), >0
thi z" =r" (cosng +isinng)
2. Cac dang bai tip co ban
Loai 1: Cac bai toan xac dinh acgumen ciia s6 phirc
Nhin chung céc loai bai tdp nay co cach giai chung nhu sau: Gia sir phai tim

mot acgumen ctia s phirc z. Ta can bién déi sao cho z c6 dang:
z=r(cos @+ isin @) voir>0.

Khi d6 ¢ la mét acgumen cuia z.
Thidul

Cho s6 phirc Z = |—sin @+ icos ¢ (0<(p<§)

Tim mét acgumen cua so phirc Z.
Giai

Taco: Z=1-sinp+ising=1-cos

oA

- )+isin(£— )
¢ 5 (PJ
= 25in:(£—9)+2isin(£—g)cos(ﬁ—-g)
4 2 4 2 4 2
=2sin(£——qj sin(z—g)ﬂcos(z—g)
4 2 4 2 4 2
)cos(£+9)+isin(£+9) .
4 2 4 2

m_ 9)>O.

Do 0<<p<E = 2sin
2 4 2

/_'__\

Vay tir (1) suy ra §+ 3 l1a m§t acgumen cua Z.
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Thidu?2 .
Cho so phirc Z ¢c6 médun bang [ va ¢ la m§t acgumen ciia n6.

. A S A
1/ Tim mét acgumen cta so phirc 7

2/ Tim mot acgumen caa s6 phirc Z +Z néu cosop #0.
Giai
Tir gia thiet suy ra: Z=cos ¢ +isin Q.
g e 0 _ +' . _
VU Tace £ = cos0ising _ cos(-0)+isin(-o)
Z cosp+ising cosQ+ising

= cos(-20)+isin(-2¢).

. S x Z
Vay -2 ¢ 1a mt acgumen cua so phirc Z,=—z— .

2/ Tacod Z +2=cos<p+isin<p+cos<p—isin<p = 2c0sQ.

+ Néu >0, khidé Z +Z="2cos ¢—1=2cos ¢ (cos0 + isin0)

Viy lic nay 0 1a mot acgumen cia s phirc Z, = Z +Z.

+Néu ¢ <0,khidé Z+Z =(-2cos¢) (-1)=(-2cos¢)(cosn +isinm)

Do —2cos ¢ >0 nénZ,=Z +Z ¢6 mot acgumen la w.

Loai 2: Cac bai todn xac dijnh sé phirc Z dva vao diéu kién vé acgumen:

Thidul .

Xét cac sO phtrc Z thoa man di€u kién

[2Z—ﬁ—iﬁ|=1 (1

1/ Tim tap hgp cic diém M biéu dién s6 phirc Z thoa man diéu kién (H

2/ Trong céac s plu'rc’ da cho (turc 1a thoa man diéu kién (1)), tim s6 phic cé
acgumen duong va nho nhat.

1/ Ta c6:
V2 .2}
NS Z-| —+i—ji==—.(2
(n l ( > 5 5 )
y b
2 s , = .
Goi 1 —\[i-,-@ la diém biéu dién so
, 2 2
LI O
a N phirc £+i—\é.Khid6
! 2 2
I
; K (2)<:>Ml=%.(3)
0 oz ' Tir (3) suy ra tap hop cic diém biéu dién

s0 phirc Z thoa man (1) la dudng tron tim

I ban kinh —l—
2
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2/ Ké tiép tuyén OK vdi dudmg tron ¢ cau 1. DE thiy Ol = 1, nén

sinl‘OT(=l—lS=-l—:>l'(-)l\(=—7£.
10 2 6

e

Tacd: KOx =

T .. X
cos— +isin—
( 12 12)

oala
k]

T
4

A

Viy s6 phirc Z=0

3 nJ
= ——icos-——+isin— |,
2 12 12
la sb phirc thoa mén (1) va c6 acgumen duong va nho nhét.
Thi du 2:
Tim sb phirc ciia Z sao cho — l_ =1 va Z+1 c¢6 mot acgumen bing I
Z+3i 6
Giai
Tur |£1_|=1 & |z-i|=|Z+3
Z+3i
o |x+(y-1)i=|x+(y+3)i|, (6 day Z=x+yi)
Xt (=3 Ky +3)
X€
y=-1
Vay Z = x-i

Tacé: Z+1=(x+1)=i(1). ViZ+ | c6 mdt acgumen béng-g nén Z+1 c6

dang:
Ty .. n . TR
Z+1=r|:cos(—g)+|sm(——6-ﬂ vai 120 = 2(\[3_ |) (2)
r/3
X+|l=— r=2
Tir (1) (2) suy ra 2 o4,
o x=2J3-1.
2
Vay Z = 2V3-1-ilasb phirc can tim.
Thi du 3: ) i L )
Xac dinh tap hgp cac diém trén mat phang phirc bieu dién cac so phirc Z sao
. -2 .
cho so phirc 5 c6 mét acgumen bang % .
Giai

Giasr Z=x +yi, thi:
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Z2-2 (x-2)+yi :[(x—2)+yi][(x+2)——yi] _xl+y?-4 N 4y

= - = 1.
Z+2 (x+2)+yi ()(—2)2+y2 (x~2)2+y2 (x——2)2+y2
) - . ~ M L ~ ‘
Do c6 mét acgumen bang —, nén ta co:
S’AEN Z+2 3 X
‘ __Xt y: —4’ + 4): —i= t(cos£+isin£) 0.
f (x=2) +y" (x-2) +y’ 3 3

W_. Tir d6 suy ra:
x2+y2—4 T

Tir (1) (2) ddn dén y>0 (do 1>0) va

2 2
——— =X +|y-—F=| =l =1 (3)
(x - 2)2 + y2 NE] J3
Két hop (3) va y >0 suy ra tdp hop cac diém M cin tim la phin duong tron
. 2 4
tdm tai di€ém l(O;—J ban kinh —= nam phia trén truc thuc (truc Ox)
J3 3
Loai 3: Dang lugng giac cua sc‘)'pht'rc: .
Khi giai cac bai tap can lvu y den cac dieu sau day:
- Dang lugng gidc cua sb phirc c6 dang: r (cosg +ising), véir> 0.
- Thudc cac cong thirc nhan, chia va cong thirc Moivre ddi vdi sé phic dudi
dang lugng giac.
Thidul: . o
Tim phan thyc va phan ao ciia mdi so phurc sau:
(1+ i)12
VzZ =",

(i

5
nm .. M) .3 .
217, =| cos——isin— | i>{1+ 3i
2( 3 3) (

~

1/ Ta co:

Theo cong thirc Moivre ta cé:
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_ (1+i)'2 =(~/§)]2(cos3n+isin3n)_ i

- 3n .. 3n
5 I L e Y A
(\/§+i) 29(cos7+isin—2—)

5 3 1
Vdy phan thyc ctia Z, 14 0, phan 4o ctia né 1a i

2/ Tacd: cos= —isins = cos(—E)+isin(—E) ;
3 3 3 3

3 . (37:)..(%)
i —i=cos| —— |+isin{ ——|;
2 2
I+~/§i=2 l+—\/——3—i =2(cos£+isin£).
2 2 3 3

Tir d6 theo cong thirc Moivre ta cé:

( SnJ .. ( Sn)— ( 371’) . ( 37t) 7[ n . . 7n}
Z, =|cos| —— |+isin| —— ||| cos| ——— |+isin| —— [ [.2"} cos— +isin— |.
3 3 /] 2 2 3 3

Theo quy tic nhén s phirc dudi dang luong giac ta cé:

Z2:2

A[ ( SNJ . ( Sn)
cos| —= |+isin| -—
] 6 6

Viy phn thyc cia Z; 13 —2°./3 = -64+/3, phin 4o cia Z, 1a ~64.

Thidu?2

Biét réng sO phirc Z théa man Z + % = 1. Hay tinh 2290 +-

T

Z+—;—=l<:>ZZ—Z+I=O<:>

aNéuz= cos§+isin§ =27

n .. T n . . n
=COS— —~I1SIN—=COS| —— {+1SIn} ——
33 ( 3) | [ 3)

Tacé: -]—= l

T,
cos—-+isin—
3 3

1

72010 °

Giai’
Z=l+—\/——3—i=cosz+isinE

2 2 3 3

1 V3. n) .. nj
Z=————i=cos| —— [+isin| ——1|.

2 2 3 3

10 = cos 20;()“ +isin———203m (D

1 2010y . . 2010~
:W—cos— 3 +isin| — 3 2)

Tur (1) (2) suy ra; 2210 4+

"ZTLTF =2cos(670m)=2.
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b/ NéuzZ = cos(—£)+isin(—gjal=cos£+isin£ =77+ ,] ==2.
3 3 Z 3 3 z
. A 4 1
Tom lai ta ludn ¢6 : 73010 +~Z—2m =2.
Thidu3
£ . T+i )" . a 2 . £ . A
Cho s6 phuc Z = 13 . Tim m nguyén duong dé€ Z 1a s6 thyc; 1a s o.
-3i
Giai
7+1 (7+l)(4+3l) ( m nJ
Ta co: = 1+i \/— =2| cos— +isin—
4-3i 25 J‘ J’ *a TNy
l“ T
Theo cong thirc Moivre ta co: z=22 (cos—4~—+ lsm———) m
Tir (1) suy ra:
Z 1a sé thye < sinE:—‘E=0 & ?=k om=4k;voik=1,2,....

Zlasb do < cosan=0 o m=4k+2,v6ik=0,1,2....

§3. GIAl PHUONG TRINH TREN TAP S® PHUC

Trong myc nay s& xét vigc giai phuong trinh trong d6 a an s& cua m01 phuong
trinh 1a mét sé phirc Z. Pé giai duge phuong trinh trén tap sé phic can nim vimg
cac kién thirc sau:

1/ Biét cach khai can béc hai cia mét s6 phirc Z = a+bi.

2/ Biét cach giai phuong trinh bac hai ax”+bx+c =0, trong d6 cac hé sb a,
b, ¢ n6i chung la cac sé phire.

3/ Thanh thao cach giai phuong trinh va h¢ phuong trinh hitu ti.

Cén nhd rang viéc giai phuong trinh trén tap s phirc vé co ban gidng nhu giai
phuong trinh trén tap so thyre, chi ¢ céi khac 1a phép tinh & day la cac phép tinh
cong, trir, nhén, chia va khai cin s phirc.

Cidc dang bai tip co bin

Loai 1: Giai phuong trinh bac hai trén tap cac sb phic:

Phuong phap giai: Sir dung cong thirc nghiém nhu c¢ong thirc nghi¢m déi vai
phuong trinh bac hai trén tép cac so thuc.

Thi du 1: (Dé thi tuyén sinh Cao dang khoi A, B - 2009)

Giai phuong trinh sau trén tip s6 phirc:

42-3-T7i =7 -2i.
Z-i
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Giai

Vi didu kién Z # i, phuong trinh d3 cho tuong duong v&i phuong trinh sau:

47 -3 -7i=(Z-iXZ-2i)
S -Gi+4HZ+1+71=0(1)
Taco A=CBi+4)Y—4(1 +7i)=3 - 4i

2— 2: =2:y=-1
X Yy 3<:> X >y
2xy -4 x=-2;y=1.
i 7
Zl___3|+4;(. ])=3_+i
Viy (1) <
& Sivd—(2-1)
) =————=1+2i.
2
Vay Z,, Z, la nghiém cua hé phuong trinh da cho.
Thidu?2

Giai phuong trinh trén tap sb phic:
(1-i)* —2(1+2i)z-4=0.
' i

e

Do 1 —i# 0 nén ta co:

(1-i)Z2 -2(1+2()Z-4=0 & 22 21 *2

1-i

Z-(1+i)=0

& 22 -(1+2()(1+i)Z-2(1+i) =0 o Z* +(1-3i)Z-2(1 +i) =0.

Taco: A=(1-3iy+8(1 +i)=2i
Goi x+yi (x,y €]R) la can bac hai cua 2i ta cé

{xz—yz-_—.OQ[:X=|;y=|

xy =1 x=—lLy=-1
Zl:3|—l+l+|=2i_
Viy (1) o2
Ji-1-1-1
Zy=——=-1+
2
Thi du 3:

Giai phuong trinh sau trén tap so phirc:
(2-3i)Z2% +(4i-3)Z+1-i=0.
Giai
Taco: (2-3i)+(4i-3)+1-i=0.
Véy phuong trinh da cho cé nghiém Z,=1 va nghi¢m
c I-i 1+5i

|
et asne-s =12
=23 3D =

5 =

Giasr Z=x +yi(x,y € R) 14 cin bac hai ciia A khi d6 ta'cé hé sau dé xac
dinh x, y: ‘

(M
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Nhdn xét.
- Cac quy tic nhidm nghiém va dinh li Viet van ding trong truong hgp xét
phuong trinh béc hai trén tap sb phtc.

- Xét thi du sau: Xét phuong trinh bac hai ¢ thi dy 2

22+ (1=-3DZ-2(1 +)=0(*)
Ta co: 20+ (-1 +1)=3i-1

2i(=1 + i) ==2(1 +i).

Viy theo dinh ly Vi-t suy ra: (*) ¢6 hai nghiém Z;=2iva Z,=-1 +1i.
Ta cd cach khéc giai thi du 2.
Loai 2: Phuong trinh quy vé bic hai va hé phuong trinh:
Thi du 1: Giai phuong trinh véi Z 1a s6 phirc

2
(22 +2) +4(2* +2)-12=0.
Giai
2 c. 42 t=-6
bitt=7Z"+2,tacd: t'+4t-12=0 & (=2
Vay phuong trinh da cho tuong duong vai:

_1N23i -1 V23
2 7R

2 2

2'+2+6=0 |7,

2 -
Z°+72-2=0 Z,=1,Z,=-2.
Phuong trinh da cho c6 bdn nghiém ké trén.
2
Thi du 2 : Giai phuong trinh véi Z 13 sb phirc: 2* - 22 + ZT +Z+1=0.
Giai
Vi Z = 0 khéng phai la nghi€¢m ciia phuong trinh da cho, nén ta c6:

2
' Zz_Z+J.+_]_+_].=O @(Z——]—J —[Z—lJ+~5-'=0(l)
2 2 72 Z Z) 2

bitt= [Z——;—J, thi (1) ¢6 dang:

1+3i
t=
2
130

t2—t+%=0 S22 -2t+5=0

+ Néu t=—]—;—3',tacé: z-%: “;3' & 272 -(1+3i)Z-2=0 (2)

ViA=8+6i,cOcinbiac haila3 +iva-3—i, nén

lelizli’.}i’l:]+
2) < . .
1+31-3-1i 1 1.
Zy=——— =t —i
4 2
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-3i

+ Néu t=- ,tac62Z22—(1-31)Z2-2=0

Giai nhu tréntacd: Z;= 1 —i; Zy=——~—1i.

Vay phuong trinh dé cho ¢6 4 nghigm ké trén
Thi du 3 : Giai hé phuorng trinh hai an Z, ; Z, sau trén tap cac s phtrc :

ZI+ZZ -4+l
Z}+73=5-2i
Giii

Z,+2,) —(Z2+22) (4—-i)(5-2i
7,2, -5 %) (2+2) _(-0(-2) 5,
- . 2 2
Vay dua hé¢ da cho vé dang tuong duong:
Z+2Z,=4+i Q)
Z,Z,=5+5i. (2)
Theo dinh li Viet, Z; va Z, la cac nghiém cia phuong trinh sau (xét trén tap s
phtrc)

Ta co:

2 — (4 + Dt +5+5i = 0 (3)
Giai nhu cac thidu 1, 2 ta co:

t,=3-1
Vay h¢ da cho cé hai nghiém nhur sau:
[z, =3-i;Z, =1+2i

Z,=1+2i;Z,=3-1i.
Thidu4 ) ]
Giai h¢ phuong trinh hai an Z, W trén tap so phc:
Z+W=3(1+i)
2+ W2 =9(=1+1i).
Giai
Ta co:

2P+ W’ =(Z+W) =3ZW(Z+W) = 9(=1+i)=27(1+i) -3ZW.3(1+i)
= ZW(1+i)=3(1+i) - (-1+i)=-5+5i = ZW=5i.

Z+W=3(1+i)

ZW =5i.

Theo dinh li Viet thi Z,W la cac nghlem cta phuong trinh bac hai sau (xét trén
tap s phirc)

Vay hé da cho tuong duong véi hé sau: {

2_3(1+i)t+5i=0(3).
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€Y R= .
tz =14+2i
Viy hé phuong trinh ¢é hai nghiém:
{z:zn;w:nzi -

Z=14+2i;W=2+i.,
BAI TAP TU GIAl
Bai 1; .
Tim s6 phitc Z néu 2+ 3)Z =2~ 1.
. I3
Pdp s6: 7 =—~— +-——i.
ap so |0+10l
Bai 2

Gia sit M 1a diém trén mit phing toa do biéu dién s6 phac Z. Tim tép hop
hitng diém M théa min mot trong nhitng diéu kién sau:

V|Z=1+i=2.
VR +Z|>(Z~2).
IK|Z+1 -2,
Ddp so:

1/ Dudmg tron tam | (1; —1) ban kinh R =2
2/ Tap hopcac diem M (x,y) ma x>0 .
3/ Hinh vanh khin tam tai I{(~1; 1) va cac ban kinh 16n va nho lan lugt 14
2val.
Bai 3: ] o )
{4c dinh tap hop cic diém M biéu dién céc so phirc Z thoéa man mt trong cac
i€n sau:
1/|Z+ Z +3|=4
2122-(Z )] =4.

psé: 1/ x=—l~ VA X=——.
2

=1
2 [xy
xy=~1.
1
finh tap hop cac diém trong mat phing phirc biéu dién cac s& phirc Z
€ thirc:
2]
Z-i
NN 9Y Lo
Pudng tron tdm | 0;§ ban kinh R =

oc |



Bai §: .
Tim tat ca cac diém cua mat phang phirc biéu dién cac s6 phirc Z sao cho:

Z+ ! 1a sé thye.
o Z+i )
Dadp so: Gom hai truc toa d§ bo di diem A(0;1).

Bai 6 ‘
Cho so phirc Z ¢c6 médun bang | va ¢ la mét acgumen cua né. Hay tim mdt
acgumen cua céc sO phirc sau:

oL

27
2/ 7> -Z, néu singi #£0

3/ 7%+ Z, néu cos%;g #0.
Ddp s6:

I/ +4

2/ E+1(E,néu sin2>0;
2 2

—32—5, néu sin2 <0.
2 2 2

3/ 9, néu cos—3—n- >0;
2 2

%+7t, néu cos-32£<0.
Bai 7:

Giai phuwong trinh Z* - (cosg +isin@)Z + cos@singi =0.

" Ddp sé: Z,=cos@; Z=ising.

Bai 8: '

Gii phuong trinh (2% +3Z +6)’ +2Z(Z* +3Z +6)-32% =0.

Dadp 56: 2, =-3+3; Zy =-3-\3; Zy = -1+ 5i; Z, =—1-5i.
Bai 9:
Giai phuong trinh:

Z2°-4Z° +7Z* -16Z+12=0

Hiong ddn: Dua vé dang (Z — IXZ - 3)(Z*+4)=0.

de $0. Z| = l; Zz = 3; Z3 = 2!, Z4= -2i.
Bai 10: :
Z-W=i
iZ-W=1
DPdp s6: Z=-1,W =-1 —i.

Giai h¢ phuong trinh {
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Bai gidng s6 9
XAC SUAT

Mic du bai toan vé& xac suit chua hé c6 mat trong céc dé thi tuyén sinh vao
bai hoc, Cao dang trong cac nam tir 2002 - 2009, nhung ké tir nim 2009 cac bai
toan vé xac suit la mat trong cac chu dé c6 mat trong chuong trinh thi mon Toén
trong céc ki thi tuyén sinh vao Pai hoc va Cao ding do B& Gido duc va Dgo tao
quy dinh (nd dugc quy dinh 1a mét trong cac ndi dung ra thi & cau s6 7 clia dé thi).
Vi I& d6 c6 nhiéu kha ning cac bai toan vé xac sudt s& c6 mit trong cac dé thi mon
Toén véo céc trudng Dai hoc va Cao déng trong nhitng maa thi téi.

Bai giang ndy d& cép dén cac bai toan tim xac suit cia mot bién cb ngiu
nhién theo hai phuorng phap chinh:

- Tim xac sudt cia mot bién co nh& dinh nghia vé xéc suét.
- Tim xéc xuat ctia mot bién cb dira vao cac phép tinh co ban ciia li thuyét xéc suit

§1. TIM XAC SUAT CUA MOT BIEN CO NHO DINH
NGHIA VE XAC SUAT

bay la mét trong hai phuong phap dé tim xac suat ctia mot bién ¢b ngdu nhién.
Pé sir dung du0c phuong phap don glan ndy ta can tinh hai dai lugng sau :
1/19Q 1a sb luqng cac phan tir ciia khéng gian mau.

2/ |Qa 12 s6 lugng cac phén tir clia tip hgp cac kha ning thuan lgi cia
bién cd.

[Qa |
o -

Chu y rang viéc tinh hai dai lugng trén thye chét 1a giai hai bai toan vé cac
phép dém — bai toan quan trong cua li thuyét ciia cac bai toan t hgp (xem bai
giang 11).

Thidu I:

Cho mét h$p dung 12 vién bi, trong d6 cé 7 v1en bi mau do, 5 vién bi mau
xanh. Liy ngau nhién mét 1an 3 vién bi. Tinh x4c suit trong hai truong hop sau:

1/ Lay duoc 3 vién bi mau xanh.
2/ Léy duge it nhit 2 vién bi mau xanh.

Khi d6 xac suit cia bién ngiu nhién A la: P(A)=

Giai
Goi Q 1 tap hop tat ca cac cach lay ra 3 vién bi trong sé 12 vién bi. Ta cé:
lo|=C},=220.

1/ Goi A la bién ¢6 “ldy dugc 3 vién bi mau xanh”. Do ¢6 5 vién bi mau xanh
nén ta cé:
|Qa]=Cl=10.
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Viy theo dinh nghia cua xac sut, ta cé
Q@
|Q| 220 2’
2/GoiBla bién Cé “lay dugc it nhat 2 vién bi mau xanh”
bé lay dugc it nhat 2 vién bi mau xanh ta cé hai cach:
- Hoic l4y ra ca 3 vién bi xanh. Theo cau 1 sd cach lay ra la C?=10.
- Hodc ldy ra 2 vién bi xanh, 1 vién bi do. Theo quy tic nhan ta c6 s cach ldy
rala: C3.C} =10.7=70.
Theo quy tic cong ta c6: [Qy|=70+10=80.
Theo dinh nghia ciia xac suit ta c6:
Q
P(B)= | -B—| 80 _4,
1o 220 11

Thidu 2:
Trong 100 vé x6 s6 c6 1 vé trung 100000d, 5 vé tring 50000d, va 10 vé tring
10000d. M6t ngudi mua ngdu nhién ba vé.
1/ Tim x4c suat dé ngudi mua tring thudng 300004.
2/ Tim xéc suét d& ngudi mua tring thudng 200000d.
Giai
Goi Q la tap hop tit ca cac cach mua 3 vé trong 100 vé. Ta co:
iQ| ClOO
1/Goi A la bién cb “ngudi mua trang thuong 3000Od”
Pé trang thudng 3000Od thi ca ba vé déu tring thuéng va mdi vé tring
thuong 10000d. Do do: v

|QAl - C130
|QA| _ 2
9 CIOO 2695
2/GoiBla bién ¢ “ngudi mua tring thuéng 2000004”
bé tring thudng 2000004 thi do chi cé 1 vé trang 100000d nén ca 3 vé nguodi

mua déu tring thudng, trong d6 1 vé trang thudng 100000d va 2 vé tring mdi vé
50000d. Theo quy tac nhan ta co:

|QB|=C}.C§ =10.
IQB| __ 1
[9} c,oo 156200

Theo dinh nghia cia xac suét, thi: P(A

Tir d6: P(B) =

Thidu3
1/ Gieo dong thai hai con xac sic. Tinh xac suét dé:
a/ Téng s chiAm xuét hién trén hai con 13 9.
b/ S6 chdm xuét hién trén hai con hon kém nhau 2.
2/ Gieo ddng thoi ba con xiic sic. Tinh xdc suit dé tdng sé cham xut hién
trén ba con 1a 10.
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Giai
1/ Goi Q 1a tap hop tit ca cac kha nang xay ra. O ddy c6 hai con xiic sic, mdi
con c6 6 kha ning xuit hién, vay |Q| = 6.6=36.
a/ Goi A 1a bién cb “téng cac chAm xuit hién trén 2 con 1a 9”. Cac kha nang
thuén lgi 1a: (3;6), (4;5), (6;3), (5;4). Vay 1Qal = .
Tu dé:
p(a)=2el_ 4 _
Q] 36 9
b/ Goi B la bién cb “tdng s6 chAm xudt hién trén hai con hon kém nhau 2.
Cac kha nang thuén lgi 1a: (1;3), (2;4), (3;5), (4;6), (3;1), (4;2), (6;4). Vay
€2} = 8.
Q0| _8 _2
o] 36 9
2/ Goi Q la tap hop tit ca cac kha ndng xay ra. Lap luan nhu trong phz“ln 1/ ta
co: [Q = 6.6.6=216.
Goi C 1a bién cb “téng sb chidm xuat hién trén ba con la 10”. Cac kha nang
thuén lgi cia C chinh 1 td hop c6 tdng bang 10 sau déy:
(1;3;6), (1:4;5), (2;2:6), (2;3;5), (3;3;4) va cac hoan vi c6 thé cua cac td hop
dy. Do vay

Tir dé: P(B)=

|Q=6+6+3+6+3=24.
(Pé y rang (1;3;6), (1:4;5), (2;3;5) mdi cai co 6 hoan vi nhung (2;2;6) va
(3;3;4) moi cai chi cé ba hoan VI)

Tur d6 suy ra:
« Q
P(C)-—_—l C' :A:l'
o 216 9
Nhdn xét i .
Trong thi dy trén, dé tinh [Q4], [€28],IQ| ta dd sir dung phép liét ké cac phan tir
cua tap hop.
Thidu4:

C6 9 tAm thé danh sb tir 1 dén 10. Chon ngiu nhién ra hai tim thé. Tinh xéac
suit d& tich cia hai sd trén hai tim thé 1a mot sé chin.

Giai
Goi Q 13 tap hop tét ca céc cach chon 2 tAm thé trong sb 9 tAm thé. Ta cé:
Q| = C2=36.

Goi A l1a bién c6 “tich cua hai s6 trén hai tim thé 1a mét s6 chin”.
C6 hai cach chon thoa mén yéu ciu trén.
- Hoic 1a ca hai tim thé mang sb chin. Vi ¢ 4 s6 chin trong khoang tir 1 dén
9, nén sb cach chon & kha ndng nay la:
C2=6.
- Hoac la chon mot tam thé mang s6 chin, mot tAm thé mang sb 1&. Theo quy
tic nhan sb cach chon 1a:

1 ~1
chcl=20.
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Tir d6 theo quy tic cong ta co:

' |Qal = 6+20 = 26.
Theo dinh nghia xac suat suy ra:
|94 _26 _13

P(A
(A)= o 36 18

Thidu$

Co6 30 tam thé danh sb tir 1 dén 30. Chon ngau nhién ra 10 tAm thé. Tim x4c
sudt dé c6 5 tAm thé mang s 1&, 5 tAm thé mang sb chin trong d6 chi c6 dung 1
tAm thé mang sb chia hét cho 10.

Goi Q la tap hgp cac cach chon 10 tam thé trong 30 tam thé. Ta ¢6

|Q]=Cy .

Trong 30 tdm thé c6 15 tdm thé mang s6 chin, 15 tim thé mang sb 1&, 3 tim
thé mang sb chia hét cho 10.

Goi A la bién cb “co 5 tdm thé mang s6 1¢, 5 tim thé mang sé chn trong d6
chi c6 dang 1 tam thé chia hét cho 10”.

Dé tinh A ta lam nhu’ sau: Dau tién chon 5 tdm trong 15 tdm mang s 1€, chon
4 tim trong 12 tam _mang s6 chan nhung khdng chia hét cho 10, sau cing chon 1
trong 3 tim mang sb chia hét cho 10. Theo quy tic nhén, ta c6:

|QA! - (315(:12(:3I .
Q. _cicheh 99
V P A 1512 =7
ay: P(A)= o CY 667
Thi du 6:

Mot doan tau c6 4 toa d6 & san ga. C6 4 hanh khéach tir san ga lén tau, mdi
ngudi doc 1ap véi nhau chon ngiu nhién mét toa.
1/ Tim xéc suét d& mdi toa c6 ding 1 ngudi 1én tau.
2/ Tim xé4c sudt dé 1 toa c6 3 ngudi, mdt toa ¢ 1 ngudi va hai toa khong
¢ nguoi. '
Giai
Xét day sb (xy, X2, X3, Xs), trong d6 x; cf x; chi s6 toa ma ngudi i 1én tau.
(thi dy day 2, 1, 2, 3) chi rang ngu‘cl thir 1 1€n toa s6 2, ngudi thir hai 1€n toa
s6 1, ngudi thir ba len toa s6 2, nigudi thir tu 1én toa s6 3).
Goi Q la tap hgp tat ca cac day (xi, X2, X3, X4) (tuc 1a tap hgp tat ca cac kha
nadng 1€n tau cia 4 hanh khach).
Do mdi x; € {1,2,3,4} tirc 12 mdi x; déu c6 4 kha nidng lya chon, vay
1) = 4" = 256.
1/ Goi A 14 bién cb “mdi toa tau c6 ding 1 ngudi 1én tau”. D& y ring mét cach
khach 1én tau tuong ung mét — mot vai cach chon day (x,, X, X3, X4), trong d0 x;, X;
d6i mot khac nhau. S6 day nhur viy 14 4!, nhur véy:

Q4] = 41 =24,
Tids: p(A)=2al 24 3
lo “256 32
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2/ Goi B 1a bién cb “ c6 1 toa tau c6 3 ngudi 1én, 1 toa ¢o 1 ngudi Ién, 2 toa
khong c6 ngudi”. be tinh |Qp| ta sir dung quy tiac nhan nhu sau:
- Chon 1 toa trong 4 toa dé c6 3 khach lén, s cach chon: n, =C) =4,

- Chon 1 toa con lai trong 3 toa dé c6 1 khach 1én, s cach chon: n, = C'3 =3,
- Véi toa c6 3 khach Ién chon 3 khach trong 4 khach ngdi toa dé: S cach
chon n, =C; =4.
- Nguoi c.(‘)l) lai cho vao toa ¢6 1 khach, s6 cach chon ng=1.
Theo quy tidc nhan ta co:
!QBI = nnansng = 48.
Q.
Tir do: P(B)=@=4—8=—§~.
o] 256 16
Thidu7: N )
M4t ngudi bo ngau nhién ba la thu vao ba chi€c phong bi da ghi dia chi. Tinh
xac suat dé it nhat c6 mét 14 thu bo ding phong bi cia no.
Giai
Xét cac day sb (X1, X2, X3), trong d6 (X, X2, X3) 14 mgt hoan vi cia ba s61,2,3,
odayx;=itaclala thu,thl'x i da boé dung dia chi. _
Goi Q la tap hop tat ca cac kha nang bo 3 1a thir vao 3 phong bi. Ta cé ngay:
' Qp=31=
Goi A la bién cb “c6 it nhat mot la thu bo ding phong bi”. Cac kha ning
thuén lgi coa A 1a: (1,2,3); (1,3,2); (3,2,1); (2,1,3). ‘
4.

Viy Q=

Tir d6 P(A):IQAI 1.2,
» o] 6 3

Nhdn xét:

O day ta da sir dung phuong phép liét ké moi phén tir ciia Q4 dé tinh |Qa.

§2. TIM XAC SUAT cUA BIEN CO BANG CACH SU DUNG
CAC PHEP TINH XAC SUAT

Pé giai cac bai toan béng phuong phap str dung cac phép tinh xac suit ngoai
vi¢c dung dinh nghia cta xdc suat ching ta con phal str dung thanh thao cac quy
tac cfng xac suat nhan x4c suét va xdc sut cia bién cd déi.

Thidyl

Gieo m{t cgp hai con xiic sic 10 1an. Tim x4c suét dé it nhét c6 1 1in ¢6 hai
con déu ra mit “ngii”.

Giai

Goi A 1a bién cb “lan thi i khong xuat hién hai con xiic sic ra mjt ngii”. D&

thiy theo quy tic nhan

174



~

Viy bién co0 A; Lan thir i khong xuat hién c6 hai con ra mat “ngii” c¢6 xac
suat:

P(A))=1-P(A)=1-—=2=. :

Goi A 12 bién ¢b “C6 it nhat mot lan ¢6 hai mat ngfi thi A 12 bién cb “ca 10
lan, khdng c6 1an nao c6 hai con ra mat ngi”

Tacé: A= A A2 ..... Ao

Theo quy tic nhin xac suét (dé y ring K,...,:\; 1a cac bién cb doc lap voi

nhau) thi
- —\ (T 35
P{A)=P{A,|P{A,])..PlA (
(R)=r(F7)P(A2). P(Ew) - (2]
Viy theo cong thirc tinh xdc suat cua bién cb dbi, thi
10
- 35
P(A)=1-P(A)=1-| =
w1 (2)

Thi du 2:

MGt sot cam rét 16n duge phan loai theo cach sau: Chon ngéu nhién 20 qua
cam lam m5u dai dién. Néu mau khong c6 qua cam hong nao thi sot cam dugc xép
loai 1; néu miu c6 1 hodc 2 qua cam héng thi sot cam dugc xep logi 2, con lai duge
xép loal 3. Gia sur ti 1€ cam hong la 3%. Hay tmh X4c suat dé:

1/ Sot cam dugc xep loai 1.
2/ Sot cam dugc xép loai 2.
3/ Sot cam dugc xép loai 3.
Giai

Ti 1¢ cam hong la 3%, tirc 1a xac suat liy ra qua cam héng la 0,03; con xac
suat ly ra | qua cam tot 1a 0,97.

1/ Gia thiét sot cam rat 16n ¢6 nghia la phep ldy céc qua cam ra la cdc bién cb
doc lap.

Goi A 1a bién cb “sot cam xép loai 1. Theo quy tic nhan, ta c6:

P(A) = (0,97)%.

2/ Goi B 1a bién [ 5 “sot cam xép loai 2”

Goi B, la bién cb “trong 20 qua cam Iay ra mot qua cam hong”

Goi B, la bién cb “trong 20 qua cam l4y ra hai qua cam hong”.

Khi d6 B = B, U B,, trong d6 B,, B, la hai bién cb xung khéc. Theo quy téc
cdng xé4c suat ta co:

~ PB)=PB)+PB).(1)

Trong 20 qua cam 13y ra c6 1 qua hong, tirc 1a c6 1 1an lay ra qua cam hdong va
19 1an ldy ra qua cam tdt; 20 qua cam hong cé thé 14y ra theo C,, cach. Vay theo
quy tic nhén ta cé:

P(B,)=C}(0,03)(0,97)" . @)
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Tuong tir ta co:
P(B,)=C3(0,03)*(0,97)"°. 3)
Thay (2) (3) vao (1) ta co:
P(B)=Cl(0,03)(0,97)" +C%,(0,03)* (0,97)"®
3/ Goi C la bién cb “sot cam x&p loai 3”, thi C 1a bién c6 dbi cua bién cb

A UBViyP(C)=1-PAUB) , 4)
Do A, B la hai bién co xung khac, nén theo quy tac cdng, ta co:
P(A UB)=P(A) + P(B). (5)

Thay (5) vao (4),taco:

P(C) = 1-P(A) - P(B) : :
=1-(0,57)" - C5,(0,03)(0,97)"" +C3,(0,03)*(0,97)'®

Nhdn xét:

Trong thi du trén ta da s dung xen k& quy tic cong, quy tic nhan xac suit va
quy tic tinh x4c suét cha bién cb dbi.

Thidu3:

Mot may bay co 5 dong co, trong d6 3 dong co & canh phai va 2 dong co &
canh trai. M3i dong co & canh phai c6 xac sut bi hong 14 0,1. Con mdi dong co &
canh trai ¢ xac suit bj hong 1a 0,05, cac dong co hoat dong ddc lap. Tim xac suit
dé may bay thuc hién chuyén bay an toan trong cac trudng hop sau day:

1/ May bay chi bay dugc néu cé it nhit 3 dong co lam viéc.

2/ Méy bay chi bay dugc néu trén mdi canh ciia may bay c6 it nhit mot dong
co lam vigc.

Giai

1/ Xét truomg hop may bay thyc hlen chuyén bay an toan néu nhu c6 it nhat
hai dong co lam viéc.

Goi A la bién c6 “may bay thyc hién chuyén bay an toan”, thi bincd A la
may bay bay khdng an toan. Theo quy tic bién c6 ddi, ta co:

P(A)=1-P(A) ¢5)

May bay khong an toan néu:

- Hogc la ca 5 dong co bi hong. Theo quy tic nhan xac suét dé diéu nay xay ra
v&i x4c suat:

(0,1)°(0,05)%.

- Hoidc la Chl ¢6 mot dong co o canh phal lam viéc, con lai le doéng co bi

hong. Theo quy tic céng va nhan xéc sudt diéu nay xay ra vdi xac sut.

c3(0 05)(0,95)(0, 1y .
Theo quy tic cong xac suat ta co:
P(A)=(0,1)’(0,05)" +C3(0,1) (0,9)(0,05)2+c‘2(0,05)(0,95)(0,1)3
=0,00016. )

Thay (2) vao (1) ta co:
P(A) =1-0,00016 = 0,99984.
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2/ Xét trudng hop may bay thuc hién chuyén bay an toan néu nhu & mdi canh
it nhét c6 1 dong co hoat dong. Goi B la bién cb “may bay thuc hién chuyén bay an
toan”, thi

P(B)=1-P(B). 3)
May bay bay khéng an toan néu:
- Hoic la ca ba dong co bén phai bi hong. Diéu nay xay ra c6 xac suit 0,1y,

- Hoac la ca hai dong co bén trai bi hong Diéu nay xay ra voi xac suit
(0,05)".

Theo quy téc cong ta co: P( ) (o, l) +(0, 05) =0,0035 . (4)

Thay (4) vao (3) tacé P(B) =1 - 0,0035 = 0,9965.

Nhdn xét:

Qua thi du nay ta thay r0 vai tro cla phuong phap tinh P(A) qua P(A) (str
dung xac suit cia bién cb doi).

Thi du 4: ) ]

Mot van dong vién szin sung, ban ba vién dan. Xac suat dé trt'mg ca 1ba vién
vong 10 1a 0,0008, xac suﬁt, dé 1 vién t‘rl'mg; vong 8 1a 0,15 va xac suat dé 1 vién
trang vong dudi 8 la 0,4. Bi€t rang cac lan ban la doc lap v6i nhau. Tim xdc suat de
van djng vién dat it nhat 28 diem.

o Giai )
Goi A la bien c6 “1 vién trung vong 10” Khi d6 tir gia thiét, ta co:
0,0008 = (P(A))’ = P(A)=0,2.(1)
Goi B la bien ¢0**I vién tring vong 9” o
C la bién ¢6 “I vién trang vong 8” va D la bien ¢6 “I vién trang vong
duci 8”. Theo gia thiet ta c6: P(C) = 0,15; P(D) = 0,4. (2).
Roé rang A, B, C, D 1a 4 bien c6 d6i mdt xung khac véi nhau, nén ta cé:
I=P(AuBUCUD)=P(A)+P(B)+P(C)+P(D).3)

Tu (1), (2), (3) suy ra P(B) =1 - (0,2+0,15+0,4) = 0,25. (4).

GQI X 12 bién ¢ “van dong vién dat it nhét 28 diém”.

Pé dat it nhat 28 diém thi:

- Hodc 1a 2 vién tring vong 10; 1 vién tring vong 8. Theo quy tac cdng va
nhan xac suat, didu nay xay ra véi xac subt C? (0,2)2 (0,15).

- Hodc 1a hai vién tring vong 9; 1 vién trang vong 10. Theo quy tic cong va
~ nhén xdc suat, diéu nay xay ra véi xac suét C; (0, 25)2 (0,2).

- Hodc la hai vién tring vong 10, 1 vién trung vong 9. Ta c6 diéu nay xay ra
V@i xac suat

c2(0,2)*(o, 25).
- Hodc ca ba vién tring vong 10 V@i xac suat theo gia thiét 0,008.
Theo quy tic cong xac suit cia cac bién cb xung khic, ta co:
P(X)=C; (0,2) (0,15)+C; (0,25) (0,2)+C; (0,2) (0,25)+0,008
=0,018 +0,0357 + 0,03 + 0,008 = 0,0935. ,
Vay van dong vién ban sung dat it nhat 28 diém véi xac suat la 0,0935.
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Nhdan xét:

Pay 1a mét thi du thuln tay sir dung quy tic cong va nhan xac suét.
Thi du 5:

X YRR R .
Trong 1 16p hoc c6 6 bong dén, moi bong cé xac suat bi chay la 7 L&p hoc da

anh sang néu co it nhat 4 bong dén sang. Tim xac suat dé 1op hoc cd di anh sang.
Gidi ’
. , < oy ’ . \ ey el .
Goi A, B, C tuong ung 1a cac bien co “lop cé 6 bong dén sang”, “I&p ¢6 5
bong den sang” va “lop co 4 bong dén sang”.

M3i bong c6 xdc suit sang 1a % . Theo quy tic cong va nhan xac sudt, ta co:
6 ‘ 5
3 5(3 1
P(A)=| =] ;P(B)=C;|=| | —
(%) (4) (®) 6(4J (J
4, .\2
3 1
P(C)=C¢| = ||~ -
© 6(4) (4)

Goi X la bién ¢ “16p hoc du anh sang”. Ta cé: .
P(X)=P(A)+P(B)+P(C)=0,8305.

Thi du 6:

Mot bai thi tric nghiém gdm 12 céu hoi, mdi cau hoi c6 5 phuong an tra 1di,
nhung chi ¢6 1 phuong 4n ding. Méi cau tra 1oi ding duoc 4 diém va mdi cau tra
101 sai bi trir di 1 diém. Mt hoc sinh kém lam bai bfmg cach chon hi hga mét cau
tra 10i. Tim xdc suat dé:

1/ Hoc sinh d6 duge 13 diém
2/ Hoc sinh d6 bj diém am.
1/Goi x 1a s6 cau tra 10 dung, 12—x 14 s6 cdu tra 15 sai.
Pé duge 13 diém ta can co:
4x — (12—x)=13
o x=5.
Bai toan tro thanh: Tim xac sudt dé hoc sinh d6 c6 5 céu tra 10i dung.

Xac suat dé co cdu tra 1oi dang la %(vé sai la 3 ). Theo quy tac cng va nhan
xéc sudt dé hoc sinh do6 duge 13 diém la:
1Y (4Y
P=Cj, (—) (—) ~0,0532.
5)\5
2/ Anh ta bj diém am khi
4 —(12-x)<0 & x< % <>x=0,1, 2 (do x nguyén).
Goi A 1a bién cb “tra 15 sai toan bd”, B 12 bién cb “tra 1i ding 1 ciu”, C 1a

bién cb “tra 10i diing 2 ciu”. Lap ludn nhu phin 1/ ta c6:
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4 12 I 4 11
P(A):(gJ zO,O687;P(B)=C}2(§J(§J ~0,2064;
1 2 4 10
P(C):sz[-s-] (5) ~0,2835.

Goi X Ia bién cd “bj diém am”, thi X = A v BuUC trongdérorang A, B, C
a cac bién cb d6i mot xung khic. Theo quy tic cong xac suit, ta co:
P(X)=P(A)+ P(B)+ P(C)=0,5583. ,
Thidu 7:
Mot ngudi say rugu bude 8 bude. Mdi buéc anh ta tién lén phia trudc Im
hoic 1ui lai phia sau Im véi xac suat nhur nhau. Tim xac suét dé
I/ Anh ta trg lai diém xudt phat.
2/ Anh ta cach diém xuat phat hon 4m.
Giai
1/ Anh ta quay lai diém xuit phat néu nhur trong 8 bude ¢6 4 bude tién, 4 buéc
[bi. Theo quy tic cong va nhan x4c suit, xac suat xay ra trong truong hop nay 1a:

4 4 8
p-ci(1](1) el -2
2 2 2 256

2/ Goi x 1a sé bude tién 1én va 8—x s& 1a s6 budc 1ui. Khoang cach giira anh
say rugu va diém xudt phat la: ,
x-(8-x)|=[2x-8§ -
Tir d6 theo gia thiét ta cé: _
x>6

2x-8|>4 < [
X<2
o x=0;17; 8(doxnguyen)

Vi thé ap dung cdc quy tic cong va nhan xéc sudt, thi xac suat trong truong

hgp nay la:
8 7 7 8
O IOE AR
2 2)\2 2)\2 2 128
Nhdn xét:
Qua 7 thi du trén cac ban da thay rd tinh hi¢u qua cua phuong phap sir dung
“cac dinh 1i v& phép tinh x4c sudt” dé tim xac suat ciia mot blen coO.
Thi du 8: (Thi du sir dung cong thirc “Cong suy rong”
P(A UB)=P(A)*P(B) -P(AB).
Chon ngau nhién mot vé xb sb ¢4 5 chir sb. Tim xac suit dé sb coa vé ay
khong c6 chir sb 1 hodc khong c6 chir s6 5.
Goi A 14 bién ¢ “vé khong c6 chix s6 17. Ta c6 ngay theo dinh nghia cia xac
sufit va quy tic nhan xéc sut.
93
P(A) (10] .

Goi B la bién cb “vé khong cé chir s6 57, thi ta ciing c6:
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3
- ()

Khi d6 bién c6 tich AB la “vé khong c6 chir s6 1 va chir s6 5” ta dé dang tinh dugc:
S
8
P(AB)=| — | .
(AB) (1 0)

Déy y ring & diy A va B khong phai la hai bién cb
xung khic, nén theo quy tic “cong mé rong” ta co:

9y (8
P(A UB) = P(A)*P(B) -P(A N B)=2 (10) _(E) .

Chay: Néu A, B la hai blen o tiy y, ta co:
‘ P(A UB)=P(A)+ P(B) - P(A N B)
Diéu nay c6 minh hoa hinh hoc nhu biéu d6 Ven & bén

§3. DAI LUONG NGAU NHIEN ROI RAC

Gia stir X 1a bién ng'flu nhién roi rac voi tap gia tri 1a x5, X3, X3,...., X, trong do
pi 1a xac suat dé X nhan cac gia tri x;.
- Ki vong cua X duge ki hiéu 1a E(X) va xac dinh nhu sau:

n
E(X)=) pix; .
i=l
- Phuong sai cila X ky hiéu 1a V(X) duoc xac dinh bang cong thirc:
n 2
V(X)=> (x; -E(X))".P;

i=l
- D6 léch chuén cua X duge ky hiéu la O'(X) xac dinh bai c6ng thirc:

a(X) =V (X)

Dé giai cac bai toan trong muc nay, c6 hai budc nhu sau:

Bude 1 : Lap bang phan phbi xac suit cia dai luong ngau nhién X.

Buwéc 2 : Ty theo diu bai doi hoi ma ta tinh cac dai luong E(X), V(X) hodc
o(X) theo yéu cau.

Xét cac thi duy sau:

Thidy I:

Gieo ddng thdi hai con xic sac can ddi, cung chit. Goi X la tong sé cham

xudt hién trén hai mit cta con x(c sic. Lap bang tinh quy luat phan b xac suét cia
X va tinh E(X)
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Giai
Pai lugng ngiu nhién X nhén gié tri trong tap {2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12}.
Ta cantinh P(X =i)=p;, i=2,12. :
Pay chinh la cac bai toan tim xac suét dua vao dinh nghia ciia xac suét (xem
§1). Tir d6 ta c6 bang quy luat phan b xac suét cua dai lugng ngiu nhién X sau
day :
10 11 12

(Ban doc tu tinh toan theo phép giai da trinh bay ki trong muc §1).
Vithé

E(X) =ipixi =7

Thi du 2
C6 hai van dong vién bin cung A va B tdp bin. M3i ngudi ban hai 1in. Xac
suét bén trang hong tam (10 didm) cia A trong m&i 1an bén 12 0,4, con cia B 12 0,5.
Goi X 12 s6 14n bin trang hdng tam caa A trir di s 14n bén tring hong tim ciia B.
4 1/ Tim phan bd x4c suét ciia X, rdi tinh E(X).
2/ Tim phan bd xéc suit coa |X] rdi tinh E(X]).
1/ R rang X nhan céac gié tri trong tﬁp {-2;-1;0; 1; 2}
PX=-2)=p(A bin trugt 2 1an, B ban trang hong tdm 2 14n).
=0,6.0,6.0,5.0,5 =0,09
Tuong tw cac ban ¢6 thé tinh P(X = —1), P(X = 0), P(X = 1), P(X = 2) bing
phép sir dung phép tinh xac sudt da trinh bay trong muc §2 va ta di dén bang phén
bé xéc suét ciia dai luong ngiu nhién X nhur sau:

X |-2 ~1 0 | 2
pi 1009 030 037 02 0,04
Tir d6 E(X) =-2(0,09) -0,30+0,2+2.0,04

=-0,2.

2/ Pai lugng ngiu nhién [X| nhan gia trj trong tap {0; 1; 2}

Theo phin 1/ ta ¢o:
P(]X|=0)=P(X=0)=0,37
P(X|=1)=PX=-1)+P(X=1)=0,30+0,2=0,5
P(X|=2)= P(X =-2)+P(X= 2) 0,09 + 0,04 = 0,13

Vi thé c6 bang phan b6 xéc sudt cho dai Iuong ngiu nhién |X| sau day:

|x; |0 1 2
pi {037 05 0,13
Tt‘r d6: E(IXp =0,5 +2.0,13 = 0,76.
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Thi du 3:

Trong mot chiéc hdom co 5 bong dén, trong d6 c6 2 béng t6t, 3 bong hong. Ta
chon ngiu nhién timg bong dén dé thir (thr xong khong tra lai) cho dén khi thu -
dugc 2 bong tt. Goi X 1a sb lan thir can thiét.

1/ Tim phéan bd xéc suat cua dai lugng ngau nhién X.
2/ Trung binh can may lan thi.
Giai

1/ R& rang dai lugng ngiu nhién X nhén gia tri trong tap {2; 3; 4}

Dé tim cac gia tri p;= p(X = i) (i = 2, 3, 4) ta phai giai cic bai toan tim xdc
suét sau: : : '
+Timp,=P(X=2)

Mudn thir hai lan chon dugc hai bong tdt, thi 1an dau phai chon duoc bong tét.

7 A A ; - A \ \ 2 A , . . LY ’ ‘ .
Xéc sudt dé co dugce diéu nay la g; lan thi hai con lai 1a 4 bong, trong d6 ¢ 1

L, a4 L 22 13 L . £oqs | L
bong tot, vay xac suat dé lan thar hai ciing chon dugc bong tot 1a 7 Theo quy tac

nhén ta co:

=50
+ Tim p; = P(X = 3):

Mubdn vay phai xét hai kha ning:

- Hoac 14 14n dau lay bong héng, hai lan tiép theo bong tét.

- Hoic 14 14n diu ldy bong tét, lan 2 bong hong, 1an 3 bong tot.

Két hop ca viée sir dung dinh nghia dé tinh xac suét, ciing nhur cac quy tac

cong va nhan xac suit ta co:

321 231 1
p=———t—.——=—.
54 3 543 5
Vipytpstps=l = ps=P(X=4)=1~-p,—p3
1 _L_l s
) ) 10 5 10
Vay ta c6 bang phan bd xac suat sau day:
| 2 3 4
el 7
10 5 10
Teds: EX)=2. L+3. 1 +a. 7 =3¢
o105 10 ) .
Trung binh can thir 3,6 lan (v& y nghia thuc té tic 1a giita 3 va 4 lan)
Nhdn xét:

1
A

1/ Nhu vay trong céc bai toan ve “dai luqng ngiu nhién rm rac” thyc chit 1a ta
phai giai hang loat cac bai todn vé “tim xac suat clia mot bién c6”,
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2/ Dé tinh p, trong thi du trén (p, trong cac thi du dai lugng ngiu nhién rdi rac
nhan n gia trj x,, X,,...,Xs VOI C4C Xac suat tuong Ung pi, p2,...Pn), ta chi can tinh p,,
p; roi dung cong thic ps=1 — p2— ps.

n-1

(pn: 1- Z Pi ).

3/ Néu khong ding cha y trén ban cé thé tinh p, nhur sau:

ps= P(X = 4) mudn vay phai xét 5 kha nang.sau:

- Hai 1dn diu bong hong, hai lan sau bong tot.

- Hai lz‘"u] dau bong hong, lan thir ba bong tt, l‘z“ln thir tr bong hong.

- Lan dau bong tot, lan thir hai b(’)ng hong, lan thir ba bong hong, lan thir tur
bong tét.

- Lan dau bong hong, 1an hai bong tét, 1an ba bong hong, 1an bén bong tot.

- Lan diu béng héng, lan thir hai bong tdt, lan thir ba bong hong, 1an thir tu

bong hong.
Khi d6 ta cé:
_3231.,3221.,2321.3221 . 3221 _7
Y587472°2 574372 5432 5432 5432 710

Di nhién cach tinh nay r5 rang khéng can thiét !

4/ Cha y: ta chi cin thir t6i da dén lan tha tr thi xac dinh ngay dugc tinh trang
cua bong thir 5, vi thé néu 4 lan thir trude mai tim duge 1 bong tbt, thi bong con lai
chic chin la bong tot.

Di nhién néu yéu chu khét khe, _bong goi 1a bong sang néu mét ta phai nhin
thdy né “sang that”, thi phai thir &én lan thir nam!!!

BAI TAP TU GIAI

Bai 1:
Mot hop dung 12 vién bi, trong d6 ¢6 7 vién bi mau do, 5 vién bi mau xanh.
LAy ngiu nhién moi 1an 3 vién bi. Tim xéac suit trong hai trudng hep sau:
1/ Lay dugc 3 vién bi mau do.
2/ Ly dugc it nhét hai vién bi do.
Ddp s6: 1/ L Y
44 11
Bai 2:
Cho tam qua can kg, 2kg,... 7kg, 8kg. Chon ngiu nhién ba qua can. Tim xac
sudt dé tdng cong 3 qua can khdng qua 9kg.

.oz ]
Ddp s0: g
Bai 3:
Cho taphop E = {0, 1, 2,..., 8, 9}. L4y ngiu nhién ra hai phén tir cia E. Tim
xac sudt dé hai sd 14y ra déu chén va tdng ciia chiing nhé hon 7.

4
Pdp s6;: — .
it 45
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Bai 4: .
Mot khach san ¢6 6 phong don. C6 10 khach dén thué phong, trong d6 c6 6
nam va 4 nir. Ngudi quan li khach san chon ngau nhién 6 ngudi. Tim xac suét dé:
1/ C6 4 khach nam va 2 khach n.
2/ Cé it nht hai khach ni.
Pdp so: 1/ 3 237
7 42
Bai 5:
Mot doan tau c6 3 toa dd & san ga. C6 5 hanh khach Ién tau. M3di hanh khach
doc lap voi nhau chon ngau nhién mot toa tau. Tim xac suit dé mon toa co it nhit |
hanh khach 1én tau.

. 50
DPap so: — .
Y

Bai 6:
Mot ngudi bo ngdu nhién bdn 14 thu vao bén chiéc phong bi thu da dé sin dia
chi. Tim xac suat dé it nhat c6 mot 1a thu bo dang dia chi.

)
Dap so: —.
P30 %
Huong ddn chung: Cac bai tir 1-6 dung dinh nghla ciia xac suit dé giai.
Bai 7:

Gieo dong thdi 3 con xiic sic. Ban 1a ngudi thing cudc voi xudt hién it nhit
“2 médt c6 quan luc”. Tim x4c suat dé trong 5 van choi, ban thang it nhat 3 van.

Ddp 0 52(7)32 .
Bai 8:

Mot may bay c6 ba bo phan A, B, C con tam quan trong khac nhau. Gia sir
cac by phan A, B, C tuong tmg 15%, 30%, 55% dién tich may bay.
May bay bi roi néu hodc c6 1 vién dan trang vao A, hodc hai vién tring B,
hodc ba vién tring C. Tim xac suit dé bay bi roi néu:
1/ May bay bi trung 2 vién dan.
2/ May bay bj triing 3 vién dan.
Padp sé:  1/0,3675 2/0,72775.
Bai 9:
Hai ciu thii bong da sut phat dén, m&i ngudi da 1 1an véi xac suit [am ban
twong mg 12 0,8 va 0,7. Tim xac sult dé it nhét | ciu tha 1am ban.
Ddp s6: 0,94.
Bai 10:
Trong mét thanh pho ty 16 nguoi thich xem bong da la 65%. Chon ngiu nhién
12 ngudi. Tim xac suit dé trong d6 c6 diing 5 ngudi thich xem bong da.
Dadp s6: 0,0591.
Bai 11:
Chon ngau nhién 1 vé x5 s ¢6 5 chir s6. Tim xac sut dé s ciia vé c6 chir sb
5 va c6 chir sb chin.
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5 5 5
Padp s6: 1—( 2 j —(—]—j +(3) .
10 2 5

Hudéng ddin chung: Trong cac bai 7-11 sir dung phuong phép diing céc dinh
nghia vé phép tinh xac sut dé giai.

Bai 12:

Mot nhém c6 10 nguoi gom 6 nam va 4 nir. Chon ngéu nhlen 3 ngudi. Goi X
la sb nir trong nhom.

1/ Lap bang phan phbi cho dai lugng ngiu nhién 1a X.

2/ Tim E(X).
Ddp 6
1/ | X o I 3
| ‘1 3 1
6 2 10 30
2/ E(X)=1,2.
Bai 13:

Trong mot chiéc hom c6 10 tam the, trong d6 4 thé ghi s6 1; 3 thé ghi s6 2; 2
thé ghi s6 3 va 1 thé ghi so 4.

Chon ngéu nhién 2 tam thé va goi X la tong cac s6 thu dugce trén hai tam thé.

Tim phén bd xéc suét cia dai lugng ngau nhién X.

Dap so:
X |2 3 4 5 6 7
pi ’6 12 1 10 4 2
45 45 45 45 45 45

Bai 14:

M4t 16 hang gbm 7 san pham trong do ¢6 3 phé pham Chon ngiu nhién ra 4
san pham da ké ra. Goi X la s6 chinh pham trong 4 san pham ldy ra. Tim phan b
x4c suat cua’ dai lugng ngau nhién X.

Dap so:
X |1 2 3 4
pi ‘4 18 12 1
35 35 35 35

Bai 15:

Mot ngudi ¢6 mét chum 7 chia khoa gidng hét nhau, trong d6 chi ¢6 2 chia la
m¢ dugce cira. Nguoi do thi ngiu nhién wng chiéc (thir xong bo ra ngoai) cho dén
khi tim duqc chiéc ma& dugc ctra. Goi X 1a sé lan thir. Tim phén bd xac suat caa dal
lugng ngiu nhién X.

Dapso
X |1 2 3 4 5
P2 0 8 6 6
42 42 42 42 42
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Bai giang s6 10
NHI THUC NEWTON

Céc bai toan t& hgp ndi chung va nhj thirc Newton néi riéng 13 mot trong cac
cAu thanh cia cac dé thi mén Toan trong cac ki thi tuyén sinh vao Pai hoc, Cao
ding nhitng nam gan day tir 2002-2009.

Bai giang nay danh dé trinh bay cac phuong phép giai cac bai toan lién quan
dén nhi thicc Newton. C6 hai loai bai toan chinh dugc xét dén & day:

- Céc bai toan lién quan dén hé sé trong khai trién nhj thicc Newton.

- Cac bai toan tinh tong c6 sir dung dén nhj thirc Newton.

§1. CAC BAI TOAN VE HE SO TRONG KHAI TRIEN
NH] THUC NEWTON

Nhu da biét nhj thirc Newton ¢ dang:
n
(a+b)" => Ccka"b* . (1)
k=0
Trong d6 vé phai cta (1) la tong n+1 sé hang. S CEa"®b*1a sb hang thur
k+1 cua tong 4y, (k = 0,1,2,...,n). Cac bai toan thudc chi dé nay 1a mét dang toan
hay gap trong céac ki thi tuyen sinh vao céac truong Dai hoc, Cao dang trong nhitng

nam gan day. No thuong c6 dang sau: “Tim dleu kién dé hé sb cua khai trién (1)
théa man mot diéu kién nao day

Phuong phép giai cac bai toan nay thuong duoc tién hanh nhu sau:

- Viét khai trién Newton (1) v&i a, b duoc chon tir dau bai. Trong mot sb
trudng hop c6 thé phai xac dinh sb n trude (thuong n 1a nghiém cia mot phuong
trinh ¢6 lién quan dén s t6 hop).

- Tir (1) st dung s hang thir k+1: Ck "bpX cua khai trién va yéu cau dé bai
dé thiét 1ap nén mot phuong trinh (ma an cua no thudng la k).

- Tir nghiém tim dugc s& cho ta két qua can tim.

Trong qua trinh giai toan ta thudng diing cac két qua dic biét sau:

n N

1+x)" =Y Ccrxk =0+l x+C2x% +...+ C™x".

n n n n n
k=0 R

n
=S (=D CRRR =0 —C x +C2x2 L+ (=1)" X"
n n n n n

Dic biéthon, tacé: Co+Cl +C2+..+CN=2";
Ch~Cp+CE~...+(-1)"Ch =0.
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Cdc dgng todn co ban:
Loai 1: Tim h¢ s6 cla x* trong mot khai trién nhi thirc Newton:
Thidul: (De tlu tuyen sinh Dgi hoc khoi B - 2007)
Tim hé sb cta x'° trong khai trién nhj thirc (2+x)" biét rang:
3c0 -3l +372¢2 _373C) 4L+ (<1)" €} =2048.
Giai . .
Ap dung cong thirc khai trién nhi thirc Newton:

n ) K
S )
k=0

=3"Cy -3""C, +3"2C) 33 4+ (-D)"Ch.
Vi thé, tir gia thiét ta cé: 2"'=2048 =2"' = n=11.
Lai ap dung cdng thirc khai trién nhi thic Newton ta co:

11
2+x)"' =3 2 )
k=0

Tir (1) suy ra hé s6 cua x' ung voik=1,vadolash: C 2t=22.

Nhdn xét: .

Thi dy trén 1a mot minh hoa day di cho phuong phap giai ma ching ta da
trinh by trong phan ma dau

Thi du 2: (De thi tuyén smh Dai hoc klwl A—2006)
Tim hé so cua s6 hang x? trong khai trién nhi thire Newton cia

1 n
(——4—+X7) .
X
1

220 _

Biétring Cb . +Clpsi ++Chiy =
Giai

Trude hét xac dinh n tir gia thi€t da cho nhu sau:

Theo tinh chat cua s to hgp, ta co:

1
Chnnt =Conn
2 2n—1
C2n+1 = C2n+|
n+l
C2n+1 C2n+|
ez .| 2 2 2n-1 1
Tir d6 ta c6: Chpyy +Conyt + -+ Conyg =Cony +Copiy ++ Coniy (1)
Tur (1) ta ¢o: |
C C C2 CI'I CZI] + C2n—1 + + Cn+l C2n+l
2ns1 F1Cone1 ¥ Congt oo+ L0 G0 T Conn o Lo T L2010
+..+Co) )
Vi vé trai cia (2) bang 2, nén tir (2) va gia thiét ta co:
220+l =2+2(22° —1)=22‘ & n=10.

=2+2(Cs,,

+C:

2n+l
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Theo cdng thire khai trién nhj thirc Newton ta c6:
10 10 ) 10
.7 AL k (-4\K( 7)I0K k (70-11k
[;—:‘-+x ) =(X + X ) =I§)C|0(x ) ( ) ZC
Taco 70 - 11k =26 =k = 4. Vay s6 hang chira x* Ung voi k = 4. Tir d6 suy
ra hé s6 cta x*° la C|0—210 :

Nhdn xét: Mot 1an nita ta thdy cac budc giai cia cac loai toan trong muc nay
tuan theo phuong phap da trinh bay trong phan mé& dau.
Thi du 3 (Dé thi tuyen sinh Dgi hoc khéi D - 2004)

vai x>0,

)

Tim cac s6 hang khong chira x trong khai trién (%/; +

Xét phuong trinh 7k =21 =0 & k =3.
Vay s6 hang khong chira x 1a sé hang ang véi k = 3. D6 1a sb Gl =35.
Chu y: Dé thi tuyén sinh Cao dang khéi A, B - 2008 ¢6 dang tuong ty: Tim sb

7
: 1
hang khong chira x trong khai trién [2)( + ——j .
¢ ¥
Dap sb: 6528.

Thidu4: (De thi Dai hoc khoi A — 2003) i
Tim hé s cia so hang chaa x® trong khai trién nhi thdc Newton

(F + \/xs ) y biét r?lng: CR:L - n+3 - 7(" + 3)

Trudce hét ta tim n tir hé thirc:

' (n+3)!

(n+ I)!2!
< (n+2)(n+3)=14(n+3) < (n+2)=14 & n=12 (do n+3>0)

Theo cong thirc khai trién nhj thirc Newton ta cé:

(e s Bt ] g

Tur phuong trinh &2—1—& =8=k=4.

Chis~Chis=7(n+3) & CML+Ch 5 -Ch 5 =7(n+3) & =7(n+3)
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Vay s6 hang chira x® trong khai trién tuong (mg véi k = 4, do d6 hé s6 cia nd
la C, =495.
Nhan xét: Vai cac thidu 1, 2, 3, 4 viéc tinh hé s6 clia cac sb hang chira x* duoc
tinh truc tlep
Trong cdc thi dy sau ddy, viéc tinh hé sb ctia s hang x* khéng tinh dugc tryc
tiép ma né phai qua budc trung gian. Ta hdy xét cac thidu do: -
Thidu 5: (Dé thi tuyén sinh Pai hoc khoi D - 2007)
Tim hé s cta X’ trong khai trién ciia biéu thirc: P = x(1- 2x)5 +x (1+ 3x)IO
] Giii
Theo cong thuc khai trién nhi thirc Newton, ta co:
5 , 0 , /
P=xY ci(2x)* +x23 ch (3x)° . (D)
=0 k=0
Tir (1) suy ra sé hang chita x* cua P la:
xCH(-2x)" +x2Cly (3x)"= x*(16C5 +27C}, ).
Vay hé sé ciia x’ trong khai trién la 16.5+27.120 = 3320.

Thi du 6 (Dé thi tuyén sinh Pai hoc khoi A — 2004)
Tim hé so caa x* trong khai trién thanh da thiic cua biéu thuc:

' 8
P=[1+x(1-x)] .
) Giﬁi
Theo cong thuc khai trién Newton ta ¢

P=§)C§[x2(l—x ] ch 2 (

+Véik=35,6,7, 8 thi x2k(l ~x)* chira luy thira bac thp nhat 1a 2k > 10, vay
moi s& hang clia né khong cé sb hang nao chia Idy thira 8 cia x.

+ Vi k=0, 1,2 thi xz“(l—x) chua iy thira bac cao nhét 1a 3k < 6, vy moi
s6 hang ciia n6 khéng c6 s hang nao chia Idy thira 8 cua x.

Vay chi xét khi k=3, k=4.

- Vi k=3, xétsb hang Cix® (1=} =C3x* (1-3x +3x7 =X’
S6 hang chira x* & day la 3C.)x°.
- V&i k = 4 xét s6 hang: C]x* (l -~ x‘) . $6 hang chia x* 1a: CJx*,
Vay h¢ sé chira Ity thira x* trong khai trién ctia P la: 3C;C; =238.
Thidu?7:
~ Choda thuc P(x) = (I +x)+2(1 + XY+ 31 +x)°+ ... +20(1 + x)*°. Tim hé
s& cua s hang x'° trong khai trién thanh da thic caa P(x).
) Giii
Viét lai:

P(x):[(l +x)+2(1+x) o 14(1+ x)M}
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20
+]5[ZC,5x ]+16[2cl6x J+...+20(2c50x"]. (N

k=0
Tir d6 suy ra hé sb ctia s6 hang chira x'* 13
a;5 =15C}3 +16C}3 +17C}3 +18Cl3 +19C}3 +20CL3 = 400995.
Loai 2: Tim he s6 16n nhat trong mot khai trién nhij thirc Newton:
Bai toan nay c6 dang sau: Trong mot khai trién thanh da thirc.
P(x)=ap+ax +a;x’+...+ ax"

(& day sir dung cong thirc khai trién nhi thirc Newton). Hay tim hé s& 16n nhat
trong céac hé ) ap, 4y, ..., 4,

Phuong phép giai loai toan nay nhu sau:

- Xét bat phuong trinh a; < a,.; va.nghiém cua n6 thuong co dang k <k
dok nguyénnénk=0, 1, 2,... k1.

- Tir d6 suy ra bat phuong trinh a, > ay.; ¢6 nghiém dang k > k.

Dén day ta co hai kha nang:

"+ Néu a = a < k=ko.
Khi do ta co: ap<aj<a,<...<a, =a, ,>a, ,>..>a, | >a,

Liac nay c6 hai h¢ s6 nhén gia tri [én nhatla a, va a, _,
o o
+ Neéu ay = a,«| v0 nghiém

Khi do ta cé: ap<aj<a;<...a, _, <a, <a, ,>...>a,
Lic nay ¢6 duy nhat hé¢ s6 a, nhén gia tri I6n nhat.

Thi du 1 (Dé thi tuyén sinh Dgi hoc khéi A — 2008)
Gia sir P(x) = (I +2X)"=a,+ a;x + a,x’+...+ a,x" thda man hé thirc:

n
a, a a
ag+ -+ 24+ —=27
2 2
Tim h¢ s0 I6n nhat trong cac hé s6 {ay, aj, a,,..., a,}
Giai

Theo cong thirc khai trién Newton ta c6:
P(x)=(1+2x)" Zc,,z'“ K = 20 x+22C2x 2 442" X

T dédoP(x)=(1+ 2x)" =a,+taXx+ax +...+ax", tacod:

,=C!
a, =2C, =4 =C,
2
a,=2C2 =2 -2
2
a, =2"C' =20 _Cr
2n

LA a a, a . 5
Vithéray + =L+ 2 +..+2=C’+C +C} +..+C =2".
2 2‘— 21\ n n n n
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Do d6 tir gia thiét suy ra: 2" = 2‘2 : n=12.

Xét khai trién: (1+2x)' Z Ccf25xk.
Tir d6 ak:C|22k k=0, 1,...,12)
Xét bét phuorng trinh: ay < A
12! 12! I 2

2— 2
(12—k)!k!< (11—k)!(k+1)!9 2-Kk  k+l

o kt+1<24 -2k & k<23—3 & k=0, 1, 2,...,7 (do k nguyén).

Tir d6 suy ra: a, > a, < k>%§<::§ k=8,9,10,11.

23
Phuong trinh ay=ay,) <& k= FE

< vo nghiém do k nguyén.

Nhuthé tachd: ap<a; <ay<...<a;<ag>ag>2ap>a;>a,

Vay max {ao, a;;...; a2}= ag=2° C, =126720.

Thidu2

Xet khai trién (3x+2) =aytax+ aﬂ 2¢...+ apx’. Tim hé s6 16n nhét trong cac
hé sb {ao; a;; ....a9}.

Giai
Tacé: (3x+2) ch(3x )20k 23 2% RChxk.
k=0 - k=0
Viy a, =3'2°*C} (k=0,1,2,...,9).
Xét bit phuong trinh: a,<ay.)
! !
o 34275 Ch <32 & 2 ! <3 o
k1I(9-k)! " (k+1)1(8—k)!

2 <——3—— sSk<Se k=0,1,2, 3,4 (do k nguyén).
9-k k+1
Viy a,>a. @ k>5k=6,7,8.
Mait khac a, = ay.) < k=5.
Vithétacod: ag<a, <a,<a;<ag<as=a,>a;>ag> ao.
Tir d6: as = a5 = max{ay; a,;...;ag}?2C§ =252.
Thidu3
Xét khai trién (x+2)"=ay +a,x+a7‘< +...+a,x". Timn dé max{ag;a;;...a,}=ao.
Giai
Tu gla thiét ap<a;<...<ag<a|;p>a;;>a;”...>a,.

{a,0>a9 ()

a, >a, (2)

<

Vay ta co6 hé:
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Theo khai trién nhj thirc Newton, thi

n
(x+2)" =) cixk2n .
k=0
Vay a, =Cp2"* v6ik=0,1,2,....n
C:]Ozn—lO >C2 2!1'—9

C:]O 2!1—-10 > C:]] 2“-1 1

Tir dé (1), (2) <:>{

n! S 2n! 1 o)
- (n=10)110! " (n-9)t9! - 0 -9
2n! - on! 2 1
(n—10)110f  (n—10)t1  ln_10 11

29 <n <32

<> n =30 hodc n=31.

Loai 3: Cac bai toan tim hé sb va cac sb hang trong khai trién nhj thic
Newton thoa min cac diéu kién cho truée:

Thi du 1 (Dé thi tuyén sinh Dai hoc khdi D - 2003)

Véin lasd nguyén duong, goi as,; 1a hé sb ciia x*3 trong khai trién thanh da
thirc ciia (x>+2)"+ (x+2)". Tim n d& ¢6 a3,.,=26n. '

Vin nguyén duong nénn>1 => 3n-3> 0.

Theo cong thirc khai trién nhj thirc Newton ta c6:

(1+x2) =Co+Chx+ C2x' + v Clx®, (1)

(2+x)? =2"Cl 42 Clx + 2" 2C2x2 4+ CIX" L (2)
I/Néun=1 = 3n-3=0. -
Trong trudng hop nay, ta co: (xz + l)n (x+2)" = (x2 + 1)(x +2)
Tir d6 suy ra ap = 2. Mt khac 26n =26 = a;,.3 #26n.
Loai kha nang nay.
2/ Néu n =2 (Iap luan tvong tw nhu truong hop | cling loai kha niang nay).
3/Néun >3, tir (1) (2) suy ra:

n! 2
_ 4+ 2n°“
(n-3)31" "

“

ana =Ch(2°C7 )y (20)) =2

Theo bai ra ta c6 phuong trinh:

4n(n-1)(n-2)
‘ 3
Vay n = 5 l1a gia tri duy nhit can tim cia n.
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Thi du 2:
c 2 9
Tim cac so hang nguyén trong khai trién (\/3_ + %/E) .
i Giai
Theo cdng thirc khai trién nhj thirc Newton, ta co:,

| k 9-
(ﬁ+%ﬁ) [32+23] ch 3223 (1)
Séhang .
K 9k ki2 ' '
C5322 3 languyén < 4(9-k)i3 & k=0vak=6.
0<k<9

Viy trong khai trién trén c6 hai s hang nguyén do la:
Cy3°2" =8 va CJ3'2' =4536.

Thidy 2: .

Trong khai trién nhj thirc Newton:

21
2, b
Vb Va)
tim hé sb cta sé hang ¢6 s6 mii clia a va b 1a bang nhau.

Giai
Theo cbng thirc khai trién nhj thirc Newton, ta c6: -

G i o]

21 [ PR 0 k2 K 21k
Z [ 3b J (bza 6} =Y Chal ¢ b 62 . (1)
k=0 k=0

Tir (1) suy ra xét hé phuong trinh sau:

k k=2l k210K ko
3 6 6 2
53
Vay hé s6 can tim 1a: C)7 =293930 (d6 la hé s6 clia s6 hang chira a2b2?)
Thidy3 ) i ]
Tim s6 nguyén duong bé nhat n sao cho trong khai trién (1 + x)" c6 hai hé s

“n <X £ on A 1N 7
lién tiép co ti s0 1a 3
Giii

Ta c6: (] +X) Z C"xk = hé s ciia hai s6 hang lién tiép la: C" C"+1
k=0
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Ta cé:

k

Ck"+|=l© Kt _ 7 o gn=22k+15 & n=3k+2+ L

C* 15 n-k 15 7
k+1

DonkeZ = ——=t=k=Tt-1=n= 22t -1 (1)

Dok>0nén7t-1>0 = t> %(2)

Tir (1) va (2) do t nguyén nén n nhén gia tri bé nhét bang 21 khit=1. Vay
n =21 la gié tri bé nhit ctia n thoa min yéu cau dau bai.

§2. CAC BAI TOAN CHUNG MINH HE THUC TO HOP, HOAC
TiNH TONG BANG CACH SU DUNG NHI THUC NEWTON

Pé c6 thé giai cdc bai toan thudc loai ndy, nguoi ta thudng gidi nd theo cac
budc sau:

1/ Trude hét chon mdt ham sb thich hop véi dau bai. Cac ham s6 nay thudng
1a nhin thdy ngay dang ctia n6 (dya vao cac biéu thirc cho trong dau bai).

2/ Dung céc phép bién dbi dai sd, hodc két hop véi phép tinh dao ham, tich
phén dé giai bai toan ban diu.

Loai 1: Cac bai toan két hop viéc str dung phep tinh dao ham va tich phan:

Véi loai bai tap nay, sau khl chon dugc ham sb f(x) thich hop ta tién hanh lay
dao ham (hoac tich phan) ham sb da chon theo hai céach:

- Léy dao ham (hodc tich phén) truc tiép ham s6 da cho.

- Lay dao ham (hodc tich phan) sau khi da sir dung khai trién nhi thic Newton
ham sb f(x) da chon (di nhién & day f(x) c6 dang ¢ thé dung cong thirc khai trién
nhi thirc Newton)

- Vi phép lay dao ham, ta lya chon mét gia tri phu hop cho x, rdi thay vao
hai bidu thic va tinh dao ham. Vi phép ldy tich phan thi chon hai cén tich phan
thich hop. Cac gia tri nay ciing thuong thiy ngay tir dau bai.

Thi du 1 (Dé thi tuyén sinh Pai hoc khoi A - 2007)
Cho n 1a s6 nguyén duong, chimg minh:

Iy 1.3 15 | 201 _ 22"
-C5, +—C5, +=C5, +..+—C
g Ty g n 2n 2 T 2n+l

Giai
Ta cé: (l+x)2":C +Chx+CE X2 +C X3+ +CIx" (1)

(1-x)*" =C3, ~Chx+CEx? - C3, 3 +..+ CIx" (2)
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- 2n 2n
, 1 ~(1-
Xét ham sb: f(x) = (1+x) 2( X) 3)

Tir (1) (2) (3) suy ra: f(x) = Chyx +C3,x> + C3, x° +...+ CIIx20 (4
Tur (3) ta co:

| i 2n 2n 2+ wma b g2
If(x)dX=C|2nj(l+x) ;(l—x) dle[(Hx) +(l——x) } _2 1.(5)
0

0 2] 2n+1 2n+1 2n+1

1 1 1 . l
Tir (4) lai co: [ (x)dx =Ch, [xdx +C3, Ix3dx ++ O [P dx
0 0o 0
[ .
~5c2n +-C3 + 6c2n +2—c2" ' (6)
Tur (5) 6) = dpcm '
Thi du 2: (Pé thi tuyén sinh Pai hoc khoi A - 2005)
Tim sb nguyén dwong n sao cho:

Cons1 =2.2C50, +3.22C3,,, ~4.2°Ch .y +..+ (20 +1)227C2M] 22005 .
Xétham sé: f(x)=(1+x)""" = f'(x)=(2n+1)(1+x)™. (1)
Theo céng thirc khai trién nhj thirc Newton, ta co:

“2n+l
_ k k _ ~1 2n+1 7n+l
f(x)_ Z C2n+|x "n+] +("2n+lx+c2n+lx +. +C

2n+l
= '(x) = Chyy +2C3,,x +3C3,, X2 4.+ (2n + 1)c§::}x2" )
Déng thoi thay x=2 vao (1) va (2) ta cb:
2n+1=C,,,, -22C;,,, +3.2°C],,, —4.2°C;,,, +..+(2n + 1)27°C2!1 . (3)

2n+1 2n+1
Tir gia thiét va (3) suy ra 2n+1 = 2005 < n = 1002.

Thi dy 3: (Dé thi tuyén sinh Pai hoc khéi B - 2003)

Cho n 14 sé nguyén duong. Tinh tong:

2 3 n+l
s=cg+2 _'c'n+2 _'c§+...+2 _! "
3 n+1
Giai
Xét ham sb f(x) = (1+x)". Ta cé:
0 27
[=- j(2n—t)(c053t)dt= j(2n—t)(cos3t)dt. (1)

2n 0

Theo cdng thirc khai trién Newton, ta c6:
f(x)=C) +Cix+C:x* +..+C"x"
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2 2 2 2 2

= If(x)dx =Y Idx +C! [xdx +C2 Ixzdx +..+Cy Ix"dx

! ! 1 ! 1

22 -1 2"
2 n+l

231
=C2+

Tir (1) (2) suy ra dpcm.
Thidu4 ‘
Cho n 12 56 nguyén duong. Chirng minh rang
CY, —2Ch, +3C3, -4C3, +...+(2n +1)C3h =0

! 2
C.+ Cp+..+

Cy- ()

Xéthamsd f(x)=x(1+ x)Z" i

£1(x)=(1+x)™" +2nx (1+x)™"™ (1)
Theo cong thirc khai trién nhj thirc Newton, ta co:

£(x) = x(CJy + Chx + Cpx” + .. CIx?" )=Clx+ X + C3, X"+t Ciix™™!
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= '(x) =CS, +2xCh, +3x7CJ, +...+ (2n+1)C3) . ()
Pdng thdi thay x = ~1 vao (1) va (2) suy ra
C9 —2Ch, +3C3, —4C3, +...+(2n+1)C3h =0 = dpem.
ThiduS:

1/Tinh lsz (1+x° )" dx .

0

2/ Chirng minh:

: n+1
lCr‘1’+lC':+le+..‘+ ! C:=2 L
3 6 9 3n+3 3n+3

1/ Ta co:

;[xz(l+x3)n dx:—;-:!(l%x3>l1d(l+x3): 23"n+l+_31 (1)

2/ Ap dung khai trién nhj thirc Newton ta cé:

3\ _ ~0 1.3 2.6 3.9 n,3n
(1+x) =0 +C P+ C2x8 + C3x° 4.4+ Chx

) n

= xz(l + x3) =C0x2 +CLx° +CIxE 4+ Cx! 4L+ COx2
] 1 I 1 I
= _[xz (1+3)"dx=C) Ixzdx +C Ixsdx +C2 Ixsdx +..+Cy Ix3“+2dx
0 0 0 0 0

=%Cﬂ +—]6-C}1 LG S e/ 3

6 3n+3




Tir (1) (2) suy ra dpcm.
Nhdn xét:
Néu bai ra chi ¢6 phdn 2/ thi ta phai tw chon ham sé: fix) = x*(1 + x>)".
Nhung diéu nay c6 thé hoi khé, vi vay phan 1/ 14 su goi y cho phan 2/.
Loai 2: Cac bai toan sir dung két hop v6i cac bién dbi dai sb -
Thi du 1: (Dé thi tuyén sinl Pai hoc khéi D — 2008)
Tim n nguyén duong dé c6 hé thirc sau:
Ch +C3, .. +C1 =2048.
Gidi
Xét ham s f(x) = (1+x)™".
Ta c6 theo cdng thirc khai trién nhj thirc Newton
f(x)=CYy +Chax +C3,x2 +C3 x> 4.+ CINIx 201, 2y 2n
Tir 46 ta cé:
f(1)=2"=CY, +Ch, +C3, +C3, +..+CI T 42" )
f(-1)=0=C3, -C}, +C3, -C3, +..+CI 1 C2" (3)
Trir ting vé (1) cho (2) ta di dén 2°" = 2(C2n +C3 4.+ C2" 1) 3)

Tir (3) va gia thiét suy ra 22" =2048 =2!!

= n=6.

Chit y: Mot dé thi d& hon cing loai trén (Dé thi tuyén sinh Pai hoc khéi D -
2002) c6 dang: _

Tim n dé c6 hé thire: CY +2C) +22C2 +...+2"C" =243 .

Xét fx)= (1+x)" =Cp + Cpx+ Cax? + Cpx"

=f(2)=3"=Cl+2C, +22C2 +..+2"C" =243=2% = n=5.
Thi du 2:

Y4 2 3 N , 2
Khai trien (1 + x + x"+ x )5 thanh da thirc ag+ a;x + ayx’ +...+ a;sx'°.
Tinhag+a;+a,+ ... +ays.

Giai
Piat f(x) = (1 +x + x>+ x°)’= a0+ ax +ax’+...+a;sx"”
-_—>f(l) a0+a|+a2+ +a|5— =1024.

Thidu 3: (De thi tuyen sinlt Cao ding khdi A, B - 2005)
Ching minh rang véi moi n nguyén duong, ta cé:

2
cgn=(c2) +(cn) +.+(Ch)
Xét f(x)=(1+x)" =Co + Chx+Cix? +..+Cx".
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Ta co:
f2(x)=(1+ x)2" =CY, +Ch,x+C3 x? +...+(C3n )+ 4+CPX (1)
Mit khac f2 (x)=(1+ x)" (1+ x)n
=(Ch+Chx+Cax’ +.4 Chx")(Ch +Chx+ Cox? 4.+ Cpx" ).
Hé sb ctia x" & vé phai cia (1) 1a C;, '
Hé sb cna x" & vé phai cia (2) (dwa vio phép nhan hai da thirc) la:
2 2
coch+cler v c2er? 4L +CIC 4 COCY = (c") +(ch) +.+(ch)
Tir d6 suy ra dpem.
Thidu4:
123
Chirng minh rang trong khai trién (x +—j tdng cac hé sd cia cac liy thira
X
bac nguyén duong cia x 14 s chinh phuong.
Giai
Theo cong thirc khai trién Newton, ta cé:

Bz IV 8 e
( ) ZCBX( ) =ZC23X L
X k=0

Xét bt phuong trinh: 2k — 23>0 < k >32-3- < k=12,13, ..., 23 (do k

nguyén duong). :
Viy céc luy thira bic nguyén duong cia x ung vdi k =12, 13,..., 23. Do d6

téng cac hé s lily thira bac nguyén duorng ctax la:
cli+Cl+..+CH (D
Ap dung cong thie CK =C"* | ta c6:
12
C93 =C33;Ch3 = C33;..5C3 = C33.-
Vithé: CJy+Chy +Chy +..+ CR =2(CE+C +..+CF) @

Xét f(x) =(1+x)” = C% + Chyx +..+ C3x? = f(1)=2%

Tir d6 thay vao (2) ta co:
22 =2(Cll+Clj+.. 4 CH) > CH +.+CH =27 = (2“) = dpcm.

~
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BAI TAP TU GIAI
Bai 1:
58 \12
Tim sb hang khong chira x trong khai trién nhj thic: {x3 x+x % } .

Pdp sé: 129.

Bai 2:

Blet rang tdng tat ca cac hé s6 cla khai trién nhij thirc (x>+1)" bang 1024. Tim
hé s6 cua s0 hang chira x'? trong khai trién trén

Pdp s6: 210.

Bai 3:

Goi ay, a3,...,a;; lahé sb trong khai trién

(x+1)°(x+2)=x"" +ax'% +a X’ +..+ax+ay.

Tim hé sb cua as.

Ddp so: 672.

Bai 4:

Gia str (1+x+x +x ) ¢6 khai trién thanh da thuc agt+ax+ ax+ ...+ a;sx”.
Tinh ag—-a[+ a)—azt+... —as.

Ddp so: 0. .
. 124 . .
Bai 5: Trong khai trién (\/§ —“\‘/g) ¢6 bao nhiéu so6 hang la s6 nguyén?
Pap sé: 32.
Bai 6:

Tim hé s6 ctia x’ trong khai trién thanh da thirc cua (2-3x)™, biét
| 2 2n+l
C211+1 + C2n+| +...+ C2:+1 = 1024 .
Ddp sé: —C],.2°37.

Bai 7: .
Ching minh rang:

1 99 i 100 1 198 1 199
100C,00(2j —101C}00(5j 19ocmo(2j +200C{88(5) =0.

Hirdng dén: Ap dung khai trién nhj thirc Newton véi (x*+x)'%.

Bai 8: Tim sb hang 16n nhét trong khai trién (1+0,2)'°.

Ddp s6: CI88,57'.

Bai 9:
Téng cac hé sb ciia khai trién (—l)z +x° Jn la 1024. Tim hé sb cua x° trong khai
trién do. )
Ddp so: 210.
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Bai 10:
v 15
Tim hé sb cua sb hang chira x trong khai trién (x + —) .
X
Pdp sd: 1365.

Baill:
Xét khai trién:

(5] -Eat >(Jk-

Biét rang ti s6 cna sb hang thir 7 ke tir s6 hang dau, véi s6 hang thir 7 tinh tir
duéi lén bang 6. Timn.

Ddp 56: 9.
Bai 12:
Cho n la s6 nguyén duong. Ching minh
14 1.4 LA |
1+=-C, +=C, +...+ Cy=
2 3 n+l n+l

I
Hirdmg dén: Tinh Jf(x) theo hai cach & day f(x) = (1 + x)".

Bai 13:
!
1/ Tinh tich phan Jx(l -x)"dx.
0
n

!
2/ Chirng minh: —CO——C'+ c2-lois. G o
2 6 8 2n+2 2n+2

Ba‘t 14:
Cho n 14 s6 nguyén duong. Chimg minh

1/ CL+2C2 +3C3 +..+(n-1)Ch +nCh =n2"".
2/ 2.1C +3.2C} +4.3C) +..+n(n-1)Ch =n(n-1)2""2,
Hiromg ddin:

1/ Tinh £(x) theo hai cach véi f(x) = (1 + x)".
2/ Tinh £°(x) theo hai cach vai f(x) = (1 +x)".
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Bai gidng s6 11

CAC BAI TOAN VE S0 10 HOP
CHINH HOP VA PHEP BEM

Bai gidng nay d& cap dén cac loai todn sau day clia chi dé nay:

- Giai phuong trinh lién quan dén s6 tb hop, chinh hop.
‘ - Chirng minh céc hé thire t6 hgp (khong st dung cong thirc khai trién cua nhj
thirc Newton).

- Céc bai toan vé phép dém.

§1. CHUNG MINH CAC HE THUC TO HOP

Phuong phap gidi ndy dya truc tiép vao cac cong thire tinh céc s6 & hop Ck,
sb chinh hop A',‘ va sb hoan vi P,. Hai cong thic rit hay str dung trong muyc nay la:
Ch=Cn* vack, =ck+ck.

Xét cac thi du minh hQa sau day:

Thi du 1: (Dé thi tuyen sinh Pai hoc khoi B - 2008)
Cho n nguyén duong va k nguyén (0 <k <n).

Chirng minh hé thirc sau:

n+lf 11 )1
n+2 Cn+l C;I: CII:.
Giai

Ta cd:

n+1( 11 } n+l CK 4k,
ck

k+l k+l
n+2 n+l Cn+l n+ 2 Cn+lCn+l

_n+l ckl a4 (n+2)t  kY(n+1-k)(n-k)!
n+2°ck ckt n+2'(k+ 1) (n+1-K)t  (n+1)!(n+1)!

n+l

_ (n+1)(n+1)!(n+2)k!(n-k)! _ k!(n —k)!z_k— ~ dpem.
(n+2)(n+l)'n'(n+1) n! C!
Thi du 2: (Dé thi tuyen sinh Dai hpc Hung Vwong — 2006)
Ching minh véi moi s6 tu nhién n > 2, ta co:
1 1 1 I n-1

—t—t—stt— =,

2t ot 2
Ay A3 Ay A, n
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Taco
1 1o 1 2 (n-2)!
—2f'+—2—+—'2—+...+-—3-=5+;+$+...+ |
A2 A3 A4 An ! ! ! n.'
1 1 1 1
= —t—+..
1.2 23 34 (n=1)n
1 1 1 1 1 1 1 1 n-1
=l-—t———t———t+ . t— === = dpecm
2 2 3 3 4 n-1 n n n
Thi du 3:

Cho k, n la cac sé nguyén va 4 <k <n. Ching minh:
C" +4(‘" l+Ck 2+4Ck 3+C" 4 —Cn+4

Giai
Ap dung tinh chat cta so to hop, ta cé:

Chia=Chy3 +Cai3
(Ck+2 +Cn+2) (Cn+2 +Cn+2)
=(Cha+Chi)+2(Ch + i)+ (CiF +O03F)
=(ch+ C}j“)+3(c‘,§“ +C',§‘2) +3(Ch2+ c',:“3)+(c',§‘3 +c§‘4)

=CKk +4ck T +6ck2 +ack3 4k = dpem.

Thidu4: . )
Ching minh rang véi mgi sO nguyén n > 1, ta co:
2 3 n
C1 +2—F+3—=+..+n =C?
Cn C2 CE n+l -
Gidi

Vé6ik=1,2,...,ntaco:

" ck __kn!(n+1—k)!(k—l) (k—=1)!k(n —k)! (n+l—k)
ck (n—k)'k!n! (n—k)!k!
=n-k+1.
Tir d6 suy ra:
c? 3 cn
C +2——+3 ;+...+n n =n+(n—1)+(n—2)+.,,+1
C Cn—l
n n n
___n(112+1) G = dpom.
ThiduS:

Cho n > 2 1a s6 nguyén, chimg minh ring;
P=1+P +2P, +3P, +..+(n-1)P,_,,
oday P la s6 hoan vj cia k phantir, k=1, 2,...,n




Ta ¢6: Py— Py =k! — (k=1)!= (k—=1)k— (k=1)! = (k~1) (k—=1)!= (k—1)Py.; (1)
Ap dung lién tiép (1) ta c6: {P; ~P, =2P,
P,-P= (n - 1) Poo
Cong timg vé cac dang thirc trén, ta co:
P,~P =P +2P,+..+(n—-1)P,_;.
DoP =1= P,=1+P +2P, +3P;+..+(n-1)P,_; = dpcm.
Nhgn xét: Ta c6 thé chimg minh hé thirc trén bang phuong phap guy nap toan
hoc. Xin danh cach giai d6 cho ban doc.’

§2. GIAI PHUONG TRINH LIEN QUAN DPEN SO
TA HOP, SO CHINH HOP

.....

nhu sau: ‘ ‘
- bat diéu kién dé phuong trinh, bat phuong trinh ¢ nghia. Xin luu y dé A",
CY conghiata can cé: n >0, n >k >0, n, k la cac s6 nguyén.

- Str dung cac cong thirc vé sb t hop, sé chinh hgp, sé hoan vi dua phuong
trinh d3 cho vé cac phuong trinh dai sd.

- Nghiém tim dugc phai dbi chiéu véi cac diéu kién dit ra ban dau (dic biét
chii y dén tinh nguyén cia nghi¢m), dé loai bo di cac nghiém ngoai lai.

Thi dy I: (De thi tuyén sinh Pai hoc khoi D - 2005)

Biét réng s6 n nguyén duong théa man hé thirc

C2,, +2C2,,+2CE 53+ C2, =149,
Al +3A%5
(n+1)!

Giai

Tinh gia tri cha biéu thire: M =

Xét phuong trinh sau (én n)
C2,,+2C2,, +2C2 s +C2 , =149 (1)
Kh|n+l>2 = n+2>2;n+3>2;n+4>2. Vaydleuklende(l)conghla

lan> 1, véin nguyén.
Ap dung cong thirc tinh sb to hgp, ta co:

(n+1)! (n+2)! (n+3)!  (n+4)F
S e 7T Ty R YR R v
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=149

(n2+1)+(n+l)(n+2) (n+2)(n+3)+(“_+§_)5(w

< n*+4n-45=0.

n=5 ' )
<:>[ 9 (n=-9loaidon=>1) .

n=-
< n=5. 7

_ . , At+3AL 3
Khin =5, dé dang thay M=-—6'———=Z.

Nhdn xét:
Thyc chat bai thi trén la doi héi giai-mot phuong trinh llen quan den s6 tb
hgp. Phan tinh g | tri ciia M la qua don gian.
Thidu 2: (bé thi tuyen sinh Dai hoc khoi B -2006)
Cho tap hop A gom n phin tir (n24). Biét ring sb tap hgp con gom 4 phan tir
clia A bing 20 l4n s tap hgp con gdm 2 phdn tir clia A.
1/ Tim n.
2/ Timk e {1, 2, ..., n} sao cho sb tap hop con goém k phan tir cia tap
hop A la1on nhit.
1/'S6 tap hop con c6 4 phin tir cia A 1a C con s6 tap hop con c6 2 phan tir
ciia A la C?. Theo bai ra ta c6 phuong trinh:

4 _ 2 n! _ n! 2 _ _
C=20C; & —— s =200— 0 & n° ~5n-234=0
(n-4) (n-2)

n=18 .
= 3 (n=-13loaidon > 4.
Vay tap hop A c6 18 phan tir.
2/ Sé tap hgp con c6 k phin tir cia tap hop A ¢6 18 phan tir 1a Cfy

X¢ét bat phuong trinh:

| !
ck <Ck o 18 18! ‘
(18-k)'k! (17 -k)!(k+1)!
1 1 17
& —X —<:>k+1<18 ko k<—o k=1,2,....8.
18-k k+1 2

Tir d6 suy ra: Cly> Clf! < k>1i7— < k=9,10,...,17.

Do d6 Cjg <Cl <.<Ch <C?8 >Cla>Cg > .>C}

Vay sb tap hop con gém 9 phén tir ciia A 13 s6 tap con 1on nhét.

Nhdn xét:

Pay 1a mét thi dy miu myc cua viéc ap dung g1a| phuorng trinh, giai bt
- phuong trinh v&i mét bai toan c6 ndi dung li€n quan dén sb td hop.
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Thi du 3: (Dé thi Pai hoc khéi B — 2002)

Cho da glac déu A\A,,...,Ax, (n > 2, n nguyén) ndi tlep dudng tron (O). Biét
ring sb6 tam giac c6 3 dinh trong 2n diém Ay, A,,..., Ay, gép 20 lan s6 hinh chir
nhat ¢6 4 dinh trong 2n diém A,, A,,..., Ay,. Timn.

Qé_i

D& thdy sb tam giac la C3,

Mot da glac déu 2n dinh thi c6 n dudng chéo xuyén tdm (duong chéo di qua
tam cua da giac déu, ciing 1a tdm cta dudng tron tam (0)). Cir hai dudng chéo
xuyén tdm c6 | hinh chir nhét ¢6 4 dinh trong 2n diém Ay, A,,..., Ay, Vay s6 hinh

chit nhat 1a C2 . Theo bai ra ta c6 phuong trinh:
C3, =20C;
PN CL) P P
(2n-3)13! (n-2)12!
- (2n-2)(2n-1)2n 2 n(n-1)
6 2
o (2n—2)3(2n——1):

10(n-1) (don>2)

< n=38.

Nhdn xét:

Trong 3 thi dy, mac du & dang ban dau trong diu bai khong néi gi dén viéc
giai phuong trinh hodc bat phuong trinh lién quan dén sb t& hop, s6 chinh hop...
nhung thuc chat cua bai toan lai chinh 1a dicu 4y.

Dudi day ta s& xét cac thi dy ma trong do ngay tir dau da yéu ciu giai phuong
trinh (hoic bt phuong trinh) li€n quan dén sb t6 hop, chinh hop.

Thi du 4: (Dé thi tuyén sinh Cao ding Sw pham TP Ho6 Chi Minh — 2005)

Tim tit ca cac sd tu nhién x, y sao cho: AY LAY ¥ 1:Ch_ =21:60:10.(1)

Giai
>1
Y yzl
X0 ia 43 . s Xy 21
Dicu kién dé (1) ¢ nghiém la 120 x2y+1 (2)
Y= X,yeZ
X,YEZ
AY_ 1CY
Taco: 2 280 X6 vi=31 oy=3
. Cy 10 Cy
x-1 x-1
Ay A’ (x - 4)!
Thay lai vao (1) ta c6: — =2<:>._3"_-=l<:>_x_(_u__=_7_
A 60 A3, 20 (x-2)i(x-1)! 20
X T 7% -55x442=0
(x-3)(x-2) 20
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x=7
o 6 (x=gloaidox24,er)

77
Vay x =7,y =3 la cip sb duy nhét théa man yéu cau dé bai:
Nhgn xét: ‘ ’ .
Tuong tu bai trén, trong dé thi tuyén sinh vao “Cao dang Céng nghiép Ha Nji

-2004” c6 dang:

2A% +5C} =90

Giai h¢:
5A’;, - 2C; =80

- Tacd ngay A} =20, C{=10 = x=2;y=5.

Thidu 5:
Giai bat phuong trinh: %AZZX -Al< g c+10.
Gidi
Xét bat phuong trinh: EA 6C3 +10.(1)
Diéu kién dé (l) conghiémlax>3,x e Z (2)
Khids (1) LR xt 6 x1__

2(2x-2)! (x 2)t x(x-3)!3!

2

(—x-—z—-)———x( ——])s(x—2)(x—1)+10<:> 3x-12<0 ©x<4 3)
Ter(2)(3)suyra:x=3;x=4.
Thi du 6:

Cho tap hop A gdm n phan tir, n>4. Tim n biét ring trong sb cac tap con cia

A c6 ding 16n tap con c6 sb phan tir 14 [é.
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Giai

C,L,C3 Cﬁ, lan luot 14 sb cac tip hgpconciaAcé 1,3,5... ph?ln tir.
Tacd: CL+Cl+C3 + =21 (1)
(1) chimg minh nhu sau:

(1+x)" =Ch +Clx +C2x? + ..+ C"x",

(1-x)" =Cy —Clx +C2x% — ...+ (=1)" C"x".
Tir d6 suy ra: (1+x)" - (1-x)" = 2(CLx +Cx3 + ) ()
Trong (2) chox = 1, ta c: 2" =2(c}, +C +) = (1) déng.
Theo bai ra ta c6 phuong trinh:

2" —16n < 2" S =n (z)
R& rang n = 5 khong thoa man (3). vy ta xét (3) vai n > 6.




Xét ham sb f(x) =2 - x véi x> 6
f(x)=2"In2 - 1>2In2-1>0vdix 26

Viéy f(x) 1a ham déng bién khi x > 6, lai c6 f(8) = 0, vdy suy ra (3) c6 nghi¢m
duy nhét n = 8. Do d6 n = 8 la nghi¢m duy nhét ciia bai toan.

Nhin xét chung:

Trong bai toan trén ta da sir dung téng hop cac kién thic sau:

- Nhj thire Newton.

- Ung dung tinh ddng bién clia ham sb de nham muc dich giai phuong trinh:

cl+C+Cl+..=16n.

Ta c6 thé noi rang giai phuorng trinh va bat huong trinh t6 hop con c6 mit

trong nhiéu dé thi tuyén sinh vao Dai hoc, Cao dang khéc. (Trong cac dé thi viéc

glal cac phuong trinh nay la budc thir nhét ctia 161 giai. Sau khi tim dugc n ta méi
giai dugc tiép bai toan).

§3. CAC BAI TOAN VE PHEP DEM

Hai quy tic chinh dé giai cac bai toan vé phép dém la: Quy tac cong va quy
tac nhan.
Hai phuong phép chinh dé giai cac bai toan vé phép dém 1a:
- Phuong phap tryc tiép
- Phuorng phap gian tiép.
Hai loai bai toan vé phép dém la:
- Phép dém khong lap.
- Phép dém ¢ lap.

A. PHEP DEM KHONG LAP

Trong phép dém khong lap, mdi yéu t ciu thanh nén phén tir can dém chi
xuét hién tdi da mot 1an, khéng c6 s 13p lai.

Pay la bai toan chu dao cua phép dém. Trong sb cac bal toan vé phep dém co
mat trong cac dé thi tuyén sinh tir 2002-2009, cac bai toan vé phép dém khong lap
chiém ti 1& 95% (1a 100% dbi véi cac dé thi tuyén sinh vao Dai hoc cac khdi A, B,
D trong nhitng nam ay).

Nhu d3 n6i & trén, dé giai cac bai toan vé phép dém khong lp, ta c6 hai
phuong phép chinh dé giai:

a Phu'ong phap tryc tiép

Phép dém tryc tiép la phuorng phap di thing vao cac yéu ciu bai toan dit ra,
néi mot cach ném na “hoi gi, dém ny” la nol dung cua phuong phap nay.

Dé sir dung duqc phuong phap tryc t|ep ta cha yeu dung quy tic cong va quy
tic nhan. Nén luu y rang n6i chung trong méi bai toan vé phép dém hai quy tic nay
thuong sir dung ddng thoi va dan xen lan nhau:
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b. Phiong phdp gidn tiép:

Phuorng phép nay dya trén nguyén li * *dém nhirng cai khong cin dém, dé biét
nhung cai can dém”. Noi theo ngdn ngir cua Ii thuyét tap hop, thi phuong phap
gian tiép thyc chét la “phép ldy phén bu”.

Di nhién quy tac cong va quy tic nhin van sé& la céng cu chinh dung trong
phuong phap gian tiép nay.

Cdc dang todn co bin

Loai 1: Sir dung phuong phap truc tiép giai cac bai toan phép dém khong lap

Thi du 1: (Pé thi Pai hoc khéi B - 2004)

Trong mdt mén hoc, thay gido ¢4 30 cau hoi khac nhau gdém 5 cau hoi kho, 10
cau hoi trung binh, 15 céu hoi dé. Tir 30 cau hoi d6 co thé lap dugc bao nhiéu dé
kiém tra, méi dé gom 5 cau hoi khac nhau, sao cho trong mdi dé nhat thiét phai c6
du 3 loai cau hoi va s6 cau hoi dé khong it kon 22

Giai

Goi A la tap hgp cac cach chon dé c¢6 3 cau hdi dé, 1 cdu hoi khé, 1 cau hoi
trung binh.

Goi B 1a tap hop cac cach chon d& c6 2 cau hoi dé, 2 cau hoi khé, 1 cau trung
binh.

Goi C la tap hop céac cach chon dé c6 2 cau hoi dé, 1 cau hoi khé, 2 cau trung
binh. Goi Q la tip hop cach chon dé theo yéu ciu dé bai.

TacoQ=A UB UC.

Do A, B, C d6i mét khong giao nhau, nén theo quy téc cdng, ta co:

, IQ=IAHBIHC]. (1)
Si&r dung quy tac nhén, ta co:
|A|=C}; C; C,, =22750 ; |B|=C} .C.C/, =10500;
ICl= CC.C} =23625.

Thay vao (1) ta co: || = 56875.

Viy c6 56875 cach chon dé kiém tra théa man yéu ciu.

Thi du 2: (Pé thi tuyén sinh Pai hoc khdi B — 2005)

Mot d6i thanh nién tinh nguyén c¢é 15 ngudi gdm 12 nam, 3 nir. Hoi ¢6 bao
nhiéu cach phan cong doi thanh nién d6 vé gitp d 3 tinh mién ndi, sao cho mdi
tinh c6 4 nam va 1 nit?

Giai
Pau tién, chon 4 nam va 1 nir cho tinh thr nhit. Theo quy tic nhan sb cach
chon la: . C C3 =1485.

Sau d6 chon 4 nam (trong 8 nam con lai) va 1 nu (trong 2 ni¥ con lai) cho tinh
thir hai. Lai theo quy tic nhan, s cach chon la:
n, = C8C2 =140.
(DT nhi€n con lai ta chon xong tinh thir 3)

Vay theo quy tic nhan, sé cach phan cong theo yéu ciu la:
n =n;.n, =1485.140 =207900 .

Nhgn xét:
Bai thl dugc giai thudn tay chi bang quy tic nhén.
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Thi du 3: (D@ thi tuyén sinh Cao ding Co khi luyén kim — 2005)

Co6 5 Nha Toan hoc nam, 3 Nha Toan hoc nit, 4 Nha Vat li nam. Lap mét
doan céng tac 3 nguoi can ¢ ca nam va nif, ca nha toan hoc va nha vat i hoc. Hoi
c6 bao nhiéu cach lap doan cong tac?

Giai
Chi co6 3 cach 1ap doan cong tac nhu sau: ) .
- Gom 2 Nha Vit li nam, I Nha Toén hoc nit. Theo quy tdc nhén so cach chon la:
CiC=63=18. |
- Gom | Nha Vat li nam, 2 Nha Toan hoc nir. Theo quy tic nhan, sb cach chon la:
cici=43=12.

- GOom | Nha Vat Ii nam, 2 Nha Toén hoc nit, 1 Nha Toan hoc nam. Theo quy
tic nhan, sé cach chon la: CLC;C'S =4.3.5=60.

Theo quy tic cong, s6 cach lap doan cong tac 1a: 18 + 12 + 60 = 90.

Vay c6 90 cach lap doan cong tac .

Thi du 4:

C6 6 qua ciu xanh danh s6 tir | dén 6, 5 qua cAu d6 danh sé tir | dén 5, 4 qua
cdu vang danh sb tir | dén 4.

Héi c6 bao nhiéu cach ldy ra 3 qua cau vira khac mau, vira khac sb.

Sir dung quy tic nhan dé giai bai toan trén:

- Bude 1: Chon cau vang n, =4,

- Budc 2: Chon cau do: Luc nay phai loai di qua cau do di c6 sb tring voi qua
cau vang da chon & bude 1, vi thé s6 cach chon qua cau do lan,=4.

- Budce 3: Chon ciu xanh Lan nay phai loai di 2 qua ciu xanh c6 s tring VGi
s6 cia qua cau do6 da chon &'budce 2 va qua ciu vang da chon & bude 1. Vi thé sb
cach chon qua céu xanh la n; = 4.

Theo quy tac nhan, sb cach chon 3 qua ciu s& 1a n = n,.ns.n; = 64.

Thidu5:

Tir cac chit s6 0, 1, 2, 3, 4, 5 ¢6 thé 1ap dwoc bao nhiéu sb ty nhién ma mdi sd
¢6 6 chir s6 khac nhau va chir sb 2 dimg canh chir s 3?

Gidi

Ta “dan” hai chir s& 2 va 3 lién nhau thanh “chir s kép”. C6 hai cach dan (23
hodc 32). Bai toan trd thanh: ¢6 5 chir s6 14 0,1,4,5 va s6 kép. Hoi c6 thé lap duoc
bao nhiéu sb tu nhién mdi sb c6 5 chir sb khac nhau?

Ta giai bing quy tic nhan nhur sau:

Budc 1: Dan sb 2 va 3 v&i nhau, ¢6 n, =2 cach.

Budc 2: SO hang van, c6 n, = 4 cach (trir s6 0)

Budc 3: S6 hang nghin ¢6, n3 = 4 cach chon

Budce 4: sb hang trdam, c¢6 ny = 3 cach chon

Budc 5: sb hang chyc, c6 ns = 2 cach chon

Budc 6: Sé hang don vi, c6 ng = 1 cach chon.

Vay sb cac sé cin chon theo quy tic nhan la:

n = Nn;.Np.N3.N4.N5.10g = 2.4.432.1=192,
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Thidu 6:

Tircac chir so 1,2,3,4,5,6,7,8,9 cothé lap duoc bao nhiéu s6 tir nhién mdi
s6 gdbm 6 chir s6 khac nhau va tdng cila cac chit sé hang chyc, hang trim, hang
nghin bang 8.

Giai
Goi A 1a tap hop cac sb can tim. Mdi phan tir cia A c6 dang: -
a,2,2324a53 ,

trong do a;, a; d6i mét khac nhau (duoc chon trong tap hop 9 sb di cho), ngoai
raay+as+as=38.

Taco: 1 +2+5=1+3+4=38, vay co6 hai cach chon nhém 3 s& dé cac 5O
hang chyc, hang tram, hang nghin cé tong bing 8. Tir d6 ta sir dung quy tic nhén
dé giai bai toan nhu sau:

Bude 1: Chon ra 3 trong 8 s6 da c6 a; + a4 + a5 = 8. Theo trén sb cach

chon n; = 2.

Buéc 2: Vi ba sb chon & buée 1, cé:
n, =3! =6 cach lap sé a;a,a; .
Budc 3: Chon ra sb a a,a, ,a, theo thir tyr trén. Day 1a cach chon 3 trong 6 56, ¢6

thir tw sip xép. S6 cach chon n; = A’ = 120.
Theo quy tic nhan, sb cach chon theo yéu céu la n = ninyn; = 2.6.120 = 1440.

Thidu7:

Tu cac chirsd 0, 1, 2,3, 4 5,6 co thé lap dugc bao nhiéu sO tu nhién chin co
5 chir s6 khac nhau ma mdi sb lap dugc déu nho hon 2500?

Giai

Xét hai kha nang:

1/ Xét tap hop A, c6 cac sé c6 dang lajajajas , trong d6 as € {0; 2; 4; 6}.

Pé tim |A,] ta s€ su dung quy tac nhan nhu sau:

- Chon as: s0 cach chon n, =4.

- Chon ;1:5;1: .DBé la chon 3 trong 5 sb (ké ca thir tu). S5 cach chon [a:

n, =A2=60.

Theo quy tdc nhén: |A1| = nny = 4.60 = 240 cach.

2/ Xét tap hgp A, cac sb c6 dang 2a a,a,a, , trong do as € {0;4;6} vaa; <4.

C6 3 truong hop sau:

(1) Tap hop Ay la tip hop céc sb ¢6 dang 2a,a,a,0 .

Vi a; <4, nén ¢6 n; = 3 cach chon a,. pé chon 53_:1—4 cdn, = A24 =12 céach
chon. Theo quy tic nhan: [As} = 3.12 =36 cach.

(2) Tap hgp Az 12 tap hop céc sb c6 dang 2a,a,a,4.

Tuong ty nhu truong hop (1), ta c6: |Aa| = 36 cach.

(3) Téap hop Ay la tap hop cac s6 c6 dang: 2a,a,a,6.

Via, <4 bay gio cé thé chon a, € {0; 1; 4; 5}, nén c¢6 n; = 4 cach chon a,.

Vay |Ag| = 2.12=48.
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Theo quy tic cdng, ta co: |Az| = |Ay| + |Asg| + Az =36 +36 + 48 = 120 céch.
Goi A la tap hop can tim. Theo quy tic cong, ta co
|A] =|A| + |Ay] =240 + 120 = 360.

Vay ¢6 360 s6 can tim.

Loai 2: S&r dung phuong phép gian tiép gidi cac bai toan vé phép dém khong lap:

Thidul: (Dé thi tuyen sinh Dai hoc khoi D - 2006) :

Dot thanh ni€n xung kich cia mdt trudng phd thong ¢6 12 hoc sinh, gom 5
hoc sinh 16p T, 4 hoc sinh 16p L va 3 hoc sinh 16p H. Can chon 4 hoc sinh tham gia
truc tuén, sao cho 4 hoc sinh d6 thudc khong qua 2 trong 3 [p ndi trén. Héi ¢6 bao
nhiéu cach chon?

Giai

Goi A la tap hgp moi céch chon 4 hoc sinh trong 12 hoc sinh.

Goi B la tap hop cac cach chon khéng thoa méan yéu cAu diu bai (tirc 1a chon
dd hoc sinh 3 16p).

Goi C la tap hop cach chon thda méan yéu céu diu bai.

TacoA=BuU C;BNnC=J.

Theo quy tic cong, ta co: |A| =|B| +|C| = |C|=]A|-[B|. (1)

Ta co ngay |A| = C, =495.(2)

Pé tinh |B|, ta nhan thdy s& chon 1 16p ¢6 2 hoc sinh va 2 16p con lai mdi 16p 1
hoc sinh. Theo quy tic cong va nhan ta cé:

|IBI=C “1C3 +C5C C3 +C C! C3 120+ 90+ 60 =270. (3)

Thay (2) (3) vao (1) va c6: [C} = 495 - 270 = 225.

Viéy c6 225 cach chon.

Thi du 2: (De thi tuyén sinh Cao drmg Sw plmm Ha Nji - 2005)

Trong mot td hoc sinh cua 16p 12A ¢6 8 nam va 4 nir. Théy gido mudn chon 3
hoc sinh dé lam truc nhat 16p hoc, trong d6 phai ¢4 it nhét 1 hoc sinh nam. Hoi thay
giao c6 bao nhiéu cach chon?

Goi A latap hgp sé cach chon tuy y 3 hoc sinh trong 12 hoc sinh.

Goi B Ia tap hop so cach chon ca 3 ni¥ sinh.

Goi C la tap hop sb cach chon theo yéu ciu dé ra.

Ta c¢é (lap luan nhu thi du 1)

{Cl = |A] - {BJ. (1)
D& thiy: |A|="C;, =220,
IB| = C} =4.
Tir d6 theo (1) ta c6: |C| = 220 — 4 =216.
Vay ¢4 216 cach chon.
Nhdn xét:

Hoan toan tuong ty trong dé thi tuyén sinh “Cao deing khoi A — 2004 c6 bai toan:

Mot 16p hoc c6 30 hoc sinh, trong d6 ¢6 3 can b 16p. C6 bao nhiéu cach chon
3 em trong l6p dé tryc tuan sao cho trong 3 em d6 ludn c6 can bd 16p?

Giai bang phuong phap gian tiép s cach d6 la:

C3p —C3, =4060-2925=1135.
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Thi du 3:
Mot hop dung 4 vién bi do, 5 vién bi tring va 6 vién bi vang. Nguoi ta chon ra
4 vién tir trong hop d6. Hoi c6 bao nhiéu cach chon dé sb bi lay ra khéng di ca 3
mau?
Gidi
Goi A la tap hop cac cach chon 4 vién bi tuy y trong 15 vién. -
Goi B 1a tap hgp cac cach chon 4 vién bi di ca 3 mau.
Goi C 1a tap hgp cac cach chon 4 vién bi theo yéu cau dau bai.
Ta c6: |C| = |A| - |B|. n
D& thay |A| = C|'s = 1365 . )
Goi B, 1a tap hop cac cach chon 2 vién bn do, 1 trang, 1 xanh.
B, la tip hop céc cach chon | bi do, 2 trang, 1 xanh.
B: la tap hgp cac cach chon 1 bi do, 1 trang, 2 xanh.
Theo quy tac cOng va nhan, ta co:
[BI = [BJ] + [Bs] + B| = CIC5Cy + CiC3Cy +CyCLCE =720, 3)
Thay (2) (3) vao (1) va co:
lCI 1365 — 720 = 645.
Vay c6 645 cach chon 4 vién bi theo yéu ciu dé bal
Thidu 4:
O mot truong tiéu hoc ¢6 50 em la hoc sinh gidi, trong d6 c6 4 cdp em sinh
ddi. Can chon ra 3 hoc sinh trong s 50 em dé di du trai hé. Hoi ¢ bao nhiéu cach
chon ma trong nhom 3 em dugce chon khdng ¢ céip anh em sinh déi nao?
Giai
Goi A la tap hop cac cach chon tily y 3 em trong s 50 em.
Goi B la tap hgp cac cach chon 3 em, trong d6 ¢o 1 ¢ip sinh doi.
Goi C la tap hgp cac cach chon 3 em theo yéu clu dé bai.
Tacé: |Cl=|A]-|B]. (1)
Tacéo |A| = C;, =19600 .
Tim |B| theo quy tic nhan nhu sau:
- Chon cip sinh d6i: ¢6 n; = 4 cach chon.
- Chon 1 em con lai trong 48 em, cé n, = 48 cach chon.
Theo quy tic nhin ta cé:
' Bl =nn;=4.48 = 192,
Vay tir (1) suy ra: |[C|] = 19600 — 192 = 19408.
Viy s cach chon 1a 19408.
Thi du 5:
Cho hinh thép giac 16i. Hoi ¢6 thé lap dugc bao nhiéu tam giac c6 dinh 1a dinh
cha thap giac 16i, nhung canh cua tam giac khong phai la canh ciia thap giac 16i?
Gidi
Goi A la tap hop tét ca cac tam giac co 3 dinh 1a c4c dinh cia thap giac.
Goi B 1a tap hop tét ca cac tam giac c6 3 dinh 1 dinh cua thap giac nhung c6
it nhat 1 canh ciing 14 canh cia thép giac.
Goi C la tap hop can tim ta cé:
IC| = A| - [BJ. M
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D& thdy |A] = C;, = 120. ()

Goi B, 1a tap hop cac tam giac ¢ 3 dinh la dinh clia thap giac va c6 dung 1
canh 14 canh cta thap giac; B, la tép hop cac tam giac c6 3 dinh ciia thap giac va co
2 canh 1a canh ctia thap giac. Khi do theo quy tic cong, ta co:

IB| = |By| +{Bal. (3)

Pé tinh |B,| ta s& sir dung quy tac nhan nhu sau:

- Budc 1: Chon | canh cia thap giac lam canh clia tam giac. S cach chon
n = 10. ‘

- Budge 2: Khi @6 dinh thar ba cin chon cua tam giac duge chon trong 6 dinh
con lai (trir 2 dinh ca canh duge chon va 2 dinh khac cta thap giac ké vé&i hai dinh
4y). Sb cach chon la: n; = 6. Vi thé ’ ‘

|B|l =N = 10.6 = 60.

Dé thiy |B,| = 10.

Tur d6 theo (3), ta ¢6: [B} = 70. (4)

Tu (2) (3) (4) suy ra:

|IC|=120-70=50.
Viy c6 50 tam giac théa man yéu cau dé bai.
Thi du 6:

2

Mot thdy giao ¢ 12 cudn sach d6i mot khac nhau, trong d6 ¢6 5 cubn sach
Vin hoc, 4 cudn am nhac, va 3 cudn hdi hoa (cac cudn d6i mdt khac nhau). Ong
mudn léy ra 6 cudn va dem ting cho 6 hoc sinh, mdi hoc sinh mot cudn sao cho sau
khi ting sach xong, m&i mot trong 3 thé loai van hoc, am nhac, hdi hoa déu con lai
it nhét 1 cubn. Hoi c6 bao nhiéu cach tang? ‘

Goi A latap hop t4t ca cac cach tang sach cho hoc sinh.

Goi B la tap hop tat ca cac cach tang sao cho sau khi tang sach khong con du
ba thé loai; va C 1a tp hop tAt ca cac cach ting theo yéu céu. Ta co:

ICl =|A]-[Bl. (1)

D& thiy |A| = C;,.6! = 665280 (2) -

(C;, 1a cach chon 6 quyén trong 12 quyén. Sau khi c6 6 quyén thi cé 6! cach
ting 6 quyén sach cho 6 hoc sinh). 4 :

Vis5+4>6,5+3>6,4+3>6,nén khong xay ra truong hop sau khi tang
sich xong chi con lai 1 thé loai sach.

Vithé B =B, UB, UB;, trong d6

By, By, By tuong g 1 tép hop tat ca cac cach tang sach ma sau khi tang sach
xong, thay gido het sach van hoc, hét sach 4m nhac, het sach hi hoa.

Tacéngay: |Bi|=C,.6!=5040.

(Vi B, 1a tap hop tht ca cac cach tang 5 sach vdn hoc va 1 sach khéc. Cubn
sach khac tuy chon trong 7 cudn con lai.

Tuong ty: |By| = C7.6!=20160; |Bs| = C,.6!=60480 .

Theo quy tc cong thi:

|B| = |By| + |B| + |Bs| = 85680. (3)
Tir (1) (2) (2) suy ra: |C] = 665280 — 85680 = 579.600.
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B. PHEP BEM CO LAP

Dé giai bai toan vé phép dém c6 lap, ngudi ta quy vé phép dém khong lap va
str dung cac phuong phap giai nhu da dung trong §1.  ~

Thidul :

Cho tap hop E = {1; 2; 3; 4; 5; 6}. C6 thé lap duge bao nhiéu sb ¢6 4 chir s6
khdng yéu ciu d6i mot khac nhau (cac chit sb nay chon tur tdp hop E) sao cho mdi
s6 tao thanh déu chia hét cho 47
idi

Nhu da biét mot s6 c6 tir hai chiy s6 tro [én chia hét cho 4 khi va chi khi hai sb
cudi cta sé d6 chia hét cho 4. ‘

Tir tap hop E c6 thé chon ra cac sb sau c6 hai chir sé ma chia hét cho 4:

12, 16, 24, 28, 32, 36, 44, 52, 56, 64.

Ta giai bai toan trén bang quy tic nhan nhu sau:

Budc 1: Chon 2 s cudi, theo trén ta c6 sb cach chonn; =9.

Budc 2: Chon sb hang tram, sb cach chon n, = 6.

Buéc 3: Chon sb hang nghin, 6 cach chon n; =6.

Theo quy tac nhan, sb cac sb phai tim la n = n;ny;ny= 9.6.6 = 324,

Nhdn xét:

- O day khong dodi héi cac chir s6 ctia s6 c6 4 chir s§ doi mot khac nhau, nén
cho phép cac sb da dung rdi dugc dung lai (phép dém co lap).

- Néu bai toan doi héi thém: Cac chii s6 c6 4 chir sb phai d6i mot khac nhau.
Céc ban thir giai bai toan vé phép dém khéng 1ap nay.

Pdp 56: 96 sb.

Thi du 2:

Co thé lap duge bao nhidu sé ¢6 6 chir s6 sao cho sé 1 ¢é mat tdi da 5 1an, cac
$6 2, 3, 4 mdi s6 c6 mat téi da 1 1an?

o

Dé thiy sb 1 c6 mat téi thiéu 3 1an.

Goi A; la tap hgp cac sb ¢6 6 chir s, sao cho s 1 ¢6 mat 3 1an, mdi sb 2,3,4
c6 mat | lan.

Goi A, latap hgp s6 ¢6 6 chir sb, sao cho sb 1 ¢c6 mat 4 1an, mdi s6 2, 3, 4 ¢
mat t6i da 1 1an (hodc khoéng co mit).

Goi As 1a tap hop sb ¢6 6 chir sb, sao cho s6 1 c6 mit 5 1an, mdi s6 2, 3, 4 ¢6
mat t6i da' | 1an (hoac khéng c6 mat).

Tinh |A;| bang quy tic nhan nhu sau:

Bude 1: Chon 3 vj tri trong 6 vi tri dé dat 3 sb 1. S8 cach chon la:

n, =C)=20. ‘
Budce 2: 3 vj tri con lai dat ba sb 2, 3, 4. Sb cach chon la:
n;=3!=6.
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theo quy tac nhan |A;| = nin; = 120.
Tuong tw ta c6 |A4 = CEA% =90,

|As| = C3AL=18.

Theo quy tic cong s cac s6 thoa man yéu cau de bai la: .
As[HA| + |As = 228 s0.

Thi du 3:

Bién s xe 1a mot day gdm 2 chit cai dlrng trudc va 4 chir sé ding sau: Cac
chir cai dugc lay tir 26 chir cai A, B, C,..., Z. Cac chir sb duge chon tir 10 chir s6 0,
1,2,..8,9. C6 bao nhiéu bién sb xe co hal chit cai khac nhau, ddng thoi ¢ ding
hai chir sé 1& va hai chir s6 lé d6 giéng nhau?

Giadi

Bude 1: Chon hai chir cai khac nhau, sb cach chon lan, = A,b = 650.

Bude 2: Chon hai sb 1¢ giéng nhau, sb cach chon lan,=5.

Budc 3: Chon 2 vi tri trong 4 vi tri dé dat 2 chir sb 1¢ gidng nhau vi thé day la
cach chon 2 vi tri trong 4 vi tri ma khong quan tam dén thir t sap xep Do viy sb

cach chon la ny = C‘ = 6.

Budc 4: Sép xép 2 s6 chin vao 2 vi tri con lai. Pay 1a cach chon 2 phin tir ¢6
the Iap lai trong 5 phan tir. M&i vi tri déu c6 5 cach chon, nén sé cach chon la
=5"=25.
Theo quy tic nhan, s bién sé xe thoa man yéu ciu dé bai la:
n=mmning = 650.5.6.25 = 487500.

BAI TAP TU GIAI

Bai 1:

T cac chit s6 1, 2, 3, 4, 5, 6 ¢6 thé 1ap dugc bao nhiéu s tur nhién, sao cho
mbi s& c6 6 chir sb va théa man didu kién: sau chir sb ciia mot sb 1a khac nhau va
trong mdi s6 d6 téng cia ba chir sé diu nho hon téng cta ba chit s6 cudi 1 don vj.

Ddp s6: 108.

Bai 2:

Tu chm chu so 0,1, 2, 3 4 5,6,7,8co thé lap dugc bao nhiéu sb tu nhién
chin ma mdi s6 gdbm 7 chir s6 khac nhau?

Ddp s6: 90720.

Bai 3:

Tir céc $50,1,2,3,4,5,6c6 thé lap duoc bao nhiéu s6 ty nhién chin, mdi s6
¢6 5 chir sb khac nhau trong d6 ¢6 dung 2 chix s 1€ va 2 chir s6 1é ding canh nhau.

Ddp s6: 360.

Bai 4:

Cho 10 chirs60,1,2,3,4,5,6,7,8,9. Lap duge bao nhiéu s 1€ ¢ 6 chir sb
khac nhau nho hon 600000 xay dung tir 10 s6 trén?

Ddp s6: 36960.
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Bai 5:

Tim tat ca cac s6 ty nhién c6 dung 5 chit s6 sao cho trong mdi s6 d6 chir sd
sau 16n hon chu s6 dang lién trudc.

Pdp 56: 126.

Bai 6: .

Tu 5 bong hong vang, 3 bong hong trz"mg va 4 bong hong do (céc bong hoa
ndy xem nhur d01 mot khac nhau), ngudi ta mudn chon ra 1 bé hoa gdém 7 bong.

1/Cé may cach chon bo hoa trong d6 c6 dung 1 béng mau do?

2/ Cé6 may cach chon bo hoa trong d6 cé-it nhat 3 béng vang va it nht 3 bong d6?

Pdp sé: 1/ 112 2/ 150.

Bai 7:

. C6 12 cay gidng 3 loan xodi, mit, 6i, trong do c6 6 cay xoai, 4 cdy mit, 2 cay
6i. Mudn chon ra 6 cay gidng dé trong. Hoi ¢6 bao nhiéu cach chon sao cho sb ciy
mit nhiéu horn 56 cay xoai ?

Pdp s6: 172.

Bai 8:

Mot doi van nghe ¢6 15 ngudi gdbm 10 nam, 5 nir. Hoi ¢6 bao nhiéu cach lap
mot nhom dong cagbm 8 ngudi, sao cho ¢6 it nhit 3 nir.

Dadp s6: 3690.

Bai 9:

Mot 16p hoc ¢6 30 hoc sinh, trong d6 ¢6 3 can b 16p. Hoi ¢6 bao nhiéu cach
chon 3 em trong 16p dé truc tudn sao cho trong ba em d6 lu6n ludn c6 can bd 16p?

Ddp s6: 1135,

Bai 10:

Trong mot toa tau c6 2 ghé xa- Iong d01 mat nhau, m&i ghé c6 4 chd ngdi.
Trong s6 8 hanh khach, ¢6 3 ngudi mudn ngdi nhin theo hudng tau chay, 2 ngudi
muon ngon ngugc lai, 3 ngudi con lai khéng c6 yéu cau gi. Hoi c6 bao nhiéu cach
sap xép khach ngdi?

Ddp s6: 1728.

Bai 11:

Sb dién thoai cua 'mét thanh phé c6 6 chit s§ dugc lua chon trong tap {0; |
2;...; 8, 9}.

1/ C6 bao nhiéu s dién thoai gbm 3 cdp hai sb gidng nhau (tirc 1a c6 dang
ababab ), chdp nhan ca s6 000000?
2/ C6 bao nhleu sb dién thoai ma sb 6 ¢6 mat 2 1an, sb 2 va sb 5 mdi s6 ¢ mat

dang 1 l4n va hai sb con lai c6 téng chia hét cho 3?
Ddp sé: 1/ 100 2/ 2700.
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Bai gidng s6 12
PHEP TiNH TiCH PHAN VA
NG DUNG

Cac bai toan vé tich phén 14 mdt trong nhing bai toan lic nao ciing c6 mat
trong cac dé thi mon Toan vao cac trudng Pai hoc va Cao déng trong nhitng nam
gan day (2002 — 2009).

Bai giang nay gidi thiéu cac phuong phap chinh dé tinh tich phan va ng dung
chia tich phan dé tim dién tich hinh phing va thé tich ciia khdi tron xoay.

§1. CAC PHUONG PHAP TiNH TiCH PHAN

A.PHUONG PHAP SU DUNG BANG NGUYEN HAM

Pé sir dung duoc phuong phap nay ngoai viéc sir dung thanh thao bang
nguyén ham con phai nam virng cac phép tinh vi phan va bién déi thanh thao cac
dang thirc vé phép tinh vi phan.

Thidu l: (Dé thi tuyén sinh Pai hoc klml D -2009)

Tinh tich phan: lz} dx .
et -1
iai
Ta co: =}L (c _1) } ) }
I I 1
=ln(ex—l)f—2=lne::ll—2=ln(e2+e+l)—2.

Thi du 2: (Dé thi tuyén sinh Pai hoc khéi B - 2008)

n
1 sin| x —— |dx
) ( 4)

Tinh tich phan: 1= I - - .
sin2x +2(1 +sinx + cos x)

0
Giai
x x
Tac()lzL? : (sinx—c.osx)dx :i?d(l+sinx+cosx2)
2 o1+ sin2x+2(sinx +cosx) +1 2 5 (1+5sinx + cosx)

]

il g 1( I lj_4—3\/§
\/El+sinx+cosx0 L2U+2 2 4
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Thi du 3: (Dé thi tuyén sinh Pai hoc khi A - 2006)

n

sin 2xdx

Tinh tich phan: I= .
0 \/coszx +4sin’ x

Giai
Nhén thay d(cos’x + 4sin’x) = (—2cosxsinx + 8sinxcosx)dx = 3sm2xdx

i
(coszx +4sin? x) 2 d(coszx +4sin? x)

1 ,
zé(coszx—r 4sin? x)2 %:%(\/é—l):%(m_z)'
0 2

1
2
Thi du 4: (Dé thi tuyén sinh Dai hoc khoi D — 2005)
T

Vay I =

Wi —_
S

2,
Tinh tich phan: I= I(es”“ +¢os x)cosdx .
0
Giai
T T T
2 ? 2
Ta co: 1= Ies"“cosdx +— Idx +— Icos2xdx
0 0 0
T
2 L T, .
= Ies"‘xd(sixlx)+Z+Zsin2x 2 =" +—Z=e—]+—.
0 0 0
Thi du 5: (Pé thi tuyén sinl Dai hoc khéi B —2003)
T
2
Tinh tich phén: I= «——Sm X
l+ sin2x
r bid
Tacé | = ‘t[ —2sin? X 4 ‘]cos2xdx
l+sm2\ 0 I+sin2x
i
l+ N 2 i
== j_——ﬂ X) L1+ sin2x)[7 =2 (in2 - tn1)=Lin2.
1 +sin2x 2 0 2 2

Nhdn xét chung:
Phuong phap dung bang nguyén ham thuc chit 1a mot phép ddi bién va 1a mot
phép dbi bién don gian. Tuy nhién, ding phuong phap nay c6 hai thuan loi:
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- Khéng cén thuc hién cac phép ddi can khong can thiét.
- Céach trinh bay don gian.
Xét thém cac thi du sau:

Thi du 6:
x
Z(sinx + cos x)dx
Tinh tich phan: I= .
,;[ Ysinx — cosx
3 ,
Gidi
Ta co:
x 2| ' '

z ! (sinx ~cosx)3 |2 3 1./ 2
[= inx — ; inx — = e -=32 — .
7;f(smx cosx) 3 d(sinx —cosx) 2 X2 5 (\/:’; l)

3 N 3 3
Thidu 7:
i
Tinh tich phan: I= S'f sin xdx
n cos”xV1+ cos’x
4
Ta co:
T T
3 inxd 3 tan xd
[:I sin xdx ZI an xdx
X cos?x cos x /l+—#~124 7 cos’xV2 +tan” x
4 cos'x 4
n _l T
3 -1 2+tan’x )2 |3
1
=—;—;!(2+tan2 x)2 d(2+tan2 x):Eg———l————)— i=\/_5-—\/§
4 2 4
Nhdn xét:

Thi du trén cho ta thdy rd tinh hiéu qua khi sir dung phuong phap bang
nguyén ham.

Thi du 8:
Cho b>a>0, tinh tich phan:
b
: dx
=i l: X+a b ,\+b} '
i;fn (x+a) " (x+b) m—(x+a)(x+b)
Ta cé:

(- t]-(x+a)ln(x+a)+(x+b)ln(x+b) .

(x+a)(x+b)
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b 1 0 . 1
= J{ln(x+a)+]n(x+b)}dx= I= IIn(x+ ]+x2)dx: _[ln(x+ 1+x2)dx+ Iln(x+ l+x2)dx
] X+b X+a i i 0
b
= _[d[ln (x+a)n(x+ b)]
(Theo codng thirc d(uv) = udv + vdu)

= In(x+a)In(x+b) b: ln'E.ln(a+b).
a a

Nhan xét:
Pay la thi du dep ching to tinh hiéu qua cao cua vi€c sir dung phuong phap
bang nguyén ham.

B. PHUONG PHAP DPOI BIEN SO
D4i bién sd 1a mot trong nhitng phuong phap quan trong nhit dé tinh nguyén

ham va tich phan. Trong muc nay ching t6i trinh bay cac phuong phap doi bien so
théng dung nhat:

b p
Loai 1: Sir dung cong thirc: If[u(x)]u'(x)dx = If(t)dt .
a ' a

b
Gia sir ta can tinh tich phan 1= J.é, dx . Néu bing cach nao d6 ta viét duoc
a
biéu thiic dugi dau tich phan é,(x)dx dudi dang.

£l u( ] x)dx =f[u(x)]d(u(x))

Khi d6 ta co: I{, dx— If u )du , v&i o =u(a); B = u(b).
0]

Vay bai toan quy vé viéc tinh tich phian méi nay don gian hon nhiéu so véi
tich phan ban dau. Phép dbi bién & day la t = u(x), va nho khi dbi bién thi phai doi
can lay tich phan.

Thi du 1: (Dé thi tuyén sinh Dai hoc khoi A —2008)

Tinh tich phan:

cos2x
iai
Ta co:
L x r
than xdx (], tan* xdx _(]ran xd tanx 0
o cos2x O(I—tan \)cos X 9 I —tan® x
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.2
SIN“ X cos2x
(do I-tan’x =1 - ——=—>-)
COS“X  €OS“X

5

batt=tan x (khix=0,thit=0, conkhix= g thit= —-33—)

Vay tir (1) ta co:

) N V3 W3
Fotde o et 14 3 1% (t+1)=(t=1)
Dl Rl Rl ULl (t=1)(t+1)
0 0 0 0
V3 V3
sV3 0 1VB 3 3
:—-—t——3—~—t—‘—’~—— J‘ dt _J‘ dt
) J
3 0 2 o (t=1) S (t+1)

s 2Mel P T 2 BT
t+
0
Nhén xét: Di nhién trong thi du nay ta ding phuong phap d6i bién sé trong
3
\ 3 t4d
doan dau. Sau do6 viéc tinh tich phan: [ = j] 5 dugce thyc hién nho phép tinh
-t
0

“thém bét” va sir dung bang nguyén ham.

Thi du 2: (Dé thi tuyén sinh Dai hoc khéi B — 2004)

‘]-\/l +3Inx Inxdx

Tinh tich phan: 1=

| X
Giat
e Ao e
Ta co: I l+3ln'x IHXdX:'[\/1+3Inx!nx.d(lnx).
I

I X

Patt=Inx (khix=1,thit=0; khix=e, thit=1,
|

Tu () tacéd: = j\/1+3t.tdt )
0

Taco tu (2)

I |

| I
l=%I\/1+3t(l+3t—l)dt =%J-(l+3t)§d(l+3t)—%.[(l+3t)5d(l+3t)
0 20

()

SN 3
1] (1+31)2 _(I+3t)2 23[2_1_-8—.{»1):E.
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Thi du 3: (Dé thi tuyén sinh Dai hoc khoi B - 2005)
Tinh tich phan:

[= sin2xcos xdﬁ

S VR

1+ cosx
Tac¢d

(1)

s s
2jsm2xcosxdx 2-[ 2cos? xd (cosx)
0 0

(1+cosx) (1+cosx)

Ppitt = cosx (khi x =0, thit=1; khix= ; thit=10).

=

Khi d6 ta ¢co:

1 A2 I
l+t 2(1+t)+
P j )20+ 2, jztdt—zjdt+ dt
g1+t o (l+t) ; g1+t
~e o +2|n(l+t) =2In2-1.
0 0 0
Thi du 4: (Dé thi tuyén sinh Pgi hoc khii B — 2006)
In$
Tinh tich phéan: 1= __dx___
nhet +2e -3
 Giai
Ins Ins Ins ( x)
Taco I= |- = [= =[5 (1)
nyet +2e “—3 hﬂe“ —3e* +2 I3ex -3e*+2
bt t = " (khi x = In3, thi t = 3; khi x = In5, thi t = ).
Ta co:
5 5
3 ’\
= =In =In>—In=—=1In>.
3‘[t2— +2 3] t—l) 4
Thi du 5:

n
3

Tinh tich phan: = Ism xtan xdx .
0

Giai
r T L
3 3 3 (l —coszx)d(cosx)
, .2 5 smx
Taco i= Ism xtan xdx = jsm X —I (D
0 5 cosx 5 cosX

Pit t = cosx (khi x =0, thit=1; khix= E thit= —;—).




1
=In2—§.
8

2 !
Véy]:]ﬁl—i—)—i dt lJ.tdt—lntl— 1
Pt it 5 4k
2 2 2

Loai 2: Déi bién khi ham duéi déu tich phan chira biéu thie dang 3/f (x)

Trong nhiéu trudng hop (chir khong phai tat ca cac trudng hop) ta co thé dung

phép ddi bién sau day:
= (0.

bay la mét trong nhing phép bién doi thong dung hay gap.

Thidu l: (Dé thi tuyén sinh Dai Imc khéi A — 2004)
2

Tinh tich phan: [ = I xdx

J+x-1

batt= vx—1l(khix=1,thit=0;khix=2 thit=1)
Tacot®=x—1 = 2tdt=dx. Vay :

J(t +l)2tdt

t2
2

(1

23
Taco: 220 0@ _otaa— b pantr(1)tace
I+t 1+t
. ]
l_2j't dt—2j'tdt+4jdt—4 d U 42,
I+t 3

0 0
Thi du 2: (Dé thi tuyen sinh Dai Ilg)c khéi B — 2004)

L:|-\/l+lﬂ;)z.lnxdx

Tinh tich phan: 1=

1 X
Giai
Patt= V1 +3Inx (khix=1 = t=1;khix=3 = t=2)
Tacc’>:t2=1+3|nx:>2tdt=3—di(:>%:2t—dt
) X x 3
2 2
( )2tdt 4 2 116
Viy | = |——— t*dt— [t°dt |=—.
Y J. 3 LJ. lJ. } 135

Chu y:

Céc ban hay so sanh v6i cach giai cling cda thi dy nay trinh bay trong thi du 2,
loai 1 phan B (phuong phap dbi bién sb).

Thi du 3: (Dé thi tuyen sinh Pai hoc khdi A — 2005)

sin2x + smx

\/l+3c05\

:
“~
Tinh tich phéan: I
0
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Gidi
Patt= 1+ 3cosx (khix=0 = t=2;khix=§ = t=1)

Tacdt’ = [+3cosx = 2tdt = —3sinxdx

n t° -1
(2 ) o) £1+2_3_] 23 34
sinx (2cosx + ‘
Ta co: l*J‘ I 0 dx:—J~———-—— (2t +l)d .
J1+3cosx 33 0t 9;
Thi du 4:

3-2Inx

x\/l+2]nx

Tinh tich phan: 1= J

Gidi
Datt= V1+2Inx (khix=1thit=1, I\hlx*\/—thlt—\/_)

. dx . .
Taco: ' =1+ 2Inx = tdt= —. Viy ta co:

X
V23 (17 -1 ¥
J—(-—)tdt 4 [dt- Jtzdt 107 10
! t [ i 3 3
Thidu 5: _
Tinh tich phan: l:\/f xdx
o x2+2+214x
Gidi
i ' 3od(x?+1 4
Tacé[_j _‘i\ _;_ (‘<_+)2:%I o
0( X +1+1) o(\/?+1+1) n(1+f)

(datt=vx2+1)
Patu=t (khit=1 = u=1:t=4 = u=2)
Tacéu’=t = dt=2udu. Vaytir (1) ta cc')'

! J‘2udu 2jl+u—l _[ (1+u) j-dl+u))
(1+u) (1+u) I+u ,(+u)2
2 2
:|n(1+u) +L :lnz—l.
1 u+l1jl 2 6

Nhdn xét:
Trong thi du trén ta st dung nhiéu phuong phap dé tinh tich phan I (bang
nguyén ham, doi bién sé loai 1, loai 2).

Loai 3: D6i bién khi ham dudi ddu tich phan cé dang a® —x?2 hodc

(@’ + x)* hodc x?-a?
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— Khi biéu thie dudi du tich phan cé chia biéu thirc duéi dang Va? - x?
hoic Vx? —a% néi chung ta s& gap kho khan néu sir dung phuong phap déi bién
ndi trong loai 2 (ditt = Vx? —a% hodct= va? —x?). Véi tich phan nay ngudi ta
dbi bién nhu sau: .

+ Néu biéu thic dudi dau tich phan cé dang a’-x* ta hay dit x = asint
hodc x = acost.

+ Néu biéu thirc dudi dau tich phan c6 chira biéu thirc dudi dang Vx?-a’ ta
a a
hay dat x = — hodc x = —
sint cost

- Khi biéu thirc dudi dau tich phan c¢é chira biéu thic dudi dang (@+xA)* ta
hay dit: x =tant hoac x = cott.

Thi du 1: (Trich trong dé thi tuyén sinh Pai hoc khéi B — 2002)
J8
Tinh tich phéan: I = I 16— x%dx .
. 0
Gidi

bat x = 4sint (khix=0thit=0, khix= J8 thit= % ) = dx = 4costdt.

T T[
4

Ta cé: :IV16—165111 t.4costdt = Il6cost]costldt
0 0

e
Z T
=8 jz cos? dt (vi khi 0 <t <, thicost>0)
0
T I T
4 4 4 n
=8 [(1+cos2t)dt =8 [dt+8 [2cosdt =2m+4sin2t4 =27 +4.
0 0 0

Nhdén xét.

8
1/ Trong qua trinh giai dé thi bat budc phai tinh tich phan 1= IV16 —x2dx .

2/ Mac dau ham dudi diu tich phan cé chira c¢in thirc, nén néu ta bién ddi
gidng trong loai 2: t = Va? —=x? thi chic chin sé gap rac roi (cac ban thir [am xem
va giai thich vi sao lai nhu vay). Dy chinh 1a thi du chimg té ring khong phai cir
thdy ,/f(x) a thuc hién phép ddi bién sé t= f(x) .
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Thidu2:

3
2

Tinh tich phan: 1= I d—x
3V3

bit x = 3sint, voit € {—E;EJ.
22

3J3

Khix=-> thit=—2 khix=> thit= =
2 4 2 6
Ta ¢6: dx = 3costdt, va vi thé
' n n
% 3costdt 1 & costdt
[= I 3 =— I (do cost >0)
w3 ‘cos t; 9 < |cos t|
4 4

T

(] dt 1 6 J3+3
) cos’t 9 27
3

Thi du 3:

¢ dx_

3\7[5 X\/x2 -9

Tinh tich phan: 1=

Gidi
/
bitx = 3 Vot € LO;EJ
cost 2
(khix= 3\/§:>COSt=l:>t:E;cc‘)nkhix=6 — cost = l:”:ﬁ).
2 4 2 3
z n
3 . 3
Taco dx —3im—tf—tt do I 3sintdt :%Idt:%.
cos T cos?t, T —9%%9 n
4 COSt cost 4
Thi du 4:
‘ V3 dx
Tinh tich phan: [ = I —_—
ﬁ 1+‘(
3
batx =tantvoit e | —— —)(khn— ~£:>t:—£;x=\/§:>t-_—£)
k 22 3 6 3




3 _ _x/§+l

Loai 4: Déi bién khi biéu thic dusi déu tich phan ¢ chira ham sb luong giac.
Céac phép bién déi thuong dung véi tich phan nay la dat t = sinx, hoac

t =cos x; t = tan x, hodc t = cot x. ‘
Thi du 1 (Dé thi tuyén sinh Dai hoc khii A- 2009)

n
2

o A 2
Tinh tich phan: = j(cos3x - l)cos xdx .
0

n n

cos’xdx — Icos2xdx (1)
0

2
, 3 2
Tacod I = j(cos' X - l)cos xdx =
0

S SRR

n n L n
2 2 2 2
s - 2¢08:
Deé thay: Jcoszxdx = jl—j———cgi(-dx = ! Idx +'l Jcos2xdx =T 2
0 0 2 0 2 0 4
n n
2 2
Mat khac: jcossxdx = jcos4x cosxdx : (3)
0 0

Do d6 dét t = sin x, ta ¢ dt = cos xdx va tir (3) ta ¢6:

T
5 ) 1 2 1 1 , i A 8

3 { == —t- = ) = —
(.[cos xdx I(l t ) dt Jdt -jt de+ jt dt 5 4)
) 0 0 0 0

§ =n
Thay (2) (4) vao (1) ta cé: I—Tg R
Thidu 2: (Dé thi tuyén sinh Dai hoc khdi B - 2005)

LS

2 .
L, . 2sin x cos xdx
Tinh tich phin: 1 = I—-~——

h 1+ cosx

Gidi

Pitt = cosx (khi do néux=0 = t=l;x=§ = t=0)

2sin x cos? xdx B (.)[2t2 _ lj2t2
1+cosx 0 '

n
:
Ta co: dt = —sinxdx. Khidé | = j
0

= 2In2 -- |. (tinh nhu trong thi du 3, loai 1, muc B).
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Loai 5: Mét sb phuong phap dbi bién dac biét dé tinh tich phan:

Trong muc nay Lhung t6i gidi thidu vai phép doi bién dic biét (khdéng thong
dung) dé tinh tich phén v6i muc dich dé cac ban tham khao thém.

Dang I: Dbi bién x = —t

Phép dbi bién nay dung khi:

1/ Tinh phan can tinh c6 dang: If )dx, trong do f(x) a ham s6 chén hogc
—a
1¢ trén [-a ; a]

x)dx . s
2/ Tich phén cé dang: J.————i—;— , trong do f(x) 1a ham s6 chan trén {—a;a] va
+k’ '
a _
k>0. Khi d6 ta tach tich phan thanh 2 phan: tir —a dén 0 va tir 0 dén a. Véi tich
phan thudc phan tha nhat dat x = —t.

Thidul:
1
Tinh tich phan: [ = Iln(x +V1+x? )dx .
-1
Giai
Ta co:

[= Iln(x+m)dx~ Iln(x+\/—l_:x.)dx+_[ln(x+\/l+—x)dx )

-1
bit x = —t, khi do

Iln(x+\/1 +X )dt— Iln(\/1+t —t)dt Iln __dt —Iln(t+\/l+t )dt .(2)
0
Thay (2) vao (1) ta cé: 1=0.
Chu y: Ham duéi dau tich phan f(x) = ln(x +1+x2 ) la ham [é trén [-1;1].

Thi du 2
2 6
d
Tinh tich phan: 1= [>—.
Sl+e’
Giai
0 6 2 6
x°d d
Taco: 1= [+ [ (1
Sl+e’ Jl+e’
6 0 .6 2 1.6
d t-dt tdt
Patx=-tvicd [ =- [——= [ Q)
Sl+e® 5 - g lte
l+et
l+e 2
Thay (2) vao (1), vacd: | = J'—L—"—)dx = jx(’dx =—
5 l+et 128

0
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Dang 2: Phép thay biénx=a—t

Phép dbi bién nay thudng dung dé tinh c4c tinh phén c6 cdn trén la a, ham dudi
dau tich phan chira cac biéu thire luong gidc va cdc biéu thirc nay lién quan dén can
trén a (theo nghia ching c6 mbi lién hé cia cac ham luong glac cua cac goc lién

quan dic biét). Vi thé cac tich phan nay thudng c6 cén trén la E 2T, T,

Vi cac tich phan nay, sau khi bién don X = a-t s& dan dén viéc giai phuong
trinh don gidn ma an s6 & day la tich phén 1 can tinh.
Thidu 1: (Dé thi tuyén sinh Cao ding Sir pham Ha Nji— 2004)

T

o A 2 2004
Tinh tich phan: 1= Imdx.
o sineosTX
Giai

s .
Détx=5-t = dx =—dttaco;

n
(]' S dt = ] cos™ 't
7 cos °°4t +sin”® ¢ Jsin®™ t + cos™™t
T L
o 2.6in 2004y 4 cos2004y 2 -
Tirdé suy ra: 21 = I 5004 Sooa 94X = Idx:—.
o sin” T x +cos” X 0 2
. T
Vayl= —.
4
Thi du 2:
2n
Tinh tich phéan: .[xcos3 xdx .
0

Giai
Patx=2n -t = cosx = —ost va dx = —dt. Ta cé:

I=- }(21t - t)‘(cos3t)dt = 2f(2n - t)(cos3t)dt

0 2n
=27 .[cos3tdt—l =>l=n Icos3tdt (D
2n 0
2n 2n
Bai toan quyvé tinh = Icos3tdt. Dé thay n Icos3tdt =0
0 0

(giai nhur thi du 1, loai 4, muc B).

Tt (1) suy ra [=0.

Nhdn xét: Ta c6 thé giai lai bal toan trén bang cach sir dung tich phén tung
phén bang cach dit u = x; du = cos’xdx.
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C. PHUONG PHAP TiCH PHAN TUNG PHAN

Phuong phap tich phan ting phan ciing 1a mdt trong cac phuong phéap co ban
nhét dé tinh tich phan. Can nhan manh rang cac bai toan sir dung tich phan timg
phén dé tinh tich phan nhiéu lén xuét hién trong cac dé thi tuyén sinh vao Dai hoc
va Cao déng trong nhirg nam gan day.

Loai 1: Céc dan&, toan co ban ctia phép ldy tich phan timg phan

Cén nhén manh rang cac dang toan nay chiém trén 90% cac bai toan st dung’
phuong phép tich phéan ting phan d tinh tich phan trong cac dé thi tir 2002 dén
2009 (va 100% trong cac dé thi tuyén sinh mén Todn vao cac truong Dai hoc khéi
A, B, D trong nhitng nam dd). C6 4 dang toan chmh

b
1. Véi tich phan dang: I (x)e"dx hoiic IP sin kxdx; IP )coskxdx , &
a a

day p(x) la da thuc thi dit u = P(x) ; dv = e"*dx (hojc dv = smI\xdx,. )

2/ Vi tich phéan dang IP ln xdx (co thé 2p dung véi mot sé trudng hop

l ,
¢6 tich phan dang: In'x ), & day P(x) 1 da thirc thi dat u = In*x, dv = P(x)dx
p

2 P(x)
).

(hodc dv = P(;)
b

3/ Véi tich phan dang: I sinaxdx hoac Ie ‘cosPxdx ,
a a

thi dat u = ¥, dv=sin adx (hodc dv = cos Bdx)

hoéc u = sin ax (hodc u = cos Bx),dv= eMdx

Thi du 1: (Dé thi luyé"n sinh Pai hoc khdi B — 2009)

3+1Inx

Tinh tich phan: [ = —dx
- ’ {[(x+l)
Gidi
3 In xdx

Ta ¢o: I—3I +I — . )

1 ?&+1) I(X+1)~

3d

o x+1 -1 3 1
De tha == 2
e’ayljﬁl I Tx+ll 4 ®)

dx
Patu=Inx = du= —;
X

p -1
dv = dx =Dv=

(x+l)2 x+1
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Theo cong thic tich phan timg phan, ta co:

—Inxp 3 - x+1)- - 3
[= Inx I dx In3 I(X ) X dx = ln3+ln X
Xx+11{1 Ix(x+1) 4 l x(x+l) 4 x+1|1
41:1%—]113 111?—67— .
= = - . 3
4 4 @)
3+lnzv7~
Thay (2) va (3) vao (1) ta co: [ = —Tﬁ
Thi dy 2: (Dé thi tuyén sinh Pai hoc khoi D — 2008)
2
Tinh tich phan: [ = Il—n—;idx.
;X
Gidi
Tadiatu=Inx = du= Ei‘—X;v: 9—);—:——_—12—
X X~ 2x
3
-n2 1 2 3-2In2
Va +J.[ x+3)—(-x* +4x-3 ]dx = - =

Thi du 3: (Dé thi tuyén sinh Pai hoc khéi D — 2007)

<
Tinh tich phan: 1= Ix3 In? xdx .
!

Giai
, 4
batu= In°x = du= 21n Xd)‘; V= Ix3dx:x—
X 4
. e < €
Ta cé: lzlx4 In? x L x3lnxdx:le4—ljx21nxdx.(1)
4 2 4 2;
2 2
Lai ditu=Inx = i—+—y——=l.D0d('>:
16 4

e e 1

4
Ix3l|1xdx:lx4l|1x ——Ix3dx:—e4—Lx4e:3c +L‘ )
; 4 1 4 416 | 16 16
4
| -1
Thay (2) vio (1) v co: 1= 5632

Thi du 4: (Dé thi tuyc’}n sinh Pai hoc khdi D — 2006)
I

Tinh tich phén: I = I(x —2)e2xdx .
0
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Giai
Pitu=x-2 => du=dx;v= Iezxdx:lezx.
1 5-3¢?
0 -4

1
Tacé: | =%(x —2)62"

I
1 Iezxdx = l(—e2 + 2) - ler
2, 2 4
Thi du 5: (Dé thi tuyén sinh Pai hoc khoi D — 2004)

Tinh tich phan: I= 3J-ln(x2 —x)dx .
2

- 2 2x -1 ‘
bitu=In(x"-x) = du= 5 dx;v:jdx=x.
X" —X
. 3
Tird6: 1=xIn(x? - )3 jx(zx dx 3In6-2In2— 2l
2 3 x(x—1 5 ox-1
3 3 1 3
=In54-2 fdx - jd(xx_ )—1 54-2- In(x—l)‘2=3ln3—2.

2

Thi du 6:
I

2
Tinh tich phan: 1= Ix3ex dx.
0

T "I—I 3"‘zd—ll 265" 2~]lt‘dt1
aco: —Ixe xx—Eafxe (x )m—z—(!e )]

1
Dé dang tinh duoc Ite dt =1,vayl=

iy
; 2

Thidu7:
s
2

Tinh tich phan: 1= Iezxcoskdx.
0

Gidi

Pitu=e> = du=2e"dx;v = cos3xdx=%sin3x.

d

e™ — = [e**sin3xdx . (1)

1
3

W
S M [H

T
] - 1% 5.
Taco: [ =—¢2 sm3x2——J *sin3xdx = -
3 30

s . |
Lai dat u =™ = du 2e>dx;v= J-sm3xdx=§cos3x.
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I z 2g I
Vi thé: Iezx sin3xdx = ——e**cos3x |2 +—I X cos3xdx :—+-l 2)
3 0 3 3

(SR

[=

- — n_. .
Thay (2) vao (1) ta c6: l:—le"—z—il :>El:—le"—g :>l:—3e——~2.
3 9 9 9 3 9 13

Chii y: Néu sau khi c6 (1) ta dung phép tich phan timg phén lan thir hai nhu sau:
Pat u =sin3x = du=3cos3xdx; v = Iezxdx = %ez" .

T

2 1=
Khi do6 sz sin3xdx =~ sin3x| 2 -2
; 2 . 2

P cos3xdx = —e™ ~ 3] (3)
20 2

SRSy k]

Thay (3) vao (1), vaco : l:—%e"+%e"+l < 1=1@4)

(4) co nghla 14 ta g&@p hién tugng ¢ xoay vong” tirc 1a sau mét loat phép toan —
ta quay lai ddu bai. Do d6 ta chua giai quyét dugc bai toan.

Khi ap dung phuong phép tinh tich phan tirng phén tir hai bude trd Ién, néu
khéng can than s& gap “hién tugng xoay vong” va can phai tranh né.

Loai 2: Phuong phap tich phan timg phan véi cic dang tich phan khac. Dé sir
dung c6 hi¢u qua phuong phap tinh tich phan tirng phan khi tinh tich phan, diéu
quan trong nhat lam sao chon ham u mét cach thich hop. Phép chon ham u phai
dam bao dugc hai diéu sau day:

1/ Dé dang tinh dugc Ivdu .

2/ Thong thuong khi sir dung cong thirc tlch phén tirng phan dé tinh tich phan
‘ta déu phai trai qua nhidu budc. Vi vay ham u can chon sao cho trong céc buéc tiép

theo sir dung cong thirc tich phan, thi viéc tinh Ivdu phai ngdy cang don gian di.

Thi du 1: (Dé thi tuyén sinh Cao ding Giao thong — 2004)

2 2 x
Tinh tich phan: 1= IX © d); .
0(X+2)

Giai
dx 1
(x + 2)2 Cox+2°
Theo cdng thic tinh tich phan timg phén, ta co:
_ X 2+ Ixe dx =e* +2xe"dx )]
(x + 2) h

Pitu=x’" = du= xe'(x +2)dx, v= I
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2

Dé thay (xem loai 1, tich phan tirng phén), ta c6 Ixexdx =e’+ 1. (2)
0

Thay (2) vao (1), vacoI=1.

Thi du 2: (Dé thi tuyén sinh Cao ding Sw pham khoi A — 2004)

ki

4
Tinh tich phén: 1= Ix tan? xdx .
0

Giai
2., '
Pitu=x = du=dx;v= Itanzxdx: J‘l—c—ozsidx=tanx—x. .
cos“x
Theo cong thire tich phan tirng phan, ta co:
E n 7!
E 4 4 2|
l=x(tanx x 4 - J'tanxdx+_|'xdx——(l——) J'SH]Xd\ X—4
0 0 g Cosx 2 0
B
2 4d c 2 E_ 2
nE o) m mcosxfg = E-E Lo,
4 32 5 cosx 4 32 04322
Thi du 3:
1 7
Tinh tich phan: ]:J‘_qu_z_
0(l+x4)
Giai
3 df{1+x* _
Pitu=x" = du 4xdxv—J' dez:lj.( )= ]4
(l+x4) (l+x4) 4(1+X )
it ! Ld(1+x*
Taco: 1= X +IXd):=~l+l_[ ( 2 )— —+——ln(l+x4)
4(l+x4)0 o1+x 8 47 1+x
_2In2-1
8




§2. MOT SO UNG DUNG CUA TiCH PHAN

A. TINH DIEN TiCH HINH PHANG
- Dién tich hinh phang xac djnh boi duong congy = f(x). -
Cho hinh pang gi6i han bdi cac dudng

A
y=f(x),y=0 | ' y =
x=a,x=b (a<b)
Khi d6 dién tich S ctia nd duogc
b
tinh boi cong thie: S= ||f(x)|dx
,dﬂ ( )‘ 0 y =y(x) -
(n6i riéng néu f(x) > 0 voi A B

b

Vv x € [a;b], thi S = J.f(x)dx
a

- Dién tich hinh phang giéi han boi hai dudng cong:

y=f(x)y=e(x)
x=a;x=b (a<b).
Khi d6 tich phan cta hinh phing dugc tinh bdi cong thirc:

S:t].|f(x)—g(x)|dx.

a

Cho hinh phing gigi han bai: {

Giai bai toan tim dién tich hinh phang thuong ¢ luge dd chung dé giai nhur sau:

- V& hinh (néu thiy can thiét va dé v&. Khi vé duong cong chi nén v& phac hinh)

- Tim giao diém cia cac dudng tao nén hinh phing.

- Su dung cac cong thirc da néu & trén.

Loai 1: Cac bai toan c6 thé v& phac dugc hinh can tinh dién tich:

Vi cac bai toan thude loai nay viéc vé hinh gitip cho viéc nhan dién hinh cén
tinh dé dang hon nhiéu. Di nhién ta chi can luu tdm dén hinh dang cua hinh, nén
viéc v& hinh chi can 1a v& phac ma thoi!

Thi du 1: (Dé thi tuyén sinh Dai hoc khidi A - 2002)

Tim dién tich gidi han boi cac duong y =[x’ — 4x + 3| va y = x+3.

Hai do6 thi y = Ix? - 4x +3| va

'y = x +3 déu rat d3 v&, vi thé ta c6 ngay hinh v& sau:

Tir hinh vé ta suy ra hoanh d¢ giao diém A, B la nghiém cua phuong trinh: x’

—4x+3=x43
(vi nd cét nhau trén phan ma
X'~ 4x+3>0)< x=0hoficx=5.
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Ta co: 0

S=;f|:(x+3)—(x2 —4x+3):|dx

+J.|:(x +})~(—x2 +4x —3):|dx

1

=x+3

5

+J.|:(x +3)—(x2 —4x +3):|dx

3

_[( X +5X)dx+_[(x ~3x+6)d

0

X

—

+_[( X +5x)dx=——(d dt)

T Iu du 2: (Dé thi tuyén sinh Pai hoc khéi B - 2002)

’ 2 2
Tim dién tich hinh phéng gii han boi cac dudng: y =, /4 _% vay =X,

a2
Giai
2 y20
X
Taco: y=,/4-— =4,2 2
y 4 x——}--y——zl
16 4
. X2y
Viéy d6 thi ciia n6 1a nira trén cuia elip e +—4— =1.

2 !
-~ z X
Dé thay y =—— la parabol, nén ta c6 hinh vé sau:
442

Hoanh 46 ciia giao diém A, B
1a nghiém cua phuong trinh:

2
2 2 2 4 — A B
-5 st g XX oy % -
a2 4 32 . i
4 NT Y1 N7 4 s
242 X2 x2
vays= | Vs ,
-2\2 4

Theo thi du 1, loai 3, muc B, ta ¢cé:

j V16-x2dx=2n+4. Tirdotr (1) suyra S= 2n+%(dvdt)
0 .
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Thidu 3: | n ;s -
Tim dién tich hinh phang gioi han bdi ‘ : :

~
P4

, \ 2 X 2 . 8 Y
cac duong y=x3y=-—;y= — vay= —. .
. 4 X X Lo
V& phac hinh trén c6 dang sau:
Béng céc xét cac phuong trinh:
2
xt=Zeox=32; x? =§<:>x=2;
X X
x2 2 3 x> 8
——=——<:>x=\/§ va —=— <:>x:3/—33.
4 x 4 X ‘
Ta suy ra c6 3 giap diém A, B, C
v6i hoanh dd giao diém lan luot la:

2/5;2;3/3_2_ . D& thay:

2 ¥2 2
S= I(xz—z)dx+ I[§~L}
% X 5 X 4

Céc tich phén trén déu tinh duoc mot cach dé dang va ta s€ co:

S:8111%/Z+2ln%/2=%ln4(dvtt).

Loai 2: Cac bai toan tinh dién tich hinh phang ma viéc v& hinh kho thuc hién.
V4i cac bai toan loz_}i nay chua thé nhan ra ngay khi nao f(x) > g(x) (hodc
f(x) < g(x)). Vi the cach tot nhat khi tinh dién tich S Ia sir dung cong thire:

b
S= [if(x)ldx,

va xir 1i theo cach tinh tich phan trong trudng hep ham dudi ddu tich phan c6 chira
diu gia tri tuyét doi.

b
Dang 1: Bb sung vé tinh tich phan dang; jl f(x)|dx.
a
Khi giai cac loai bai tdp ndy trude hét phai tién hanh xét dAu dé pha di céc dau
gia tri tuyét doi (ki€n thic hay dung nhat 1a sit dung dinh 1i vé ddu cta tam thic béc

-

hai, nhi thirc bét nhét va st dung dudng tron don vi dé xét dau cac ham lugng giac).

by >

Thi du 1: (Pé thi tuyén sinh Pai hoc, Cao dding khéi D — 2003)
‘ 2
Tinh tich phan: 1= [[x* —xjdx
0

Ta cé bang xét dau sau:
X 0

X -X - +
|x2——x| Z X — X X —X 2
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Tir bang xét dau trén, tacod: 1= }(x —xz)dx + j.(xz - x)dx =1.

0 I
Thi du 2:
b
Tinh tich phan: 1 = Iﬁ—sin 2xdx.
0
Giai
, " s " .o T
Ta co: Iz.[ | —cos| ——2x dx:.[ 2sin“| ——x ldx
2 4
0 0
3rt :
= fﬂsnll(\——JL!x— J2 I|smt|dt
4

Dua vao dudng tron don vi ta c6 ngay:

sint < 0 khi ~§<t<0 va sin t > 0 khi 0<t<34—”.

3t
I i
Tir d6: 1=2] - jsin-tdu~ jsintdt =22,
n
4

Dang 2: Tim dién tich hinh phang.
Thi du: (Dé thi tuyéu sinh Pai hoc khioi A —2007)
Tim dién tich hinh phang gi¢i han béi hai duong cong y = (e + 1)x va
y=(+e)x
Giai

Hoanh d¢ giao diém cua hai duong la nghiém caa phuong trinh:

(et Dx=(l+e)x ox(c'-e)=0= x=0vax=1.
Tir d6 dién tich S can tim dugc tinh theo cong thirc:

I 1
S= (ﬂ(l+e )x—(l+e)x|dx:(ﬂx(e' —e)'dx.(l)

Khi0<x<1thix>0;cone*—e<0,néntir(l)taco:
I I !
S= Ix(e - c"-)dx = e.[xdx - Ixexdx .
0 0 0
1 | 1
De thay: .[xdx = 2 Theo cong thirc tinh tich phan ting phan thi Ixexdx =1.
0 0

Viy S = g— L (dvtt).

Nhdn xét: Vi thi dy nay, viéc v& hinh khdng don gian chat nao!
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8. TiNH THE TiCH VAT THE

- Gia st vat thé sinh boi hinh phang. gi6i han boéi cac dudng
y:f(x);y=0 . Y P s A LA A 1a
va quay quanh truc Ox. Khi d6 thé tich V cua vat the ay la:
x=a;x=b (a<b)
b
V=mn Ifz (x)dx
a
y=f(x);y =8(x)

Gia st hinh phing gi¢i han béi hai duong : {
x=ax=b

va dem quay quanh truc Ox. Khi do6 thé tich V caa vét thé tao thanh 1a:

b
Vznj.lfz(x)—gz(x)ldx.
a
Thidu I: (De thi tuyen sinh Dai hoc khéi B —2007)
Cho hinh phing gi6i han bai cac dudng y = xInx; y = 0 va x = e. Pem hinh
phang quay quanh truc Ox. Tim thé tich khoi tron xoay thu duoc
Giai
Ta tim giao diém cta y = xInx v6i truc hoanh. Hoanh d cua giao diém la
nghiém cda phuong trinh xInx =0 < x =1 (do x>0)

€
Vay V= r [x*In® xdx . (1)

¢
Tich phan = x2 In? xdx dugc tinh theo cong thirc tich phén timg phén loai 1.
1
Bang phép tinh tuong ty nhu trong thi du 3, loai I, phﬁn C,
3

3
-2 -
ta cé: Ix In? xdx = >¢ .Vaytir(l)suyraV= >’ =2 (dvtt).
Thidu2:
ye Cho hinh phing S gidi han boi cac

2
duong: y = x% y:2—7vé y:z(——. Tim
X 27

thé tich V khi dem hinh S quay quanh

A truc Ox.
T Giai
é ) D2 thdy cac giao diém A, B tuong (ng
: ! y=-iL c6 hoanh do 1a x =3 vax =9.
= y | 3 9 b Goi Vi, V,, V; tuong ing 1a thé tich

ciia cac vat thé sinh boi khi dem
cungC/)—A:, AB va OB quay quanh Ox.
Khi dé ta co:
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TR CAR LAl 972n
V=V +V,-V;=1n I(x ) dx+J.(—~) dx- || —{ dx | =
X 27 5

0 3 0

BAI TAP TU GIAI

Sir dung phuong phap bang nguyén ham, tinh cac tich phan sau:
Bai 1 (D¢ thi tuyén sinh Cao ding si phani Quang Ngai - 2006)

e

(dvtt)

24003
4 .
Tinh tich phan: | = IM Dap so: 2.
s I+ cosx ‘
Bai 2: (Dé thi tuyén sinh Cao d{fng Kinh té Tai chinh - 2005)
o
Tinh tich phan: 1= I xdx 35 Pdp s6: i
8
0 (X + l)
Bai 3: (Dé thi tuyén sinh Cao d(flzg Nong lim)
1 —
Tinh tich phén: 1 = va x? +1dx.. Pdp s6: 2\/2 -!
0
Bai 4: (Dé thi tuyén sinl Cao diing Y té - 2006)
n
Tinh tich phén: I = EJ’S InX —COSX 4 Ddp 56: Lin2
- S lesinax T2 T
3
Bai 5:
"3 eXdx
Tinh tich phan: 1= | — Ddp s6: 2 - 1.
0 1/(e" + l)
Bai 6:
I
% sinxdx c 1
Tinh tich phan: I = I———— Ddap so: —In4.
o 1+3cosx 3
Bai 7:
1
d ¢ 2
Tinh tich phan: 1= I L Dap s6: In—".
: 0 1+e* l+e
Sir dung phép dbi bién, tich céc tich phén sau:
Bai 8:
‘ | 9
Tinh tich phan: 1= [x3/x+1dx. Dip s6: —.
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Bai 9:

Tinh tich phan: [ =

Bai 10:

Tinh tich phan:

i
S A
o
|
aQ
Q
7
w
>
<N
=
>
aQ
Q
7
%)
o
ke

Bai 11: ‘
1 2
Tinh tich phén: [ = J.—& Ddp s6: ]6—”—\/—5—
0 (x + 1) Vx+1
Bai 12:
In2
Tinh tich phan: [ = I ve* —ldx. Ddp s6: 4 ; 1
0
Bai 13:
Tinh tich phén: 1 = ILm; dx. Pap s6: E—
J1+cos’x 4
Huréng dan: Datx = n—t.
Bai 14:
!
6
Tinh tich phan: 1= Ixs (l - x3) dx.
0
Huéng dén: Datt = 1-x. Pdp s6: %8—
Str dung phép tich phan tirng phan tinh cac tich phn sau:
Bai 17:
T
2 ]
Tinh tich phan: I= [e*"™ sin 2xdx. Ddp s6: 2.
0

Bai 18:
2

Tinh tich phan: I = Ixz In xdx .
I

Bai 19:

Tinh tich phan: I=

(X — ]

Ddp s6: {—0 :

12
Dip s6: —=.
Y

(x+1)sin2xdx . Pdp s6: §+1.

Ddp $0: %e3 +l.

9
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Bai 20:

L, X 2In(1+x) o, 3
Tinh tich phan: 1= I——z—-dx. Dadp so: 31112—5In3.
PoXx

Str dung cac phép thé dic biét tinh cac tich phén sau:

Bai 21:
Tinh tich phéan: 1 —2J‘ dx Pdp s6: z
. 04+ x2 8
Bai 22:
oy . Vi Vi+x?

Tinh tich phan: 1 = I ;—dx

;X

. 3V2 -2V3
Dap so. ln(2+ \/?:)(ﬁ—l)+3—\/j V3 .
3
Bai 23:
L

Tinh tich phan: 1= |———— Dap so: ——.

J YixPal & 18
Bai 24:

2

2 .
Tinh tich phan: | Pdp s6: — ——

o 1 _ 8 4
Bai 25:

5
Tinh tich phan: I = I(] x+2[~|x-2])dx. Pdp s6: 8.

-3 ’
Buai 26:

Tim dién tich hinh phing giéi han b&i parabol (P): y = X%+ 4x + 5 va hai tiép

tuyén cia (P) tai diém A (1; 2); B(4;5) nam trén (P)

Dap $6: z—(dvdt);

Bai 27:
Tinh dién tich hinh phing gi6i han bdi cac duongy =sin|x| vay =|x|- ©
Ddp s6: 4+ 72 (dvdt).
Bai 28:
Cho hinh phéng tao bdi hai duong y = 2x—x’ va y = 0. Tim thé tich vat thé khi

dem hinh phang quay quanh truc Ox.

242

Dadp $0: %n (dvtt).




Bai giang sb 13
AUONG THANG TRONG MAT PHANG

"Bai toan vé dudng thing 1a mét cha dé chinh thudng xuyén c6 mat trong cac
dé thi toan vao cic trudng Pai hoc va Cao déng:, trong nhirng nam 2002 - 2009. Bai
giang dé cap dén cac phuong phap chinh giai cac bai toan lién quan dén phuong
trinh duong thang ciia hinh hoc giai tich phiang.

§1. CAC BAI TOAN THIET LAP PHUONG TRINH DPUONG THANG

Nguoi ta hay dung cac dang sau ddy cua phuong trinh dudng thang.
— Phuong trinh chinh tic cua dtronE thang di qua diém M(xq: y,) vOi vecto chi

N _Y ™Yo
a b ]
— Phuong trinh tham sb ciia dudng thing qua diém M(xe.ys) v6i vecto chi

phuong u=(a;b) (@>+b>0)1
{x =Xy +at
y = y() + bt.
— Phuong trinh duong thiang di qua diém M(xy; yo) va nhan vecto phép
n=(a.b) (a’+b>0) la:

phuong u=(a;b) (a#0,b#0) la:

a(x — xo) + by — yo) = 0.
— Phuong trinh tdng quat cia dudng thing a:
ax +by+c¢=0(ddiya’+b>>0).
Duéi dang nay duong thing nhian n= (a;b) lam vecto phap tuyén, con
u = (~b:a) lam vecto chi phuong.
Puong thiang di qua diém M(Xg; yo) ¢6 hé sO gbéc k s€ co phuong trinh
y =k(x=xo) + yo.
— Phuong trinh theo doan chan: Duong thang cat hai truc Ox, Oy tai hai diém

A(a; 0), B(0; b) (a # 0, b # 0) c6 dang; ~+% =1.
a

Cic dang bai tip co bin:

Loai 1: Viét phuong trinh dudng thing blet vecto chi phuong u =(a; b) va
mdt diém M(x,yo) ctia nd.

bay 1a mét trong nhitng phuong phap co ban nhat dé viét phuong trinh duong
thing. Rat nhiéu bai toan quy dugc vé truong hop nay (dic biét la trudng hop
dudng thing di qua hai diém M(xe; yo) va N(x,; y)).
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Nhu vay, hai yéu td can xac dinh la:

1/ Vecto chi phuong u cia duong thing. Nguoi ta hay sir dung cac phuong
phap sau dé x4c dinh u:

— Tim hai diém M, N phan biét thudc duong thing. Khi d6 u=MN .

— Xac dinh xem dudng thang can tim c6 song song hodc vudng goc voi mot
duong thang cho trudce nao hay khong.

2/ Piém M thudc dudmg thang cin tim duge xac dinh 1a giao diém cia hai
duong thang biét trudc nao ddy, hodc 1a cac diém c6 mot tinh chat ndo dé (nhu
trung diém ciia mot doan thing, hinh chiéu ciia mot diém trén mot dudng thing...)

Xét cac thi du minh hoa sau day:

Thidul: (Dé thi myen sinh Dai hoc khoi D - 2009)

Cho tam giac ABC. Diém M (2;0) la trung diém cua AB. Pudng trung tuyén
va dudng cao ke tir A lan lugt c6 phuong trinh la: 7x — 2y -3=0va 6x—-y-4=0.
Viét phuong trinh dudng thang AC.

A Toa dd (x; y) cia A 1a nghiém cia hé
phuong trinh:

7x-2y-3=0 x=1

&
6x-y-4-0 y=2
M Vay A (2;2)

Vi M la trung diém cia AB, nén toa do B
dugc xac dinh nhu sau:

B H—‘ N C {xB:zxM'qu{XB=3
Y8 =2¥YMm — YA yg =—2.
Viy B(=3;2)

Pudng thang BC vudng goc vdi dudng cao AH: 6x —y — 4 =0, nén ¢ dang
x +6y+m=0.
DoquaB(3;-2)néntaco:3-12+m=0 => m=9.
-VayBC: x+ 6y +9=0.

Toa d6 (x; y) cua trung diém N cua BC 1a nghiém ctia hé phuong trinh:

x+6y+9=0 |*7°
< 3

7x-2y-3=0 y=—§.

VayN=(0;-2)
‘ 2
Tird6 MN =(—2;——;-J;A_C' =2MN =(-4;-3).
Pudng thing AC c6 vecto chi phuong u= (—4;—3) va qua A(1; 2) nén c6 dang:

x-=1 y-2

& 3x+3=-4y+8 & 3x-4y+5=0.
—4 -3
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Nhgn xét:
Lai gidi noi trén minh hoa rd nét cho phuong Phép da trinh bay trong phan m& dau.
Thi du 2: (Dé thi tuyén sinh Dgi hoc khoi A — 2009)
Cho hinh chir nhat ABCD c6 1(6; 2) la giao cia hai duong chéo AC va BD.
Piém M(1; 5) thudc dudng thing AB. Trung diém E cia canh CD pim trén dudng
thing x + y — 5 = 0. Viét phuong trinh canh AB.

. ) Giai
Goi N la diém d6i xing cua M qua L. A M B
Do M € AB, nén N € CD. Toa d¢ cua
diém N xac dinh nhu sau:
XN =2X) —X XNy =11
{ N I XM <:>{ N I
YN =2Y Y™ yn=-1
Vay N (11; -1).
. N a Y t -
Vi E ndm trén dudng thang b £ N c

x+y+5=0,nén E = (xg; 5-x0).
Tirdé: 1E=(xo-6;3-%0);NE=(xo - 156-x,).
Do E la trung diém cia DC nén cé: IE L NE

X =6

X, =7

Néu x, = 6 thi NE = (-5;0), Vay AB c6 vecto chi phuong chinh la

= NE =(-5; 0). Do AB qua M(1;5) nén c6 dang:

{x =1-5t
& y=5.
y=5
+Néu xo = 7, thi NE = (~4; 1)
Khi d6 AB //NE nén AB c6 vecto chi phuong u = (- 4;-1) .
Vay AB c6 phuong trinh: x — 4y + 19 =0.
Thi dy 3: (Dé thi tuyén sinh Cao ding Sw pham Ha Npi — 2005)
Trong mit phang vdi h§ toa d§ Oxy, cho
tam gidc ABC c6 dinh A(1;2), dudng trung A
tuyén BM va dudng phin gidc trong CD cé
phuong trinh trong ing la 2x +y + 1 =0; x +y
— 1 =0. Hay viét phuong trinh dudng thing BC. M
Gigi D
Qua A ké dudng vudng goc voi CD cit
BC tai E. Gia sir dudng vudng goc nay cit CD
tai I. Vi CD la phin gidc cia C = IA=1E.Do B E
CD c¢6 phuong trinh: x + y +1 = 0 nén, duong
thang AE c6 phuong trinh x +y + m = 0.
Ma AE laiqua A(1;2),néntacéd: 1+2+m=0=> m=-1.
Vay AE c6 phuong trinh: x -y -1 =0.

& (Xo—6)(Xo— 1)+ (B —x0)(6—Xo) @ X'~ 13x+42=0& [

+

el
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Toa d¢ (x; y) cua I Ia nghiém cua hé phuong trinh:

x-y+1=0 x=0
1(0;1).
x+y-1=0 y=1
e Xp = 2X) ~ X, Xg =-1
Tir d6 suy ra: o <> E=(-1.0).
YE=2Y1-ya  (Ye=0

ViC pz"un trén duong phan gidc x+y+1=0 nén ta cd: C(xy; 1-xy). Tir d6 do M
1a trung diém cua AC, nén

M = Xo+ 1 1-Xp+2) (xp+1 3-x
L2 2 L2 2 )
Piém M nam trén trung tuyén BM: 2x + y +1 =0 nén ta c6:

xp 41} 3-x
z(ﬂi—}r—ﬁH:o@ Xg=~7 = C=(-T: 8),

2

Puong thang BC qua E (=1. 0) va (-7; 8) nén c6 phuong trinh: 4x + 3y + 4 0

Thi du 4: (Dé thi luycn sinh Cao dlmg Bén Tre - 2003)

Trong mat phang vai hé toa do Oxy, biét dinh A (4; =1). phuong trinh mét
dudng cao, mot dudng trung tuyén v& tir cing mot dinh lan luot [a 2x — 3y+12=0
va 2x + 3y = 0. Viét phuong trinh cac canh cta tam giac.

A R&6 rang dinh A (4;-1) khong thudc hai
H dudng thing 2x-3y+12=0 va 2x+3y=0, nén
cac duong cao va trung tuyén iy khéng di
M qua A. Ta c6 thé gia sir ching la phuong
trinh cta cac dudng cao va trung tuyen veé tir B,
Dé thay toa do (x; y) ciia B la nghiém ciia hé
phuong trinh:

C 2x-3y+12=0 [x=-3
B =2y ol B =(-3:2).
2x+3y=0 y=2

Viy canh AB co6 phuong trinh: 3x + 7y — 5 = 0 (qua A(4;-1) va B(-3:2)).
Do AC L BH nén canh AC ¢6 phuong trinh: 3x + 2y + m = 0.
DoquaA(— 1) => 12-2+m=0 = m=-]0.

Viy canh AC c¢6 phuong trinh dang: 3x + 2y —10=0.

Toa dd (x; y) cia M la nghiém cua hé phuong trinh:

Ix+2y-10=0 x=6
& = M(6;—4).
2x+3y=0 y=-4

ViM la trung diém ciia AC = C =(8; -7).

Do d6 duong thfing BC qua B (-3; 2) va C (8; ~7) nén phuong trinh cta n¢ la:
Ix+1ly+5=0.

Thi du 5: (Dé thi tuyén sinh Pai hoc Haii Phong — 2004)

Trén mat phflng véGi hé toa do Oxy, cho hai duong théng

di:x—y+1=0,dy:2x+y—1=0vadiémP2; ).
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Viét phuong trinh dudng thing qua P va cit d,d, tuong g tai A, B sao cho
P la trung diém cua AB.
ViA e d| = A=(X|;X|+ l)
B €d2 = B =(X2; 1 —2)(2).
Ta cé: PA =(.x1 —-2;x|);ﬁ3 =(x3 - 2;-2x,).

Vi P la trung di€ém cha AB, nén ta c6:

Do d6: A (E,l—l) va B (i,—_S)
3 3 3°3

Vi thé duong thang AB c6 phuong trinh: 4x -y ~7=0.

Thi du 6: (Pé thi tuyén sinh Cao ding St pham Vinl Long - 2005)

Trong mat phang, vGi hé toa do Oxy, cho tam giac ABC voi A(1;3) va hai
dudng trung tuyén xuat phat tir B va C lan lugt ¢6 phuong trinh 1a x-2y+1=0 va
y—1=0. Lap phuong trinh cac canh cia tam giac ABC.

Giai
Toa d¢ (x;y) cua trong tdm G la nghiém A
cua hé phuong trinh:
~2y+1=0 (=1 M
Xy =T S e, N
y-1=0 y=1

Vé hinh binh hanh BGCE. Theo tinh
chat cia cic dudng trung tuyén trong tam
giac ta co: GE = GA. B

T @6 suy-ra ngay: E (1;-1)

Do EC // BG, nén EC c6dang x -2y + m = 0. E
NoélaiquaE(l;—1)néntacéd: 1 +2+m=0=>m
=-3 = EC co phuong trinh: x -2y -3 =0,

Vi thé toa d6 ctia C 1a nghiém ctia hé phuong trinh:

x-2y-3=0 x=5
= ; C(5; ).
y-1=0

Lap ludn hoan toan tuong tu, ta c6: B(-3; ~1).
Biét ba dinh clia tam giac nén dé thdy cac canh AB, BC, CA lan lugt c6 phuong trinh:
x-y+2=0;x-4y+1=0;x+2y-7=0.
Loai 2: Viét phuong trinh dudng thang di qua diém M(xg; )’o) va co hé sb goc k.
Phuorng phap ndy thuong dung dé giai cac bai toan vnet phuong trinh dudng
théng di qua mot diém M(xq; Yo) va thoa man mot yeu ciu nao d6 (thuorng l1a yéu
cdu lién quan dén khoang cach). Cha y rang dudmg thing di qua diém M(xq; yo) €6
hai dang x = xo va y = k(x—X¢)tye. Khi lam bai, trr trudng hop cho san dang:
y—k(x—xo), néu khong phai xét du hai dang ndi trén.
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Thidul:

Trong mat phing toa do cho hai diém M(1;4) va N(6;2). Lap phuong trinh
dudng thing qua M sao cho khoang cach tir N t&i n6 bang 5.

Giai

Puong thing A qua M(1;4) nén ¢6 hai dang sau:

I/x=1.Khido d(N, A) =5, viy x = | la mot duong thang cin tim.

2/Acodangy=k(x-1)+4 okx-y+4-k=0.

Khi dé d(N, A) =5

& @‘—“—i“—ﬂ_s & (Sk+2)2=25(k2+l)¢:>k=—2—].
Vk? +1 20

Khi d6 A cé phuong trinh: 21x — -20y +59=0.

Nhu thé M ¢6 hai dudng thing cin tim: x =1 va 21x - 20y +59=0.

Thidu2:

Trong mat phing toa do cho hai diém A(1;2) va B(S;~1) Viét phuong trinh
dudng thing qua (3;5) va cach déu A, B.

Giai
Puong thing A qua P(3;5) ¢6 hai dang:
1/ x =3. Khi d6 d(A, A)=3-1=2;d(B,A)=5-3=2.

Vay x = 3 la duong thing cin tim.
2/Acodang:y=k(x—3)+5 < kx—y+5—-3k=0Khido taco:

d(A,A)=d(B, A)@lk—2+5~3k|=|Sk+l+5—3k|
Yk 41 VK2 +1

<3 -2k =16 - 2k| < k=~%.

Khi d6 A c6 phuong trinh: 3x + 4y — 29 = 0.

Vay c6 hai dudng thang x =3 va 3x + 4y — 29 =0 théa man yéu cau diu bal

Nhdn xé1: Qua céc thi dy trén ta da thdy rd néu khong xét truong hop x =
thi c6 thé s& din dén kha ndng lam mat nghiém cua bai toan.

Loai 3: Sir dung phuong trinh tong quat de viét phuong trinh duorng thing.

Nhu di biét: Ax + By + C =0, voi A2+ B?> 0, la phuong trinh tong quat cua
dudng thing. Khi sir dung phuong trinh du¢i dang nay bai toan quy vé tim A, B, C.
Théng thudng tir cac diéu kién ban ddu ta s& c6 mét hodc hai phuong trinh dé tim
ba an A, B, C. Vi thé ta phai sur dung diéu kién A’ + B2> 0, dé tir mot hé thirc giira
A B sé& cho A (hoic B) 1a mot gla tri cu thé, tir 46 sé& tim duoc B (hoac A). Luuy
ring, do chinh 1a quy tac chung dé gnal mot h¢ phuong trinh ma s6 phuong trinh it
hon s6 4n. Sir dun phuong phép nay sé& thich hop cho viéc giai cac bai toan thudc
loai 2, ma khong can xét hai truong hgp x = xo va y = k(X — X) + yo.

Thidul:

Trong mat phang toa dd, cho hai diém M(1; 4) va N(6 2). Lap phuong trinh
dudng thing qua M sao cho khoang céch tir N téi dudng thing do bing 5.

Giai
Goi dudng thing A phai tim 12 ax + by + ¢ = 0, v&i a’+ b*> 0.
DoAquaMnéntacdé:a+4b+c=0 c=-a-4b.
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Vithé A cé dang: ax + by ~a—4b =0,
[6a+2b-3-4b| 5 (52 2b)2 =250+ b?)

Taco: d(N,A)=5¢
Va? + b?
<> 216%+ 20ab = 0 <> b(21b + 20a) = 0.

~-Néub=0.Doa’+b*>0,nénchona=1 = c=—] = A:x=I.
~Néu 21b +20a=0. Doa’+ b’> 0, nén chon a=21 = b=-20 = c= 59

= A=21x-20y +59=0.
Ta thu lai ket qua cua thi dy 1, loai 2 & trén.

Thi du 2: . )
Trong mit phang toa d, cho hai diém A(1; 2) va B(S; ~1). Viét phuong trinh

g thing qua (3; 5) va cach déu A, B.
Giai
Pudng thang A qua P co dang: ax + by + ¢ =0, vdi a’+ b*> 0.
Do qua P(3;5)néntaco3a+5Sb+c=0 ¢=-3a~5b.

Vi thé A c6 dang: ax + by ~ 3a — 5b = 0.
la+2b~3a-5b| |Sa-b-3a-5b]

Taco: d(A, A)=d(B, A) =
‘ Va? +b? Va? + b?
<> (~2a-3b)’ =(2a - 6b)’ <> b(3b—4a)=0

~-Néub=0.Doa*+b*>0,nénchona=1 A: x=3.
~-Néu3b-4a=0.Doa’+b*> 0,nénchona=3,b=4 ¢=-29

A:3x +4y-29=0.

Ta thu lai két qua cua thi dyu 2, loai 2 & trén.
~03i 4: Phuong trinh duong thang theo doan chin:

Ngudi ta st dung cach viét phuong
trinh theo doan chin trong nhiing bai toan Y
ma cac yéu cdu diu bai doi héi tinh toan N B
cac giao diém (a;0) cling nhu (0;b) cua
dudng thing véi truc hoanh, tryuc tung. 2 M

Chi cin luu y ring: néu A = (a; 0),
B = (0; b) thi OA = [a|, OB = |b]. / B
A A

Xét cac thi du sau: .
Thidul: . / 1 L 3
Trén mit phang xOy, cho diem M(1;2). a

Viét phuong trinh dudng thiang qua M sao
cho OAB la tam giac vudng can, d diy A, B
lan lugt la giao diém cua dudng thang dé vai

truc hoanh va tryuc tung.
i Giai i
Gia sir d 1a duong thing qua M. Goi A (a; 0), B(0; b) 1an luot la giao diém cua
d voi tryc hoanh va truc tung.
Lic nay theo phuong trinh doan chin, d c6 dang: X, —l);l =1
a
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Vid qua M(1;2), nén ta co: l+%:l.(])
a

Do OAB la tam giac vudng can dinh O, nén ta c6:
OA =0B < [a|=1b[ (2)
1200 Ta=b-3
Viytacohé:<a b <

lal<b]
Nhur vdy c6 hai dudng thing can tim: §x+§y: 1 va ~?+Ty= 1.

Thi du 2:
Cho diém M(4; 3). Viét phuong trinh duong thing d qua M sao cho né tao vai
hai truc toa d6 mét tam gidc c6 dién tich bang 3.
Giasird N Ox = A(a; 0),
d N Oy =B(0: b).
y

Khi d6 theo phuong trinh doan chén thi d ¢6 dang: X +E =1.
_ a

Do d qua M (3;1), nén ta cé: i+%=l.(1)
a

d» dl
jaldbl.

Ta co: Soan =%OAOB =

Theo gia thiét suy ra: |a|.Jb| = 6 (2) I
Giai hé (1) (2) ta co: (ban doc tu lam)
a=2b=-3
a=-4;b= i
2
Viy c6 hai dudng thing can tim:
X Yo X 2oy,
2 3

Loai 5: Sir dung phuong trinh “cham duong thing”:

Gia str d| : A|X + B|y + C] = 0 va
d>: A;x + Byy + C,= 0 14 hai duong thang cét nhau tai 1. Khi d6 moi duong thang d
qua I c6 dang : (A x+By+C)) +B(Ax + Byy + C2) = 0 (1), v6i &’ +B*>0.

(1) goi la phuong trinh chum duong thing sinh bai dy, d».

Ngudi ta sir dung phuong trinh “chim dudng thing” dé gidi cac bai todn c6
dang sau:

- Viét phuong trinh dudng thing di qua mot diém 1 la giao diém cia hai
dudng thfmg d, va d, cho trudce va thoa man mét diéu kién nao do.

Phuong phéap gidi nhu sau:

— Viét phuong trinh (1).

— Dya vao diéu kién dau bai lap dugc mot hé thirc giira o va B.
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— Tir hé thirc tim duoc, dya vao diéu kién o> + B0, chon gia trj thich hop
cuaa, B.
ThidulI: (Dé thi tuyén sinh Pai hoc Hai Phong — 2004)
Trong mat phanb Oxy cho hai duong thang dix-y+1=0vady2x+y-1=0
va diém P(2;1). Viét phuong trinh duong thing di qua P va giao dlem cuad,, d.
Giai
Pudng thing d qua giao diém ciia d,, dy, nén né thude chim:
alx-y+ 1D+ BRx+y-1)=0 (N
Do d qua P(2:1), nénthay x =2,y = | vao (1) vaco:
a2-1+1)+ B@E+1-1)=0 <= a+2B =0 2
Do o+ B™>0 nén tir (2) chon a =2, B =—1thay lai vao (1) vacé:y= 1.
Thi du 2:
Cho tam giac ABC. Ba canh AB, BC,CA lin lugt co6 phuong trinh la
4x+y-12=0,4x+5y-20=0vax-y-3=0.
Viét phuong trinh ba dudng cao ciia tam gic.
Chiéu cao AA’ di qua A 1a giao diém cua AB, AC, nén thudc “chiim duong
thing” sau:
a@x+y-12)+ B(x-y—-3)=0 A
& (a+B)x+(a+B)y-12a-3B=0(1) 8
Vecto phap cia AA; la h' =(4a + B.a- PB).

Vecto phap cua BC la: n, = (4 5).

Do AA’ L BC néntacd n n =0 -
& 4(4a+ B)+S(a— B) =0 B A ¢
S2la-P=0()
Do a’+ >0, nén chon « = 1 = B = 21. Thay lai vao (1) cé:
A’=25x-20y-75=0 < 5x -4y - 15=0.
Hoan toan tuong ty. hai chiéu cao BB' va CC' ¢6 phurong trinh la:
2x+2y-9=0va2x-12y-1=0.

§2. CAC BAI TOAN XAC DINH DIEM NHO
PHUONG TRINH DPUONG THANG

Cac bai toan xac dinh diém nho phuong trinh dudng théng, [a mot trong hai
ngi dung chinh cua chuyén muc duong thanv trong hinh hoc giai tich phang Hon
thé nira, trong cac cau hoi thi co ndi dung vé dudng thing trong cac dé thi tuyén
sinh vao Dai hoc trong nhirng ndm 2002-2009, thi cac bai toan thudc loai nay
chiém ti 1¢ t6i 85%.
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Phuong phdp giai cac bai toan thudc loai nay ngoai viéc sir dyng céc kién thirc
vé dudmg thang trong hinh hoc giai tich, con sir dung nhiéu dén cac phép tinh vé
toa d vecto trén mat phang

Loai 1: Xac dinh diém nho twong giao cia hai dudng thang

Pay 1a mét trong nhirng phuong phap chinh dé xac dinh diém trén mat phing.

Ngudi ta dya vao diéu kién du bai quy diém cin tim 1a giao diém cia hai
duodng thing xac dinh nao d6. Cac dudomg thing nay hoac da co sin, hogc phai tim
phuong trinh ctia dudng thing d6 (ma ta da biét rat nhiéu cach giai da trinh bay
trong §1).

Thi du 1: (Dé thi tuyén sinl Pgi hoc khoi B — 2008)

Chotam giac ABC, biét hinh chiéu vuéng goc ciia C trén AB 1a H(-1; 1).
Pudng phan gidc trong ctia A c6 phuong trinh x —y + 2 = 0, dudng cao ké tir B c6
phuong trinh 4x + 3y — 1 = 0. Tim toa d$ dinh C.

Goi K la diém dbi xing ctia H qua phan gidc cua géc A. Gia sir HK: ciit duong
phan giac nay tai diém M(xo; yo). Do M thugc dudng thing x —y + 2 = 0 nén
M(xq; Xo+2). Tacé HM = (xq +15x, +3). y

Puong phan giac géc A 1a
X—-y+2= 0 nén co vector chi phu‘ong

A

OSOxgt+t 1 +x9+3= 0c>x0=—2
= M(-2; 0)

Do M la trung diém cua HK,
ma H(-1; 1) nén K(-3; 1).

Puong cao BP c6 phuong trinh
4x + 3y — | = 0, nén canh AC ¢o
phuong trinh: 3x -4y + m=0

Mat khac AC qua K(-3; 1)
nén ta co:

3-3)4.1+m=0 < m=13.
Vi thé AC c6 phuong trinh:

3x-4y+13=0.
Toa d9 giao diém A 1a nghiém cua hé phuong trinh:
10
3Ix+4y+7=0 X= 3 ( 10 3)
o =C|-—;=].
3x—-4y+13=0 _3 34
4

Thi dy 2: (Pé thi tuyén sinh Cao ding khdi A — 2009)

Cho tam giac ABC c¢6 C(~1; —2). Pudng trung tuyén ké tir A va dudng cao ké
tir B lan lugt c6 phuong trinh 1a: Sx +y-9=0vax +3y—-5=0.

Tim toa dd cac dinh A, B.
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V Giai A
Vi AC L BH ma BH c6 phuong trinh
x +3y—-5=0, nén AC c6 phuong trinh:
3x-y+m=0.
Do AC qua C(-1; -2), nén cé:
-3+2+m=0=>m=1.
Vay AC c6 phuong trinh: 3x -y + 1 =0.
Do d6 toa d6 (x; y) ctia A 1a nghiém
ctia hé phuong trinh: B M
{5x+y-9=0 {x=l ‘
o = A(1;4).
Ix—-y+1=0 y=4
Goi toa dd cua B 12 (xo; o). Do B e BH = xo+ 3ye=5=0(1).
TacoM= (_x_g:_l;)'o_‘z].
2 2
Vi M nam trén dudng trung tuyén AM: 5x +y — 9 =0, nén ta co:

Xg —1 Yo—2) _
5( 5 J+[ 5 j 5=0.(2)

Tirhé (1) (2) suy ra: xo=15; yo=0 B(5; 0).
Thi du 3: (Dé thi tuyén sinh Dgi hoc khoi A - 2004)
Trong mit phz;ing Oxy cho A(0;2) va B(\/g :=1). Tim toa d6 trirec tAm va toa
do tam dudng tron ngoai tiép tam giac OAB.
* Toa d§ tam dudng tron ngoai tiép tam giac:
Pudng thing OB c6 hé sb goc la:
-1-0 1 Ax

"CTELOh \. A

Do d6 dudng trung tryc cia OB cé

. & - ¥ Y
hé so goc k, = — V3. Trung diém M cua ; \{3 ///
V3o . 2 0 x
Vay, i

OB ¢6 topa d0 M| ———:;——1.
Q Q (2 >

duong trung truc ctiia OB ¢ phuong trinh: B
y=—\/§(x+iz§—]—%c> y=—\/§x—2.

Trung truc OA c¢6 phuong trinh y = 1. Goi | la tim dudng tron ngoai tiép
AOAB, thi I 1a giao diém cuia hai duong trung truc ndi trén. Tir d6 suy ra toa do
diém I la nghiém ciia hé:

y=—P3x-2  [x=—f3 = I(-3;1).
y=1 y=1
*Toa dé tryrc tam clia tam giac:
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Pudng thiang qua B vudng géc véi OA c6 phuong trinh y = —1; dudng thing
qua A va vudng goc voi OB c6 phuong trinhy= —ﬁ(x—0)+ 2  hay
y= ~3x+2. Giao cua y=1lvay= —J3x+2 chinh la tryc tim H cia tam giac.

Vi vdy. toa do H 1a (v/3 -1)

Loai 2: Xac dinh diém nho cac phép tinh vecto

Trong muc nay xét cic bai toan xac dinh diém xac dinh cac phép tinh vecto
nhur cdc cong thirc vé khoang cach, tich vo hudng cia hai vecto ...

Thi du 1: (D@ thi tuyén sinh Pai hoc khoi B - 2004)

Trong mit phéng Oxy cho A(1;1), B(4; =3). Tim toa d6 diém C thudc duong
thang d: x—2y-1=0 sao cho khoang cach tir C dén dudng thing AB bing 6.

v Puong thing AB c6 phuong trinh:
x—-1 y-1
= o -A4(x-1)=3(y-1
. _A < 4x+3y-7=0.
I V Goi C(xo03yo) 1a diém trén d, khi d6 ta co:

Xo— 2y~ 1=0= x0=,_yq+ 1 :>C(2y0+l;y0).
Khoang cach tir C dén AB bing 6 tirc la:
|4(2y, +1)+3y, -7

5

ly,-3=30 | % =3%=7
o o i
Hyy~3=-30 |y, =—2tsx =22
11 11
Vay c6 hai diem C can tim la Cy(7;3) va

9]
Cg(—ﬁ;—ij.
11 11

Thi du 2: (D¢ thi tuyén sinh Pai hoc khdi
B - 2007)
Trén mat phz;ing toa do cho diém A(2;2) va hai
dudng thingd;: x +y—-2=0,dy:x+y—8=0.
Tim B, C tuong ung trong d; va d, sao cho tam
giac ABC la tam giac vudng cén tai A.
Gia str B(x,:y))€d,, thi B(xy; 2 — x;); C(x2; y2) €d,, thi C(x2; 8 — x»). Ta cd:
AB=(x; -2y, -2)=(x; - 2,-x;) AC=(x; - 2;6—x,)
Do ABC la tam giac vudng can tai A, nén trude hét ta phai co:
AB L AC & AB.AC =0
Lemd (X| - 2)(X2— 2) - X|(6 - Xg) =0 XXy — (X] + X:) +2 -3x, = 0
Sxx—4dx - X t4=2(x- D)(xx—-4)=2. Q)]
Mat khac, ta con co:

=6 <f 11y, -3|=30
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AB=AC & (x;—-2)+x7=(x3- 2+ (6 -x;)’ & x{ —2x, +2=x3 -8x, +20
© (xi— 1) = (x2— 4)'=3. )
Pit u = x;—1; v = x;-4. Khi d6, tir (1) va (2) ta c6 hé: ’

{uv=2 {u=2;v:l {xl=3;x2=5
o o
ul-vZ=3 u=-2;v=-I| X, =—lxy =3

Vay c¢6 hai cip diém B, C thoa man yéu cdu bai toan: B,(3; —1), C,(5; 3) va
Ba(-1; 3), Cx3; 5).

Thi du 3: (Dé thi tuyén sinh Pai hoc khdi A - 2006)

Trong mit phiang véi hé toa dd Oxy cho cac duong thingd;: x +y +3 =0 va
dix-y-4=0,d;: x -2y =0. Tim toa d6 cac diém M ndm trén d; sao cho khoang
cach tir M dén d, biang 2 lan khoang céch tir M dén d,.

Gia sit M € di M(2yy; Yo), theo bai ra ta co:

d(M.d)) = 2d(M.d;) e (2o Yo 23 520 = Yo =4 Q[y" -
) \/-2_ \/5 Yo =1.

Viy trén d; c6 hai diém can tim:

M (-22;-11) va M,(2:1)

Thi du 4: (Dé thi tuyén sinh Pai hoc khoi A - 2005)

Trong mit phing cho hai dudng thing
di:x—-y=0vady;: 2x+y—1=0.Timtoad$ cac d,
dinh hinh vuéng ABCD, biét A thudc d;; C thude
d,, con B, D thude truc hoanh.

Gia sir hoanh d6 ciia A la xo. Do A € d,
nén A(Xo; Xo). Vi B, D nim trén Ox nén A va C
dbi ximg voi nhau qua tryc hoanh; do do
C(x0,~Xo). Mit khac, Ced,, nén ta co:

2X0— Xo—1 =0 & xo=I1. Tir d6 A (1;1),
C(t:-1).

Goi I 1a trung diém caa AC, thi I(1;0).

Do ABCD la hinh vuéng, nén:

IA =B = IC = ID. Tir 46, suy ra dugc toa
dd cia B va D la: B(0; 0), D(2; 0) hoic B(2; 0), A
D(0; 0)

Thi du 5: (Dé thi tuyén sinh Dai hoc khoi
B -2009)

Cho tam giac ABC dinh A(1;4), hai dinh B,
C nam trén duong thing A: x —y — 4 =0, Biét
ring dién tich cia AABC bing 18. Tim toa d9 cac
dinh B, C. 1

Giai B H
Khoéng cach tir A toi dudng thang A la:

255






Ta c6 (0, 6) =-10-va f(2, 5) = -6 nén y
suy ra f(0, 6).f(2, 5) > 0 vdy A, B & cung
mét phia coa d.

Goi A’ la diém dbi ximg cua A qua d; H
1a hinh chiéu cia A trén d, vecto phap tuyén
cuad la n = (1; -2). Gia sir toa dd cia H 1a
H(xo; Yo). thé thi: xo— 2yo+2=0

=Xo = 2¥o — 2. Suy ra: HQ2y, — 2;y,) va
m= (2}’0 - 2; Yo — 6) Vi m cbng%
phuong véi n, nén ta co: 1

2yg -2 _Yo—6
| -2
& yo=2 = H(2:2).

< -4y, +4=y,-6

X =2Xy —X Xpar =4

Vi vy, toa do A’ la: { A Ho oA <:>{ A o A'(4:-2).
YA =2¥n-Ya (YA =~
Pudng thing ndi A’(4;-2) va B(2;5) c6 phuong trinh:

Xx-4 y+2
2-4 542

Toa d) diem M la nghiém cia hé:
K= 11 y

x-2y+2=0 T4
XTeyy = 4 :M(—l—l;lg). ] I
Tx+2y-24=0 19 3 __C

< T(x-4)=-2(y+2)eTx+2y-24=0.

8

Chu y: Qua thi dy trén, ndi riéng ta da
biét dugc cach tim hinh chiéu cia mot diém
trén mot dudng thang,

Thi du 6:

Trong mat phang toa do cho bon diém
A(1:0), B(=2;4), C(-1;4) va D(3;5). Gia st A
la duong thang c6 phuong trinh 3x—y-5=0.
Tim diém M trén A sao cho hai tam giac
MAB va MCD c6 dién tich bang nhau.

Ta ¢c6 AB=5, CD = \/1_7 Goi (x,:Yo) 12 toa d6 cia diém M nam trén A. Khi
do ta cd: 3xg-yo=5 (1)

D& thay cac duomg thing qua A, B va C, D lan lugt c6 phuong trinh:

4x+3y—4 = 0 va x—4y+17=0.

Tir d6: Smas=Smen

T

[ Y

-
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- l.5|4x0+3y0—4|:%\/'l7|x0—4y0+|7|

2 5 J17
& [4x0+ 3yo— 4=|xo~ dyg+17] . @)
X =—7~ =2
Tir (1) (2) suy ra: | 0~ 370
Xg ==y, =-32

Vay trén A cé hai diém cin tim: M, (%;2) va My(-9;-32).
Thidu7:
Cho tam giac ABC c¢¢é dién tich bilig % va hai diém A(2;-3) va B(3:-2).

Trong tim G clia tam giac nam trén dudng thing 3x —y — 8 = 0. Tim toa d6 dinh C
ctia tam giac.
Giai A
Goi M la trung diém cta AB
= M(%;—%). Puong théng nbi A(2;-3) va
B(3; ~2) dé thay c6 phuong trinh: x ~y — 5 = 0.
Vi G la trong tdim AABC

. ] B C
nen SABG = ESAB( :‘2— .
Gia str G (X¢3Yo), nén ta co: 3xo—y—8=0 (1)
. X TR , 2Scap V2
Tacd AB= \/5 nén khoang cach tir G toi AB la: d (G,AB) = —XE— = —2—
S 44 : l-“o ~¥o-5|_2
Tuddtacd): —F————=—xg-yg—=5/=1.(2)
. V2 2 “ho=Yo-3)
X =1lyg =5 G=(;-5
Tir (1) (2) suy ra: [ 0=5Y0 < ( . ) (3)
s Xo=2Yy=-2 |G=(2-2)
, i C=(2;-2)
Ap dung cong thic tinh toa d$ trong tam, tir (3) suy ra: c (l' I)
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BAI TAP TU GIAI

Bai I:
MGt hinh thoi c6 mét dudmg chéo c6 phuong trinh 1a x + 2y — 7 = 0, mét canh

¢6 phuong trinh x + 3y — 3 = 0, mét dinh la (0;1). Viét phuong trinh ba canh con lai
va dudng chéo thir hai cua hinh thoi. |

Ddp s6: ~ Dudng chéo thir hai: 2x —y + 1 =0
—Bacanh: x+3y-17=0;9x+ 13y -83=0; 9x + 13y - 13 =0.

Bai 2:
Trong mat phing xOy, cho hai diém M(1;4) va N(6; 2) Lap phuorng trinh
dudmg thang qua N sao cho khoang cach tir M tdi né bang 2.

=

x|y
Ddp so:
[20x+ 2ly-162=0.
Bai 3:
Trong mit phing Oxy, cho diém M(3;1). Viét phuong trinh dudng thing qua
M va cit hai nira truc Ox, Oy tuong Umg tai A, B sao cho OA+OB dat gi trj bé nhit.
. £ X Yy
Ddp s6: ——=+——=1
PO B
Bai 4:
Trong mit phing vi hé toa do Oxy, cho tam giac ABC c6 dinh A(1;0) va hai
duong thang lan luot chira dudng cao keé tir B va C ¢6 phuong trinh:
x—2y+1=0 va 3x+y+1=0.
Tinh dién tich tam giac ABC.
Ddp s6: 14 (dvdt).
Bai 5:
Trong mit phang v&i hé toa do Oxy, cho dudng thing d c6 phuong trinh:
2x+3y+1=0 va diém M(1;1). Viét phuong trinh cta cic dudng thiang qua M va tao
v6i d mot goc 45°.

. s IS5x+y—-6=0
Dap so:
x-5y-4=0.

Bai 6:

Trong mit phang véi hé toa 4§ Oxy, cho tam gidc ABC véi A(1;2). Puong
trung tuyén BM va duong phén giac trong CD tuong {ng ¢ phuong trinh la
2x +y+1=0,x+y—1=0. Viét phuong trinh dudng thang BC.

Ddp s6: 4x + 3y + 4 =0.
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Bai 7: (Dé thi Dai hgc kitdi B ~2003)
Trong mat phang vdi hé toa do Oxy, cho tam gidc ABC c6 AB = AC,

BAC = 90°. Biét M(1;-1) la trung diém cua BC va G(%;O) la trong tim cua tam

giac ABC. Tim toa d¢ cac dinh A, B, C.
. A(0;2),B(—2;~2),C(4;0)
Dap so:
A(O;2),B(4;O),C(—2;—2).
Bai 8:
Trong mat phfing vaGi hé toa d6 Oxy, cho tam giac can ABC dinh A, ¢o trong

4 .
tam G (5,%j Phuong trinh duong thang BC la x — 2y — 4 = 0, phuong trinh

duong théng BGla 7x —4y -8 =0. Tim toa d¢ cic dinh A, B, C.
Ddp sé: A(0; 3), B(0: -2), C(4; 0).
Bai 9: (Dé thi tuyén sinh Dgi hoc khdi B - 2002)

Trong mit phiang Oxy, cho hinh chif nhat cé tam l[—;—;O). Phuong trinh

duong thing AB la x — 2y + 2 = 0 va AB = 2AD. Tim toa d6 cua dinh A, B, C, D
biét ring dlnh A c6 hoanh d6 am.

Pdp s6: A(=2; 0), B(2: 2), C(3; 0), D(-1, -2

Bal 10: .

Trong mat phing Oxy cho A(0;2) va dudng thing d: x — 2y + 2 = 0. Tim trén
d hai diém B, C sao cho tam giac ABC vuéng & B va AB =2BC.

Pdp s0: B(zg) con C(0;1) hodc C[i,z)
55 55
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Bai giang s6 14
BUONG TRON

Cung véi dudng ; thang, ducmg tron la mét trong hai chi dé chinh luén dugc dé
cap dén trong cac dé thi mon Toan vao cac trudng Pai hoc va Cao dang trong
nhirng n&m 2002-2009. Bai giang nay cung cap cdc phuong phéap co ban dé giai
cac bai toan vé dudng tron trong hinh hoc giai tich phing.

§1. CAC BAI TOAN THIET LAP PHUONG TRINH DUONG TRON

— Nguoi ta thuong dung hai dang phuong trinh sau day ctia duong tron:

I/ (x-a)’ +(y-b)’=R’

Dudi dang nay, dudng tron co tam tai I(a;b) va ban kinh R.

2/ x’+y'+2ax+2by +c =0, trong do a+b’>c.

Du¢i dang nay dudng tron co tam tai diém I(-a;-b) va ban kinh béng

va? +b? -c.

Gia sir cho duong tron (C): (x — a)’ + (y — b)’ = R? va duong thing

d: Ax + By + C = 0. Goi h la khoang cach tir tam I (a;b) cua (C) tGi d. Khi d6 ta cé:
h=lAa+Bb+Cel
VA2 4+ B?

Khi d6 néu:

~h > R: (C) va d khong cét nhau

—h=R:(C) vad tiép xiic v&i nhau

—-h<R:(C)vad cét nhau tai hai diém,

Cac két qua n6i trén ludn ludn duge sir dung dén trong bai giang nay.

Cic dang bai tdp co ban:.

Loai 1: Viét phuong trinh durdmg tron di qua ba diém khong thang hang cho trude.

Pay la dang bai tap co ban nhat. Ta c6 thé sir dung ca hai cach viét phuong
trinh dudong tron dé giai loai bai tap don gian nay. Xét cac thi du sau day:

Thi dy 1: (Dé thi Iuyen sinlt Pgi hoc khoi A - 2007)

Trong mat phang voi h¢ toa dd Oxy cho tam gidc ABC véi ba dinh A(9;2),
B(-2;-2), C(4;-2). Goi H la chan duong cao ké tr B xudng canh AC, con M, N
tuong ang la cac trung y diém cua AB, AC.

Viét phuong trinh dudng tron di qua ba diém H, M, N.

Giai

Vi M, N tuong (mg la trung diém ciia AB, AC nén ta c6 ngay:

M(=1; 0) va N(1; -2).

H 1a hinh chiéu cta B trén AC, nén dé dang thiy H(1;1) (xem thi du 1, loai 1,
§2, bai giang 13).
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Bai toan quy vé viét phuong trinh dudmg
tron di qua ba diém H(1; 1), M(=1;0), N(1:-2). A
Goi x>+ y* + 2ax + 2by + ¢ = 0 1a phuong H
trinh dudng tron iy. Ta c6 hé ba phuong trinh
sau dé xac dinha, b, c: M
1

2a+2b+c=-1 |23

-2a+c=-1 b= 1
2a—4b+c=-5 2
c=-2.
Véy dudng tron phai tim c6é phuong trinh:
x2+y2—-x+y—2=0
Thi dy 2: (Dé thi tuyén sinh Cao diing Cong nghigp Ha Npi — 2004)
Trong mét phang Oxy cho tam giac ABC, hai canh AB, AC theo thir tu c6
phuong trinh x+y-2=0 va 2x+6y-3=0. Canh BC c6 trung di€ém M(-1;1).
Viét phuong trinh dudng tron ngoai tiép tam giac ABC.

Giai
Toa dd (x;y) ctia A 1a nghiém cia hé phuong trinh:
15 :
{x+y—2=0 xzf 15 7
= = Az(—;——] (D.
2x+5y-3=0 1 4 4
y= 4 A
Goi P la trung diém cia AC. Khi do
MP//AB, nén MP cé dang x +y+a =0. Do MP qua P
M(-151) a=0.
Tur d6 toa d§ (x;y) cua P la nghiém clia
hé phuong trinh: B = v W C
{“y'o e 4 :P:(i;—z) Q)
2x+6y+3=0 3 4 4
4

Do P 14 trung diém ctia AC, nén tir (1) (2) suy ra C (—%,%) .

Lap ludn tuong tu ta co: B(% ,%)

Bai toan tré thanh: Viét phuong trinh duong tron di qua ba diém A, B, C. Giai
nhu thi dy 1 (bai toan rat co ban) ta ¢6 phuong trinh dudng tron can tim la:

x2+y2——x+3y—6—85=0.

Nhdn xét: Nhu vy dé giai cac bai toan thudc loai 1 viét phuong trinh dudng
tron qua ba di€ém A, B, C c6 hai budc:
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~ Tim toa d9 ba diém A, B, C.

— Lép hé phuong trinh dé xac dinh cac tham sd a, b, ¢ trong phuong trinh tong
quat:

x’+y’+2ax + 2by + ¢ =0.

Loai 2: Lap phuong trinh dudong tron tiép xic voi dudng thing hoic dudng
tron cho biét truér. .

Dé giai cac loai toan nay chi can sir dung thanh thao céc kién thirc sau day:

1/ Pudng thing Ax + By + C = 0 la tiép tuyén cia duomg tron (x ~ a)’ + (y -
b)* = R?khi va chi khi khoang cach tir tam I(a; b) ti dudmg thing bing R.

2/ Hai duong tron (Og; Ry) va (Oy; R,) tiép xtic ngoai (tiép x(c trong) vai nhau
khi va chi khi 0,0,=R;+ R, (0,0,=[R; =R,

Thi du 1: (Dé thi tuyén sinh Pgi hoc khdi B — 2009)
4 _ ,
Cho duong tron (C): (x - 2) + y' = 3 va hai duong thang d;: x —y = 0,

dy: x — 7y = 0. Viét phuong trinh duong tron tim K nam trén (C) va dong thai tiép
xfic vai d,, da.

Gia sir duong tron (C)) can tim c6 tam K(a;b) va ban kinh R. Khi d6 (C;) ¢
phuong trinh: (x —a)? + (y — b)*=R* )
ViK e (C)néntacé: (a-2)+b’ =% 2)

Mat khac vi (C)) tiép xic vai ¢a d; va d; nén ta co:

Ja-b] |a-7b| [a—7b|
d(K,d,)=d(K.d,)=R< = =R&ja-bj=——=R (3
( ) ( 2) NG 750 < | 5 3)
‘ , a—Tb=5a-5b |a=-2
Tir(3)tacoéla—7bj=5ja-b] < o 2 4
a-7b=5b-5a a=2b

Tir (4) suy ra:

-Néua =—g . thay lai vao (2) va c6 252>~ 20a + 16 = 0; vo nghiém.

<

~Néu a = 2b, thay lai vao (2) va c6 (5Sb—4)’=0 ¢ b= % .

2J2

Vay taco K =(§,g—) va khi do R=—§— . Do d6 dudng tron can tim c6 dang

8\? 4V 8
s [s-2 -2

Thi du 2: (Dé thi tuyén sinh Pai hoc khoi B - 2005)

Trong mit phing Oxy cho hai diém A(2;0) va B(6;4). Viét phuong trinh
dudng tron (C) tiép xuc véi truc hoanh tai diém A va c6 khoang cach tir tim cua
(C) dén B bang 5.
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Do dudng tron tiép xic véi truc
hoanh tai A(2; 0) nén tam I ciia nd nim
trén dudng théng x = 2. Gia sir I(2; y), thi
ban kinh R ctia duong tron chinh la R = ! R S

lyo|. Theo gia thiét ta cé:

264

|

I

IB=5 i

©(2-6)'+ (yo—4)'=25 7 |

| +——b——

=7 ! I/I :

2 gy 4= Yo | !
Yo ~8yo 7 OC{y():], 0 2|A 2 6

— Khi yo= 7 dudng tron la:
(x=2)"+(y—-7)'=49
— Khi yo=1 dudng tron la:
(x-2P+(y-1)’=1
Thi du 3:

Lap phuong trinh dudng tron ¢6 tim nam trén dudng thing x = 5 va tiép xdc
v&i hai dudng thang dy: 3x —y + 3 =0 vady: x =3y + 9= 0.

Giai

Goi I (5; yo) 1a tam dudng tron céan tim. Do duong tron tiép xtc vdicad, vad,
nén ta c6 phuong trinh:

[15-yo+3] |5-3yy+9]

J10 J10

(=R) ¢ [18-yo|=|14-3y,| < [

)'0=_2
Y, = 8.

—Khiye=—2 R=+/40, conkhiy,=8,R=+/10.

Vay c6 hai duong tron thdéa méan yéu cau dau bai:

Thidu4:
Trong midt phang toa d6 Oxy cho dudng
théng dx-y+1 —J2 =0 va diém A-1;1).
Viét phuong trinh dudng tron (C) qua A, gbc
toa d¢ O va tiép xuc véi d.

Giai .

Goi M la trung diém cia OA thi

M[»;]’—;%j. Ta cé: OA =(-1;1) 1a vecto

phap tuyén cia trung truc cia doan OA, do

d6 trung truc cia doan OA c6 phuong trinh:

1 ]
— [ X+—=|+|y-——|=0& -x+y-1=0.
( 2) (y 2) d



Tam I cta duong tron nim trén trung trirc nay, nén ta cd: I(xg;xo+1). Theo bai
ra ta co:

l-—][ Xo=0
IA=d(, d)e J(xo+1) +x2 = | %o +Xg + o

( ) ( 0 ) 0~ \/5 Xo=—]-
+ Khi x,=0 thi ban kinh R caa (C) la R =1.

+ Khi xo=1 thi ban kinh cha (C) laR =1.

x? +'(y—l)2 =1

Viy ¢6 hai dudng tron can tim
(x+D*+y2 =1
Thidu5:
Lap phuong trinh dudng tron di qua diém A(4;2) va tiép xiic véi hai dudng
thing d,: x-3y-2=0 va d,: x=3y+18=0

Giai

Gia sur duorng tron (C) cé phuorng trinh:
(x—a)’ G- b)*=R?
DoA e (C),néntacé (4—a)’+(2-b)*=R2 ')
Vi dudng tron (C) tiép xiac voi d, va dy, nén ta co:
la-3b-2| |a-3b+18|

o - o SRek-db-2sa-dbrig @
(4-a)"+ (2-b)'=R? |(4-a)'+ (2-b)’=
Taco: (1)(2) < {[a—3b-2=a—3b+18 <>{a-3b=-8
|:a—3b—2=—a+3b—l8 R=410.
23

Giaihétréntacé:a=1;b=3va a—— b——g—

Viy c6 hai dudng tron cén tim la:

2
(x—l)2+(y—3)2=10v2‘1(x——) (—231 10.

<
-

Thi du 6:
Trong mit phing tea do cho dudng tron /
(©)cd phuorng trlnh ' - PSSy S s SN
xX*+y' - 12x—4y +36=0 ; S N
Viét phuong trinh duémg tron (C,) tlep 2 ,{ o
xiic véi hai tryc toa do va tiép xic ngoai vai N ya \\ 4
©. e Pt

Giﬁi
Viét lai (C) du6i dang: (x - 6)? + (y — 2)*=
Vay (C) la duong tron tdm 1(6;2), ban kmh
R = 2. Vi dudng tron cin tim tnep xuc vai hai
truc toa d6 nén tim J cia né phai ndm trén y = x
(hodc y = —x). Do dd, ta xét hai kha ning sau: -6
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+ Néu J thudc dudng thang y = x. Lic d6, gia sir J = (xo; ¥o), thi R = |xo| . Vi
dudng tron tim J, ban kinh x, tiép xtic ngoai voi dudng tron (C), nén ta cé:

J=|xo| +2 < \Rxo —6)" +(x —2)" = xo|+2 & 2xe>~16x0+40=x>+4+4]xo| (1)
+Néu xo <0, thi (1): < 2x¢° —16x0+40 = xo° + 4 — 4xg
& Xot — 12%0+ 36 = 0: V6 nghiém.
X = 2
X =18.
* Néu J thude dudmg thfang y =—x. Lic d6 gia sir J = (xo;— Xo), thi R = |xg|.
Luc nay, 1am tuong ty nhu trén, ta cé: .
1= x0 +2 & y(x0 ~6)* +(-x0 —2)% = xo |42
Khi d6 ta cé xo = 6. Vay c6 ba dudng tron cin tim la
(x =2 Hy —2)" = 4; (x —18)’ +H(y — 18)’ =24 va (x — 6)* +(y + 6)’ = 36.

+ Néu x>0, thi () & Xo’ —20x%x0136=0 & {

§2. BAI TOAN VIET PHUONG TRINH TIEP TUYEN VA
CAT TUYEN VOI DPUONG TRON

Trong muc nay xét cac bai toan vé lap phuong trinh tiép tuyén va cat tuyén
véi dudmg tron (C) cho trude va thoa mian nhirng diéu kién nao do:
Phuong phap giai cac bai toan nay ciing dua vao cdng thuc tinh khodng céch

tir tam I(a,b) ctia dudmg tron (C): (x —a)’ + (y —b)’ = R?, t6i dudng thing Ax + By + C

=0 sau day: d(l,A):wﬁrc—l.

A +B

Ngoai ra ta ciing can sir dung dén cac diéu kién sau:

A Ia tiép tuyén cia ©) < d(, A)=R

A cat (C) tai hai diém phan biét < d(l, A) <R.

Loai 1: Cac bai toan vé tiép tuyén voi duorng, tron

Thi du 1(Pé thi tuyen sinh dai hoc khoi B - 2006)

y Trong mit phing toa d6 cho dudng tron (C):
X+ y +2x + 6y + 6= OvadlemM(~3 ).
Goi Ty, T la céc tiép diém ciia cac tiép tuyén
ké tir M dén (C). Viét phuong trinh dudng
théng T|T2.

el Giai

. Viét lai (C) dudi dang: (x — 1)’ + (y - 3)*=

M T, b6 1a dudmg tron tdm I(1; 3) va ban kmh R

=2.ViM=(3; l)nentacongayy— l1a

-3 o 1 mot tiép tuyen cua (C) Ve tr M, ‘do @6

Ty(1;1) 1a mot tiép diém cua tiép tuyény = |

vai (C).

v
>
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Tiép diém T, ddi ximg v&i T, qua MI nén T, T, la dudng thing qua T, va nhan
MI (4:2) Ia vecto phap tuyén. Do d6 dudng thing T, T, ¢6 dang:
4x-1N+2y-1)=0= 2x+y-3=0
Nhdn xét:
Ta hay xét 10i giai sau diy, loi gidi nay ap dung duoc cho moi bai toan c6
dang trén:
GQI Ti(x1; y)) va Taxa; y2) 12 hai tlep diém. Khi d6 cac tlep tuyen MT,, MT,
va (C) lan lrot co phuong trinh:
(x=D-D+(y-3)yi-3)=4(1).
(x = D(x2- 1)+ (y = 3)(y2—-3) =4 (2).
Do hai tiép tuyén nay déu di qua diém M(=3:1), nén thay vao (1), (2) ta cé

41~ x))+2(3 - y;)=4 - 2x;+y,-3=0 (3)
4(1- x;)+2(3 - )2)—4 2x,+y,-3=0 (4)
Hé phuong trinh (3) (4) chimg to rang dudng thang ndi T, T, c6 phuong trinh
2x+y-3=0.
Ta thu lai 1o giai trén.
Chit y:
Loi giai nay dua trén két qua sau: Tiép tuyén tai diém M(xo;y0) €(C) c6 dang:
(x —a)(xg+ a) + (y — b)(yo— b) = R’,
& day (C): (x ~a)’ +(y - b)’=R%
Thi du 2: (Bai todn co bin vé viét phuwong trinh tiép tuyén)
Cho dudng tron x>+ y*— 2x — 6y + 6 = 0 va diémi M (4; 1). Viét phuong trinh
tiép tuyén voi (C) va di qua M.
Giai
Viét lai (C) dudi dang (x — 1)+ (y- 3) =4.Viy (C) la dudng tron c6 tam tai
I(1;3) va ban kinh R =2.
Di qua M(4; 1) ¢6 hai dang dudng thang:
1/A;: x=4.Khido d(I, A)) = |4 — 1] = 3 >R, A, khéng phaj ia tiép tuyén.
2/Arxy=k(x-4)+1 < kx-y+1-4k=0.
Vi A, la tiép tuyén, nén ta cé: d(l, A,) =2
k=0
¢:>w=2©|—2—3k[2=4(k2+l)c>5k2+12k=0<:> 12
k2 +1 k= 5
Viy c6 hai tiép tuyény = 1 va 12x + Sy - 53 =0.
Chuy:
Ta dua ra cach 2 giai bai toan trén:
GoiAx+By+C=0 (A*+ B2>0) la t|ep tuyén. Vi di qua M(4; 1) nén co:
4A+B+C=0=> C=—-4A-B.
Do dé tiép tuyén A c6 dang: Ax + By —4A —B = 0.
Theo bai ra ta c6 phuong trinh:
d(],A)=2<:>| A+3B-4A-B|
VA + B

=2 (2B-3A) =4(A*+B’)
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A=0

< SA?-12AB=0 &
_ SA =12B.
+NéuA=0,chonB=1 Ay =1,
Néu 5A =12B, chon A=12,B=5, C =-53, thi A: 12x + Sy — 53=0.
Thi du 3: .
Trong mét phang xOy, cho dudng tron (C) x>+ y?+ 2x — 4y -20=0. Viét:
phuong trinh tiép tuyén cua (C) biét ring né vudng géc véi dudng thing x +y = 0.
Giai
Vi vudng géc véi duong thing x +y = 0, nén tiép tuyén A c6 dang x —y + C = 0.
Ta ¢6 (C): (x + 1)? + (y — 2)> = 25 nén (C) la duong tron tdm I(=1; 2), ban kinh
R =5, Tiurdo tacé: :
-1- C=5V2+3
d(l,A)=5<:>|——l—-—2—f—(—:—|=5<:{ V2

V2 C=-5V2+3.
X—-y+ 5v2+3=0
X—y- 5V2+3=0.
Loai 2: C4c bai todn vé cat tuyén véi dudng tron:
Thidul: .
. Trong mt phang xOy cho dudng tron (C): )52 +y’ +2x -4y =0 va duong
thang d: x —y + 1 = 0. Viét phuong trinh duong thang A sao cho A//d va cat (C) tai
hai diém M, N sao cho d6 dai MN = 2.

Viy ¢6 hai tiép tuyén phai tim Ii

Giai
() ViA//dnénAcédangx—-y+C=0
bl KéIH L MN HM=HN=%MN=I.
M Viét lai phuong trinh ’(C) dudi dang:
d (x+ 1)+ (y-2)=5.

Do d6 (C) ¢6 tam I(~1;2) va ban kinh R=+/5 .
Tird6 IH = VIM? —~HM? =2
Nhu vy taco: d(I, A) =2
- |-1-2+C| PPN C=2v2+3
N NG C=-22+3 ‘
Viy ¢6 hai dudng thing can tim:
M x—-y+2~/§+3=0 véx—y—2~/§+3=0.
A Thidu 2:
Cho dudmg tron (C): x* +y* — 8x — 2y = 0 va
diém A(9;6). Viét phuong trinh dudng thing qua
A va cét (C) theo mdt day cung c6 do dai 45
. Giai
Goi A: Ax + By + C =0 la dudng thang phai tim.
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Do qua A(9; 6)néntacd: 9A+6B+C=0 = C=-9A +6B.

Viy A c6 dang: Ax + By —9A - 6B =0. K¢ IH L MN. Lap ludn nhu thidy 1
ta co:
[4A+B—9A—6B|=\/§

d(L,A) =1H= \/g =

JA? 1 B? )
AY (A 2=
<:>4A2+IOAB+4B2=O<:>2(——) +5(2)i2-00|B
B B é—_._].
B 2
;A ‘
+ Néu §—~2 ,chonB=-1,A=2 = A:2x-y-12=0.
A 1
+Néu E——E,chonB=—2,A=1:>A:x=2y+3=0.
Thi du 3: |

Cho dudmg tron (C): (x — 4y + (y -3y =4va d.ém
I(5; 2). Vlet phuong trinh dudong thang A qua | cit (C)
tai hai diém A, B sao cho I 1 trung diém ciia AB.

Giai
C6 thé thiy ngay I(S 2) nam trong
dudmg tron (vi (5-4)" +(2 - 3y’ =2<4)
DolA=1B 10 LAB.
Ta c6 dudng thing A qua I(5;2) nhan Ol =
(1;-1) 14 vecto phap tuyén nén A c6 phuong
trinh: (x - 5)-(y-2)=0 < x-y-3=0.

§3. BAI TOAN XAC DPINH DIEM NHO PHUONG TRINH DPUONG TRON
AY

Mot trong nhitng dang hay gip cia céac
bai toan thudc chuyén muc dudng tron 1a
bai toan xac dinh cic diém théa man
nhing yéu cdu cho truéc nio dé.

Xét cac thi du sau:

Thi du I: (Dé thi tuyén sinh Dgi hoc
khoi D-2009)

ol 1 > xCho duomg tron (C): (x—]) + y*=1. Tim
\_/ diém M e(C) sao cho IMO =30° & day
112 tAm cia (C) va O 1a gbc toa do.
Puéng tron (C) c6 tam 1(1;0) va ban kinh R= 1.
Trong tam gic cin OIM cé6 TOM = 30° nén OIM =180°— 60°= 120°.
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PPRVEE VA I
e it X03Yo). Khi d0 ta c6 hé:

Viy ¢6 hai diém M, ( 3.3

_.;_.._) va M{é;_ﬁ] can tim.
22 2 2

-

Thi du 2: (Dé thi tuyén sinh Dai hoc khdi D-2006)

Trong mit phing xQOy, cho dudng tron (C) x* + y?—2x -2y — | =0 va duong
thing d: x —y + 3 = 0. Tim toa d0 M ed sao cho dudng tron tim M c¢6 ban kinh
ghp dbi ban kinh (C) va tiép xiic ngoai véi (C).

DoM ed = M =(xg; X+ 3). D& thdy (C) ¢6 dang
L x= -1,
nén (C) ¢6 tdm I(1;1) va ban kinh R = 1. Tir d6 dudng tron {C;) tdm M co ban
nh gdp d6i ban kinh (C) c6 ban kinh R, = 2.

Do (C) va (C;) tiép xtcngoainén IM=R;+R=3 & IM?=9,

X
e (xg 1) +(x0+3-1) =9 x2 +xq —2:0@[
Viy c6 hai diém can tim Ja: My(1;4) va My(-2;1).
Thi du 3: (Dé’.llzi tuyén sinh Dai hoc khdi D - 2007)
Trong mat phang xOy, cho duong tron (C): (x - 1) + (y + 2)* =9, va duong
1d:3x -4y +m=0.

Tim M dé trén d ¢6 duy nhét diém P sao cho tir
~) va PAB la tam giac déeu.

P vé& duge 2 tiép tuyén PA, PB
(C) 1a dudng tron c6 tam I(1;--2) ban kinh
R=9. Vi PAB la tam giac déu nén
IPA = [PB=30° =P = 2IA = 2R=6.

Vay P 1a giao diém cua d véi duong tron

tam 1 ban kinh 6.

Do d6 dé c6 duy nhét P thoa mén yéu ciu

déu bai, thi khoang cach tir I toi d bang 6.

Tir d6 ta c6 phuong trinh sau dé xac dinh

m:

m=19
!3+8+m[=5c>[

5 m=—41. |
Vay m = 19 va m= —41 1 hai gi4 trj can tim céa tham s6 M.




BAI TAP TU GIAI

Bai 1: (Pé thi tuyen sinh dai hoc khéi D —2003)

Trén mit phing toa d6 cho dudng tron (C) (x — 1Y +(y- 1)’ = 4 va dudng
thingd: x—y—1=0.

Viét phuong trmh duorng tron (C’) déi xirng voi (C) qua d.

Dap $6: (x — 3 +y =4,

Bai 2:

Cho tam g,lac ABC véi A(8; 0), B(0; 6), C(9;3). Viét phuong trinh duong tron
ngoai tiép tam gidc ABC

Dap $6: (x - 4y +(y - 3)’=25.

Bai 3: ‘

Trong mat phing cho dudng thing d: 2x —y — 5 = 0 va hai diém A(l; 2).
B(4;1). Viét phuong, y trinh duorng tron co tam thude d va diqua A, B.

Dapso (x-— 1y +(y+3) =25,

Bai 4:

Trong mit phing cho dudng thing d: 4x + 3y -43 =0 va diém A(7; 5) trén d.
Viét phuong trinh duong tron tiép xuc voi d tai A va co tam nam trén duong thing
A:2x-Sy—-4=0.

Dap.so (x- 3y +(y— 2)’=25.

Bdi 5:

Trong mit phing cho hai dudng thang di: 3x +4y —47=0vady: 4x + 3y —45
=0. Lap plurorng trinh duodng tron ¢ tdm nam trén dudng thing d: Sx + 3y -22=0
va tnep xlc vdica d, vad,.

papsd (x4 o[- 12 -2
po\*t7) "0 T

Bai 6:

Cho tam giac ABC vai A(2; 2), B(4; 5) va C(4; 1).

1/ Vlet phuong trinh dudng tron ngoai tiép tam giac ABC

2/ Vlet phuong trinh dudng thing d di qua diém K(5; 2) cét duong tron & cau
1/ tai hai dlem M, N sa0 choKla trung diém cia MN.

Pdp s6: 1/ (x - 47 +(y-3)'=

2/x-y-3=0.

Bai 7:

Trén mat phang cho dudng thing d: x —y + 1 =0 va dudng tron <) xX*+y +
2x -4y =0. Tim diém M ed sao cho qua M vé dugc hai duong thing tiép xic véi

(C) tai A, B sao cho AMB = 60°.

Ddp $6: M=(-3; -2) hofic M= (3; 4)

Bai 8:

Cho hai duéng tron: (Cy): XX +y' - 10x = 0; (Ca): x2+y?+4x -2y -20=0.
Viét phuong trinh dudng tron di qua cic giao diém cua (C)), (C,) va c6 tdm nam
trén dudng th{mg X+ 6y 6=0

Dapso (x- 12) +(y+ 1)2=125.
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Bai gidng so 15
BA BUONG CONIC

Bai giang nay dé cap dén phuorng phép gidi cac bai toan vé ehp, hypebol va
parabol 1a ba dudng conic dugc dé cap dén trong hinh hoc giai tich phing trong
nha truong pho thong hién nay. So v6i cac bai toan vé duong thang, dudng tron,
cac bai toan vé ba duong conic tuy ¢ mit khong nhiéu trong cac dé thi tuyén sinh
mén Todn trong nhimg nim 2002-2009, nhung né 1a mét trong nhimg chu dé
khong thé thiéu duogc trong vi¢c 6n luyén thi mon Toan vao cac truong Dai hoc,
Cao dang hién nay. :

§1. LAP PHUONG TRINH CAC bUONG CONIC
VA TiM CAC YEU TO cUA NO!

Phuong phap giai cac bai tap thugc loai ndy la phéi thufc cic dang phuomg
trinh chinh tic cda cac dudng conic, thude cac cong thire lién quan dén conic nhu
cach tinh ban kinh qua tiéu..

Thi du 1: (Pé thi tu ye"n sinlh Pai hoc khdi A-2008)

T . S o NN .
Cho elip v&i tam sai e=——3— va hinh chir nhat co s& cia n6 c6 chu vi bang 20.

Viét phuong trinh chinh tic cua elip.

Giai
. 2y
Elip cé phuong trinh chinh tic la: — t5 = 1.(D)
a® b
Tir gia thiét, ta c6: ,
2 242 2
=E=_J_§- LA b=§:>b—=i:>2=z(doa>0,b>0).
a 3 al 9 al 9 a2 9 a 3

Hinh chir nhat co s& cua elip ¢6 hai canh 14 2a, 2b. Tir gia thiét, ta co:
2a+2b+20=>a+b=10.

a+b=10 -3
Vaycohephuongtrmhsaudexacdmhab b_2 c>{

—= b=2.
a 3
) ) x2 y?
Thay vao (1) ta thay elip c6 phuong trinh chinh tac 1a : 3 + T =1.

! vié dinh nghla cac tinh chit co ban cia ba dudmg conic, ban doc c6 thé tim thdy trong moi SGK
Hinh hoc 16p 10. § d4y, ching t6i bé qua va khdng nhic lai chi tiét phin nay.
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Thi dyu 2: (Dé thi tuyén sinh khéi D - 2005)
2 2
Trong mat phing toa d6 cho diém C(2;0) va elip (E): §4~+ —yz- =1. Tim hai
fiém A, B € (E). bié't‘ra\'mg A, B dbi xung vai nhau qua truc hoanh va ABC la tamm
yiac déu.
Gidi 1
Gia sir A(Xo; Yo) va B(xe; —Yo) 1a hai diém
thude (E) va ddi xung nhau qua truc hoanh (co
thé gia sir yo> 0). Khi d6 AB =2y,
Vi ABC Ia tam giac déu, nén ta co:
AB=AC

: (o]
SO SUCTRNR I JOVC S L T T

Vi A(x; Yo} € (E) nén ta co:

A
T\c o
B

2 2
Xo Yo _y (9

4 4
TL‘rhé(l)(2)tadédéngsuyraxo=2; yo= 0 va x0=%;y0:5—7\[—3_—.
Do yo>0 nén x, =%;y0 =%€.Tl‘r d6 hai diém can tim c6 toa d0 la:

7 7 7 7

Thi dyu 3: ) o .
Lap phuong trinh chinh tac cua elip (E) biét rang elip c6 tam O, ti€u diem trén

Ox qua M(-+/3, 1) va khoang cach gif¥ta hai dudng chuin bing 6.

, X2 2
Gia su elip (E) c6 phuong trinh chinh tac: a—2 + ) =1.
Vi M(=3, 1) < (E) nén cé: iz+-'2-=1. ()
a b
Khodng cach giira hai dudmng chuén la: (3) —(—3) 26,
[+ [+ [+
Tedotacd 2=3 < 2. =3 . Q)
€ C

Vithé b>=a’ ¢’ =3c—-c’. (3)

Sl (9)
Tu (1) (2) (3)suy rahg¢ sau: <a* a“—c

a? =3c. (5)

Thay (5) vao (4) vacéd: c’—dc+4=0 =>c=2
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2 2
Y 1.

Vay (E) c6 phuong trinh: % + 5=
Thidu4:
x? y2 :
Cho elip ¢6 phuong trinh: 2—5+E =1. Tim diém M sao cho MF, = 2MF,, ¢
day F), F, lan luot 1a tiéu diém trai va tiéu diém phai cta (E).
Giii
Theo cong thire tinh ban kinh qua tiéu diém va gid st M = (xo; yo) ta ¢o:

2
cX N 3cx —-a
MF,=2MF, &> a-—2=2la+ Y| o a=-"L e x,=—,
a a a 3c

. oan 2 . 25
o daya =25,c=3nenx(,=—?.

2 2
25 16 9

Vay trén (E) co hai diém phai tim M, :(-——;———

Thidu 5:
Lap phuong trinh hepebol (H), biét rang tiéu diém trén Ox, d6 dai tiéu cy 1a
10 va mot dudng tiém can co6 phuong trinh 3x—-4y=0. .
. .2 R N o, Xz )’2
Do tiéu diém trén Ox nén (H) c6 dang: -5 =
a
Tac62c =10 =>c=5=> a’+ b’=c’=25.

Tiém can c6 dang: yziEx T 3x-4y=0 y:%x.Véy Ez%
a

a
a’ +b* =25 al=16
Tu d6 ta cé hé phuong trinh:{ 3 o

b2 =09.
a 4 .
X2 2
Vay (H) ¢6 phuong trinh; ——-—=1.
ay (H)cop g 6 9
Thi du 6:
| 2 y2
Cho hypebol (H): ——-—=1.
yp ()]6 5

1/ Tim diém M e (H) sao cho M nhin hai tiéu diém duéi goc 60°.

2/ Tim diém M e(H) sao cho ban kinh qua tiéu diém nay bang hai lan ban
kinh qua tiéu diém kia.

1/ Goi Fy, F 14n lugt 14 hai tiéu diém trai va phai caa (H) thi

Fi=(-5;0) va F,=(5; 0). Gia sir M = (Xg; yo) € (H), khi do:
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MF, =(=5-x0:-¥0):MF, =(5-x(3-Y,).

T dé MF, . MF, = =25+ x, —yo* . (M
Lai c6: MF, . ME, =| MF, || MF, |cos60°.
<:>a+C\“a Eﬂl (2)
a 2

(0daya=4;c=95).

Tir (1) (2) suy ra h¢ phuong trinh sau dé xac dinh (X0’ Yo):

16 9 _, Joxi ~16yg =144 (3)
DY G Sx9)(16-5x0)]  [-800+32x3 +32y3 =256 -2x3 | (4)
Xot+Yo= 3
Giai hé' (3) (4) dé dang ta co: x(z, =E y2 = 243

25 25
Vay trén (H) c6 bdn diém phai tim:
M(s\/ﬁ,‘)\/ﬁ},M[s\/— 9\/_]M( 813 9Vi3 ). 813, _9V13
I s 2 b ‘k L) _;

LS5 s 575

5 5

5 5
2/ Ta ¢6: MF, = 2MF,; hoidc MF, = 2MF,.

+ Néu MF =2MF; ta ¢6: |4 + 230 4 ~10x, |
X _ 48
2 0 0=
- =14
Vay c6 h¢ phuong trinh 9%}~ 16y =144 = >
[16+ 5% {=132-10x4{ , 119
Yo =% 5

+ Tuong ty s€ thz‘iy truomg hgp MF,=2MF, din dén mot hé vo nghiém (cac

ban ty nghiém lai).
48 V1 9JM [48 Jn9)
s 1VR2

Vay c6 hai diém cin tim : M ( 3 ; 5

s

5 5

Thidu?7:

1/ Cho (C) 1a duong cong c6 phuong trinh: y’+4dy —4x = 0. Bang phép tinh
tién tryc toa do, ching minh (C) la mt parabol. Xac dinh tiéu diém va duong
chuan ciia parabol nay.

2/ Cing cau hoi nhu phan 1/ véi (C): x>+ 6x—y + 8 =0.

Giai
I/ Viét lai (C) dudi dang: (y +2)’—4 - 4x=0 < (y +2)° = 4(1 +x) 1))
o [X=x+1 )

Thyc hién phép thay dbi: {Y “2 . thitir (1) ta cé: Y2 = 4X @)

=y
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Nhu vy (2) c6 dang Y2=2pX. Trong hé toa 46 méi (X; Y), ddy la parabol c6
thamsétitup=2(2p=4 & p 2). Parabol nhan (0;0) lam dinh; truc d6i ximg

Y = 0; Tiéu diém (1;0) (cha y 5 =1), duong chuin la X = —% =-1.
Tr& vé bién cii: parabol (P): y’ + 4y — x = 0 nhan diém S(~1;-2) lam dinh;

truc doi xing la y = —2; tiéu diém F(0; —2) va duong chudn x = 2.
4y

A
2
|
/‘ S F y=-2
t
k

Y4

> Q
X

A

A:x+2=0

2/ Viét lai (P) dudi dang: (x +3)’-y—1=0 & (x+3) =y +1

X=x+3 -
Dat taco: X' =Y 3)
Y=y+1

Tir (3) suy ra, trong hé (X; Y), (3) c6 dang X?=2pY. Khi d6 ta c6 2p = 1
1 . X
p=5 . Vay parabol nhén (0;0) 1am dinh, truc doi ximg la X =0, tiéu diém la (0;%)

va dudng chudn Y = (0;3).
Trd vé bién cii thi (P) la parabol nhan (-3;-1) lam dinh, truc déi xing la
x = -3; tiéu diém F(-3; —% ) va dudng chuin y= —% .

y Thidu7:
Cho parabol y?> = 4x va hai diém
A(0; 4), B(-6; 4)
I/ Tim trén (P) diém C sao cho ABC
1 tam giac vudng tai A.
2/ Tim trén (P) diém C sao cho tam
gidc ABC c6 dién tich bé nhit.

Giai
1/ D& thdy duong thing nbi AB co
phuong trinh: 4x + 3y + 12 = 0.
Viy dudng thing d vudng goc véi AB
cddang: -3x +4y + m=0.

[
e
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Do (d) qua A(0;4) = -16+m=0 = m=16. Vay d: -3x +4y + 16 =0.
Tir d6 diém C 1a nghi¢m caa hé phuong trinh:

, | 3 | Xx=16y=8
x3+—3=(x+—j —3(x+—)=u3—3vc> 16 8
X X X x=?;y:—§-

Viy C/(16; 8), C. [% _.g.J I hai diém phai tim,
2/ Tacéd SABC=%AB.CH. Do AB khéng ddi nén Sasc dat gia tri nho nhét khi

CH nhoé nhét. Goi C(x0; Yo) € (P), ta c6 (theo cong thic tinh khodng céach tir mot
diém dén mot dudng thang).
|4x0 +3yo +12] |y +3yo +12]

5

‘ 2
1/ 5 1 3 39
=—|yp+3yy +12)=— +=| +=1.
5()’0 Yo ) 5[()’0 2) 4}

Vi thé CH nhé nhét khi yo+% =0 & yo=- % (khi 4y xo:%)

CH=

Vi & dy C(%;—%J 14 diém duy nhét trén (P) sao cho tam giac CAB c6 dién

tich bé nhat.

§ 2. BAI TOAN VE SU TUONG GIAO CUA CONIC VOI CAC PUONG KHAC

Trong muyc nay xét cac bai ton vé sy tuong giao cia dudng conic véi dudng
thing, dudng tron hoic gilfa cdc conic v&i nhau:

Phuong phap giai déu duya vao két qua sau:

Cho hai duorng 14n lugt c6 phuong trinh f(x,y) m; g(x,y)=n

Khi d6 s0 giao diém cia hai duong bang sé nghiém cia hé phuong trinh:

{ (xy)=m (1)
(xy)=n (2

Khi dé toa d¢ (x;y) cuia cac giao diém chinh 1a nghiém cua h¢ phuong trinh trén.

Nhu vy bai toan vé sy tuong giao cia cac dudng quy vé khao sat hé phuong
trinh dang (1) va (2).

Thidyl

x2 oyt
Cho (H): T % =1va duong thingd: 2x -y + m=0.

1/ Chimg minh ring v&i moi m, (H) va d luén cit nhau tai A, B thudc hai
nhanh khac nhau cua (H) (gia sir x5 < xg). i

2/ Tim M sao cho BF,=2AF,, & day F|(-3; 0) va Fy(3; 0) la céc tiéu diém caa H)
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Giai

Xy
1/ Xéthé phuong trinh: § 1 g (1)
2x-y+m=0

Tir (1) dan dén phuong trinh: 4~ 4mx-m*-8=0 h.

R
. o m +8 .. . . A ey n e i . .
Vi — <0 voi mei m, nén (1) ludn cé hai nghiém trai dau voi mei m.

Vay (H) va d ludn ciit nhau tai A, B, trong do x, < x3.

CXp CXa +a

a
Do A, B thude hai nhanh khac nhau cta (H) (x4 < x3),

b) Ta co: BF.=2AF, < =2

a

. . € Ao
nén: xa <-—a: xg>a. Vi —>1 nén tir (2) suy ra:
a

Sx—“—a:Z(—a—ﬂ) (6daya=1;¢c=3)
a a
D3xg-1=-2-6xXpa ©6xa+3xg+1=0

Do xa, xp 12 hai nghiém ctia (1), nén theo dinh Ii Vi-ét ta ¢é6:

XA tXg=m (4)
2
m-+8

XaXp = YR (5)
3m +1
. XA =—7—

. . (s |XatXg=m 3
Tu (3) va (4) ta co hé: (1

. Xg=—F7-

Thay (II) vao (5) va co: 63m>+ 36m — 68 =0
_—6+1642

21
D6 la cac gia tri can tim ctia tham s6 m.
Thi du 2:

< m

2 2

Cho elip (E) c6 phuong trinh % + yT =1 va duong thang d: 2x +15y-10=0.

Ching minh d cit (E) tai hai diém phan biét A, B, trong d6 A € Ox. Tim d¢ dai
doan AB.

Giai
S giao diém ciia d va (E) bing s6 nghiém cua hé phuong trinh:
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—_— =

25 4 < 2 & N _6
2x+15y~10=0 5y —6y=0 B ’y~5'
V229
Vay A(5; 0) va B(- 4; g). Rorang A € Oxva AB = 3 52 .,
Thi du 3:
2y v
Cho elip (E) ¢6 phuong trinh: —+=—=1, |
25 9 A3 1A
va diém M(1;1). Viét phuong trinh duong thang \N
qua M va cit (E) tai hai diém phan biét A, B sao N
. R . : + N
cho M la trung diém cua AB. ‘& ! >[5
: . Gidi f‘lf ™
Puong thang qua M ¢6 hai dang: P
1/ Néu x = | khi do6 dé thiay x = 1 cit (E) tai !

A, B) (xem hinh v&) va ta c6 ngay:
MB,;> 3> MA,.
Vi thé loai kha nang nay.
2/Néuy=k(x-1)+1okx-y+1-k=0
Khi d6 toa dd (x:y) cla cac giao diém A, B cua d véi (E) la nghiém cua hé

phuong trinh:
22
;—5+%=l o y=kx+1-k ()
95k 2 2 (1 N2 _
kx—y+1-k=0 (25K2 +9)x +50k (1-k)x + 25(1-Kk)* ~215=0 (2)
Dé hé (1) (2) co hai nghiém phan biét, trudc tién ta can cé:

A'=25K(1 = k)’ = [25(1 —=k)’=225](25k*+ 9)> 0 3)
Khi théa man (3), gia sur hé (1) (2) c6 hai nghi¢m phan biét (x;; y), (x2; ¥2).
Do M(1; 1) la trung diém cua A,B néntacod: x; + x,= 2.

S0k (k -1
Theo dinh li Viét ta co: ———(5———)—= 2 k= —-—9—.
25k +9 25

t

(chuy k = —595— thoa man (3): Ban doc ty kiém tra diéu nay.)

Tirdé d: ~ix—y+l+i=0<:>9x+25y—34=0
25 25 ,

la duong thing cén tim.
Thidu4:
2 22
Cho hai elip: E;: x—+y2 =1 vaE,: x—+y—=l.
16 9 4 R

Viét phuong trinh dudmg tron di qua giao diém cua hai elip néi trén.
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Giai
Goi toa do (x; y) la céac giao diém cua (E)) va (E») ta nghi¢m cia h¢ phuong trinh:
2
—+y =1
16 7 xX+16y’ =16 , 432 , 28
2 5 A 2 5 S X =] Yy =—-

x L—l 4x* +9y* =36 55 S35

9 4 ’
Piéu d6 chimg to rang E, va E, cit nhau tai 4 diém phan biét.

\. . 92 £ . .2 . , 3 . .
Ngodi ra ta co:x” +y* = suy ra bon giao diém cua ching nam trén duong

tron (C): x2 +y? = i}’%

(C) chinh la duong tron can tim.

§3. CAC BAI TOAN DINH TiNH VE BA DUONG CONIC

Loai 1: Cac bai toan sir dung dinh nghia cia ba dudng conic
Thi du I: Cho parabol (P) y’=2px va dudng thing A di dong di qua tiéu diém
F cia parabol va cét (P) tai hai diém phén biét M, N. Chirng minh ring cac dudng
tron dudng kinh MN luén tiép xuc v&i mot dudng thang b dinh.
Giai
Ké NH va MK vuéng goc voi dudng y

chuén A (x= —% ). H

Theo dinh nghia cua parabol ta cé: /

NF = NH, MF = MK ! /‘

Viy NF + MF = NH + MK 24 Q&/F X
hay MN = NH + MK. K

Goillatrung diém MN,

tacé: IJ = %(NH + MK), J 13 hinh

chiéu cia I trén (A) (do IJ 1a dudng trung
binh cua hinh thang NHKM).

Nhu vy 1 = %MN.

Pidu do chirng o ring dudng tron dudng kinh MN luén ludn tiép xdc véi
dudmg chuin A cia (P) = dpem. '

280



Thidu2:

Cho hai duong tron (C)) cé tam F,, ban kinh Ry; (C,), c6é tdm F,, ban kinh R,
trong d6 R, > R; va 0 < F|F, < Ry = R,. Goi M la tam cac duong tron (C) di djng
sao cho (C) tiép xlic trong v&i (C;) va tiép xtic ngoai vai (C,). Tim quy tich ciia M.

Giai
Goi M la tam cuia (C) tiép xuc ngoai v&i (C,) tai B, con tiép xiic trong vai (C))
. . |MF =R, -MA ‘
tai A. Ta co: (D -
MF, =R, + MB. -
Do MA = MB (ciing bang ban kinh ciia (C). ,’/
Do do tir (I) suy ra: MF, + MF,= R+ R, = const. /

Theo dinh nghia cua elip, ta suy ra quy tich ':
cia M 1a elip nhan F, va F, la hai tiéu diém véi (g,
truc 1on 1A R, + R,. \

Chu y: Ta xét trudong hgp cy thé : N

(Ch): (x + 5y + y3=44l;

(Ca): (x — 5)2+ y*=25. .

Khi d6, ta co: Fi(-5; 0) vaR;=21; F(5; 0) va R,=35. R4

TacoR;+ Ry=26suyra:a=13;

FiF,=10;¢=5:b=12.
Vay quy tich cia M la elip v&i phuong trinh:
2 2
L A
169 144 .

Thidu 3: :

Cho duomg tron tam F| ban kinh bing 2a va
mot diém F, & ngoai dudng tron. Tim quy tich tam
M cila dudng tron qua F, va tiép xic vai dudng
tron noi trén.

Xét hai kha nang sau:

* Pudng tron tam M ban kinh r tiép xic ngoai
voi dudng tron (F; 2a). Goi tiép diém 1a 1. Ta co
MF,=MI + IF, = MF, + 2a.

= MF,-MF,;=2a. N \

* Duong tron tim M ban kinh r tiép xtc trong ..
véi dudng tron (F; 2a). Goi I la tiép diém, ta co:
MF,=MI - |F;=MF,-2a i

= MF,-MF,;=2a 2) ( s

Tir (1), (2) suy ra;MF,~ MF,| =2a (3) VT \

Vay tir (3) di dén quy tich tim M cac dudng N . :
tron di qua F, va tiép xiic véi duong tron (Fy; 2a) la \\\\\ ,
hypebol nhan F;,F, lam hai tiéu diém va truc thyc R
bing 2a. )
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Xét vi dy cy thé sau: Puodng tron tam Fi(-5; 0). Khi d6 ¢ =5;2a =R =4
= a=2,dodé: b’ = ¢ - a’ =21. Viy quy tich tim M Ia hypebol (H) v&i phuong

22
trinh: — -2 =1.
4 21
Thidu 4:
X2 42
Trén mit phing cho elip (E) c6 phuong trinh: 55 + T—() =1,

¢6 hai tiéu diém F,, F; A va B 1a hai diém trén (E) sao cho AF, + BF,= 8.
Tinh AF,+ BF,.
Giai

X2 y2

Tir: — + = =1suyra (E)coé truc 16n 2a = 10.
25 16
Theo dinh nghia elip thi: (AF, + AF,) =(BF,+ BF,)=10
= AF,+ BF;=(AF,+ AF,) + (BF,+ BF,) - (AF, + BF»)
=10+10-8=12. ‘
Loai 2: Mt s bai toan dinh tinh vé ba dudng conic:
Thidul:

2 2

Cho hypebol (H): %——:;—— =1, M(xo; yo) la nét diém bat ki trén (H). Goi A
a

p)
va A’ 1a hai tiém can cada (H). Ching minh rflng dai lugng d(M, A).d(M, A") khong
phu thudc vao vi tri cia M trén (H).
Gidi

Dé thay A: yzgx < bx—ay=0vaA:y= —Ex < bx+ay =0.
a a

|be _ay()' ibe +ay0‘ _ {bzxg _azy(z)

Do d6: d(M,A)d(M,A") = = (1)
\/;2+b2 \/a2+b2 a’ +b’
X2 y2 2 2 2 2
DoM e(H) = —g+b—g=1 bxe’ —a’y’=a’b’. )
a
Thay (2) vao (1) va co:
a’b?
d(M,A).d(M,A") g const = dpcm.
a”+
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-w utem F
) tai A va B. Ching
.ot Tang tich cdc khoang cach tir A, B
dén tryc ctia (P) 13 mot hing sé.

Gidi

m————

(P) ¢6 dang: y*= 2px,néntacédp = 2.

Viy, tiéu diém F cia (P) Ia F(1;0).
Xét hai kha nang sau:

* Néu AB // Oy. Khi d6 ta ¢6 hai giao
diém 1a A(1; 2), B(1; ~2). Tir d6 suy ra:

d(A, Ox).d(B, Ox) = [FA|.[FB| = 2.2 = 4.

* Néu AB khéng song song véi Oy, suy ra AB ¢6 dang:

y=k(x-1) <> kx~y~k=0
Gia sir n6 cét (P) tai A, B,. Toa d6 cua Ay, B, la nghiém cua hé:

kx ~y-k=0 y=kx-k
2 <>
y© =4x

y2=4.y+

k
Viy tung d6 cia A, By la nghiém cua phuong trinh: ky® - 4y -4k =0 (1)
G0i yy, y2 1a nghiém cua (1), khi do yiy:= 4. .
"aco: d(Ay, Ox).d(B), Ox) = lyil.lys] = lyiyal = 4.
5m lai, ludn ¢6 d(A, Ox).d(B, Ox) = 4 = const (dpcm).
'f du 3 (Dé thi Dai hoc, Cao Diing khdi D ~ 2008) ‘
5 parabol (P): y* = 16x va diém A(1; 4). Hai diém B, C thuoe (P) sao cho
'inh.

T # A; goc BAC = 90°. Ching minh ring day cung BC ludn di qua méot

Giii
2 2
‘B an;m ;C i—;n thude (P). Ta cé:
16 16
. 2 L 2
ABz(EL-I;m-4];AC=[n
16

Tg~l;n —~4J.
AC =90° nén ta co:

+{m~4)(n-4)=0

2 2
. m®~16)(n” -16
\B.AB=O¢:>( )( )
>(m+4)n+4)+256=0(do B,C#£Anénm#4,n#4)
mn+4(mn+n)+272=0

256
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2 2

Ta c6 BC ___(n ;n— m] la vecto chi phuong cia dudng thing BC nén

vecto phap tuyén ciia dudmg thing BC la n= (—1; L 1+6m) . Do d6, dudng thing qua

. m?2) n+m
B, C ¢6 dang: —(x —-]—6—]+ 6 (y-m)=0
< -16x+ m*+ (m+ ny—-(n+mm=0
S -lex+(m+n)y+4(m+n)+272=0 3)
Pat m + n = a thi (3) tré thanh:
~l6x+ay+4a+272=0<—16x+272+a(y +y)=0 4)
Goi (Xo:Yo) 1a diém cd dinh ciia ho (4), ta ¢6 hé phuong trinh sau:
{~16x0 +272=0 {xo =17
=
Yo+4=0 Yo=-4
Vay day cung BC luén di qua diém cb dinh I(17; —4) (dpcm).

BAI TAP TU GIAI

2 2

Bai 1: Trén mat phang cho elip (E) c6 phuong trinh: % +y7 =1; F,, F, lan

luot 14 tiéu diém trai va phai cia (E). Tim diém M e (E) sao cho MF, — MFy=2.

Bip s6: M=(V2:3) va M(-V2;-V3).

Bai 2: Trén mat phing toa d§ Oxy, hay 1ap phuong trinh chinh tic cua elip
(E) c6 dé dai truc 1on bfmg 42 , cac dinh trén truc nhé va hai tiéu diém cing nim
trén mot duong tron.

2 2

Padp s6: —+T-=1,
8 4

2 2

Bai 3: Trén mat phfmg, cho hypebol (H): %——yé—— =1 va diém M(2; 1). Viét

phuong trinh dﬁéng thdng qua M cét (H) tai A va B sao cho M la trung diém cua
AB.
Pdp s6: 3x -y —5=0.
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Bai 4.
9 9

< -

Cho hypebol (H) ¢6 phuong trinh: ——-—Z—zl.
ypebol (H) co phuong o1 36

1/ Xét cac diém M(16; 6\/—) va N(8; 0) thudc (H). Tim cac glao diém P, Q

clia duomg thing A n01 M, N vé6i (H).
2/ Chimg minh céc trung diém ciia MN va PQ tring nhau.

Ddp s6: P(12-443;3V3-9) va Q(12+4J§;3J§+9).

2 2
+

x
9

....l‘<

Bai 5: Trén mat phiang, cho elip (E): =1 va hypebol (H):

22
XT -—14— =1. Lap phuong trinh dudng tron (C) di qua giao diém cua (E) va (H).
Ddp 56 (C): X +y'=S5,
Bai 6: Trén mat phang toa do Oxy cho parabol (P) c6 phuong trinh y’ = x va
diém 1(0; 2). Tim toa do hai diém M, N e (P) sao cho IM =4IN .
M, (4:-2).N; (k1)
M, (36;6).N,(9;3).
Bai 7: Trén mat phing, cho parabol (P) va dudmg thing d nhu sau:
(P): y*=2x; (d): 2my - 2x + 1 = 0.
1/ Chimg minh ring v&i moi gia tri cta m, (d) luén di qua tiéu diém F cua (P)
va cat (P) tai hai diém phan biét M,N.
2/ Tim quy tich trung diém 1 ciia doan MN khi m thay ddi.

; 1
Dadp s6: 2/ Qui tich 1a parabol; y = x*+ 5

<

Ddp so:

Bai 8:
Cho duong tron (C): (x + 2)% + y2 = 36 va diém Fx(2; 0). Xét cac dudmng tron
tam M di qua F; va tiép xiic voi (C). Tim quy tich tim M.

2 2

Dadp so: Quy tich a elip: %— + ~)—IS- =1.
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Bai gidng s6 16
HAM s BA THUC

Ham sb 1a mot trong nhiing ndi dung chii yéu ciia mén Toan dugc giang day
trong nha trudmg phd thong, chi dé ham s ludn ludn 1a cau sb 1 trong moi dé thi
vé mon Toan vao cac truong Dai hoc va Cao dfmg.

Ham sb da thic va ham s phan thic 14 hai ciu thanh chinh cua chuyén muc ham
so Bai giang nay dé cap dén cac bai toan lién quan dén ham sb da thirc, trong bai giang
s& 17 s& trinh bay cac bai toan twong ti nhung ddi véi 16p ham s6 phan thu‘c

§1. BAI TOAN TIEP TUYEN VOI HAM PA THUC

Céc kién thirc co ban sau day luén luon
duoc sir dung dén trong qua trinh giai toan.
Cho dudng cong y = f(x) va diém M
nam trén dudng cong co hoanh dg la x,. Goi M
a, 1a hé sb gdc cla tiép tuyén véi dudng / |
cong tai M. Khi d¢ ta cé: E
12, = y'(%) = (). / i X
2/ Phuong trinh tiép tuyén vai dudng / 0 / Xo
cong tai M 1a y — yo =y (Xo).(x .~ Xo) (1) !
Cha y rang (1) Ia phuong trinh tiép
tuyén v4i duong cong y = f(x) tai diém M
cho trurde trén duong cong, con cac trLrong
hop khac dé giai cac bai toan vé tiép tuyén ngudi ta sir dung két qua sau:
Cho hai dudng y = f(x) va y = g(x). Hai duong tiép xtc voi nhau tai diém M
¢6 hoanh d6 xq néu nhu hé sau day thoa man:

{f(xo) =g(xo)
f'(xo) ’(xo)
Loai 1: Tiép tuyén véi duong cong tai mot diém cho trudc trén duong cong.
Dé giai cac bai toan loai nay nhét thiét phai tim dugc tlep diém cia tiép tuyén
vai dudng cong, sau do sé sir dung cong thire (1) ndi trong phan mé dau.

Xét cac thi dusau:
Thi du 1: (Dé thi tuyén sinh Dai hoc khii A -2009)

Viét phuong trinh tiép tuyen v6i (C) biét ring tiép tuyén cat truc hoanh tai A,
truc tung tai B sao cho OAB la tam giac vudng cén tai O, & day O Ia gbe toa do.
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Giai

Taco y = —. Vi tiép tuyén tao véi hai truc toa d¢ mét tam giac
(2x + 3)
vudng can nén hé sb goc cia tiép tuyén 1a £ 1.
‘ . r “l XO = “2
Khidéaz==1 < ——-——7=i1 =
(2x9 +3) Xg=-1

Khi xo = -2, thi y, = —4,l4c do tlep tuyen 6 dangy=-x-2.

Khi xo = -1, thi yo = 1, luc do ti€p tuyén ¢ dang y = =X (truong hop nay loai
viy = —x di qua gbc toa do, nén I\hong tao thanh tam giac OAB).

Viy c6 duy nhity = — x — 2 la tiép tuyén can tim.

Thi du 2: (Dé thi tuyén sinh Dai hoc khdi B - 2004)

Choham sy = %x‘t 2x>+ 3x (C). Viét phuong trinh tiép tuyén A ciia (C) tai

diém udn va ching minh A la tiép tuyén cta (C) cd hé s6 goc nho nhat.
Giai

Tacoy'=x'—4x+3vay’ =2x-4. TudosuyraM( zj 1a diém ubn cia

(C). Tiép tuyén voi (C) tai M c6 dang: y —% = —(x - 2) = y=-X +§ .

Tiép tuyén nay coé hé sb goc a = —1. Mat khac tiép tuyén véi (C) tai diém bét
ki trén (C) ¢6 hoanh dg x co:

=X —4x+3=(x-2-1>-l=a= dpem.

Nhdn xét:

D& théy ta co két qua t()ng7 7 quat nhu sau (voi chimg minh hoan toan tuong tu):
Véi dudng cong y = ax’+ bx’ + cx +d vai a>0 thi tiép tuyén tai diém udn c6 hé sb
goc bé nhat; (con khi a <0 thi h¢ s& goc lai 16n nhat).

Thi du 3: (Dé thi tuyén sinh Pai hoc khi D - 2005)

Goi (Cy) 12 4 thj ciia ham sb y = %x3 —lzlx2 +% . Goi M 14 diém thudc (C,,)

¢ hoanh d6 bang —1. Tim m d tiép tuyén véi (C,,) tai M song song vé6i duong
thing 5x —y = 0.
Giai
Pudng thing 5x - y =0coh¢ s goc goc bang 5, nén dé tiép tuyén tai M song
song vai A trude hettacan co yvEhD=5Se m+il=5o m =4,
Khi m = 4 thi tiép tuyén c6 dang: y — (-2) = 5(x + 1) ©y=5x+3.Ro rang
dudng nay song song v6i A, vy m = 4 la gia tri duy nhat can tim.
Thi du 4:
Cho y= X+ 1-mx+ 1) (Cp). Tim m dé tlep tuyen véi (C,) tai giao diém
clia nd vdi truc tung, tao véi hai truc toa do mot tam giac c6 dién tich bang 8.
Giai '
D& thdy M(0; 1 — m) la glao diém cua (C,y) Vi truc tung, nén ciing dé thay
y=-mx+1l-mla tiép tuyén véi (C,) tai M.
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Goi A, B tvong tmg la giao diém cua tiép tuyén nay voéi truc hoanh va truc

tung, ta c6 ngay: A=(]_—m;0] vaB=(0; 1 —m).
m

(cht y khi m =0, thi tiép tuyén song song véi Ox nén loai kha nang nay).

Tur dé6: ‘
2
- I-m
Soas =8C>J‘OA.OB=8C>11—-—‘E|]—ml:8c>£__l_)____]6
' 2 2l m | |m]
- m=9+45
m=—7ir4\/§.
Do 1a 4 giatr can tim cta tham sé m. -
Thidu5:

Cho dudmg cong (C): y = x* =2x2 + 8x + 5. Ching minh khéng c6 bit ki hai

tiép tuyén nao cua duong cong lai vudng goc v&i nhau.

Giai
Gia suir trai lai c6 hai dudng tiép tuyen cua (C) vuong gdc v01 nhau. Goi x;, X

tuong (g la cac hoanh d6 cua hai tlep diém cua hai tiép tuyén ay. Goi a,, a, lan
lugt 1a cac hé sd goc cha hai tiép tuyén tai cac diém trén (C) c6 hoanh do x,, x.
Khidotiraja=—-1 = y’(x)).y’(x2) =-1.

= (3x)2= 2%+ N)Bx = 2%+ T) =1 (1).
Tam thirc f(t) = 3= 2t + 7 c6 A’<0 nén f(t) > 0 Vt € R . Tir d6 va tir (1) suiy

ra mau thuin. Vay gia thiét phan chimg 1a sai = dpem.

x=2,vitht Q) ©ox'-8-12x+24=0

Thi du 6:

Choy—x -3x+1 (C) ,

1/ Viét phuong y trinh tlep tuyén véi (C) tai diém c6 hoanh do x =2

2/ Tiép tuyén & cau 1/ cat lai dudng cong (C) tai diém M’. Tim toa do cia M.

Giai

1/ Tiép tuyén tai M c6 phuong trinh:
y-3=9(x-2) ©@y=9x-15. '

2/ Gia sir tiép tuyén & cau 1/ cit (C) tai M.

Xét phuong trinh:
X =3x+1=9x-15 < x’~12x+16 (2)
Cha ¥ ring (2) chic chan cé nghiém

S x=-2D(x*+2x-8)=0
: X
SE=-2Px+4)=0 {
X =-4.
Vay M’(—4; —51) la giao diém th(r hai cua tiép tuyén tai M véi (C).
Thidu7:
Cho dudng congy = x'=3x*+1 (C). .
Chimg minh ring trén (C) tdn tai vb sb cap diém ma hai tiép tuyen tai tung

cap diém song song v&i nhau.
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: Gidi
, 2 N o .

Ta co y’ = 3x" - 6x. Bai toan da cho c6 dang tuong duong sau:

Chirng minh rang ton tai vo so k sao cho cac phuong trinh:

‘ 3x’—6x =k 1N
déu c6 hai nghiém phan biét.
Taco(l) @ 3x*—6x-k=0 )

Dé thiy A’>0 <> 9 +3k>0 < k>-3 3).
Tu (3) suy ra dpcm. :
Nhdn xét.
1/ Két qua trén van dung cho moi dudng cong bac ba tiy y.
2/ Cac ban hay ty chang minh nhan xét sau: Moi duong thang ndi timg cap
trén ludn di qua mot diém ¢d dinh (I;=1) -
Loai 2: Phuong trinh tiép tuyén v6i duong cong di qua mét diém cho trude:
Luge db chung giai cac bai toan nay nhu sau:
— Hodc 1a quy vé bai todn loai 1 (tirc la quy vé tim tiép diém cia tiép tuyén
vGi duong cong da cho).
— Hodc 1a sir dung ménh dé vé diéu kién hai dudng tiép xuc voi nhau da trinh
bay trong phan mé dau.
Phuong phap thir hai la phuong phép hay dugc sir dung hon.
Thi dy 1: (Dé thi tuyén smh D(u hoc, Cao d(mg khoi B - 2008)
Cho dudng cong y = 4x’ - 6x° + 1 (C). Viét phuong trinh tiép tuyén vai (C)
biét ring tiép tuyén di qua diém M(-1; -9)
Giai
Di qua diém M(-1; -9) thi x = -1 chac chan khéng phai 1a tiép tuyén véi (C)
nén moi tiép tuyén cia (C) di qua M phai co dang: y =k(x + 1) -9
Goi x¢ la hoanh d6 tiép diém, ta c6 hé phuong trinh sau:
4x3 - 6x5 +1=k(xg+1)=9 (1)
12x§ - 12xo =k (2).
Thay (2) vao (1) roi rot gon ta co:
Xg = -1
4x +3x3 —6x,-5=0 <:>(x0+l)(4xﬁ-x0—5)=0<:> 5
Xo s
+ Khi xo= —1 thi k = 24. Luc nay tiép tuyén lay = 24x + 15,
21

15 15
+ Khi — tl k=-—.L0cnaytiéptuyénlay= —x - =,
ix= 7 hi 1 0 y tiep tuy y 2 7

Nhdn xét.
Trong thi du trén diém M(=1; --9) € (C). Vi thé néu ta cho rang M e (C), nén
tiép tuyén c6 dang:
V- =y'(1)(x+1)=24(x+ 1) => y=24x+ 15
21

Giai nhu vay sé thiéu dap sé: y = léis—x T
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Tir d6 ta c6 bai hoc sau: Phai phan biét xem dau bai yéu cAu viét phuong trinh
tiép tuyén véi (C) tai diém M, hay qua M (diém M ndm trén (C) hay khong nam
trén (C) khong dong vai tro gi & day ca).

Thi du 2:

Cho duong cong y = lx -3x%+= (C) Viét phuong trinh tiép tuyén véi (C)

biét tiép tuyén di qua diém M(O; 5 ).
Lap luan nhu thi du 1 tiép tuyén c6 dang: y = kx +% .

Goi xo 12 hoanh d¢ tiép diém. Khi d6 c6 hé phuong trinh sau:
1 3 3
—xg-3xg+=>=kxg+= M

270 0T 0

2X3 "‘3X0 =k (2)

Thay (2) vao (1) rdi rat gon ta cé: x(z) (x(z) - 2) =0

=0
oni\/i

. 7 P X A 3 3 3
Tir d6 suy ra co ba tiep tuyén: y=5;y=—2\/§x +-2-;y=2\/§x+5.

Thi du 3:
" Cé bao nhiéu tiép tuyén di qua dlem M( -2; 5) voi duong cong
(C) y=X 302+ 17x + 2.
Gidi

Moi tiép tuyén v6i (C) qua M ¢6 dang: y = k(x + 2) + 5. Goi xo la hoanh do

tiép diém. Khi d6 ta c6 hé:
[x§-9x§ +17x+2=K(x+2)+5 (1)
13x3+18x0+17—k (2)

Thay (2) vao (1) rdi rat gon, ta co: (Xo— l)(2x0 — Xt 17)= 03)

pbi VO’l duong cong bac ba s6 tiép tuyen bang sb tiép diém (vi mdi tlep tuyen
voiy=ax’+ bx>+ cx +d =0, a #0, chi tiép xtc véi dudng cong tai mot tiép diém
duy nht).

Vi thé sb nghi¢m cua 3) bang ) tlep tuyen v6i (C) tai M.

Do phuong trinh 2X'—X0—37=0 (an Xp) ¢6 hai nghiém phan biét khac 1, nén
(3) ¢6 ba.nghiém phan biét, vi thé qua diém M vé duoc ba tiép tuyén dén (C).

Thidu4:

Cho dudng cong y = X —-3x+2 (C). Tim cac diém M e (C) sao cho qua M
chi ¢ thé v& duge duy nhét mét tiép tuyén dén (C).

Giai
Gia sit M (a; o’-3a+2) 14 diém thude (C) cin tim. Tiép tuyén qua M cé dang:
y =k(x— a)+a -3a+2.
Goi xg 1a hoanh d6 tiep diém, ta c6 hé:
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{xg ~3xo+2=k(xg-a)+a’ ~3a+2 (1)

3x5-3=k (2).
Thay (2) vao (1) rdi rat gon, ta co:
2x3 —3oxd +a® =0 & (xg — )’ (2% + ) =0 3).

Tir gia thiét suy ra (3) (An xo) phai c6 nghiém duy nhét. Diéu nay xay ra khi va
chi khi a=-—%<:>a:0.

Vay M(0;2) la diém duy nhét trén (C) cin tim.

Nhdn xét:

Diém M (0; 2) chinh 14 diém udn cua ).

Ta c6 két qua sau (chirng minh hoan toan tuong tu va xin danh cho ban doc).
Két qua ciia thi du trén hoan toan dung véi moi dudng bac bay = ax’ + bx?+ cx +d,
a#0.

Thidu 5:

Tim cac dlem tren truc hoanh sa0 cho tu d6 vé dugce ba tlep tuyen dén db thi
ciia (C): y = x* + 3x%, trong d6 c6 hai tiép tuyén vudng goc véi nhau.

Gidi
Goi M(a;0) 1a diém can tim. Tiép tuyen vé6i (C) qua M ¢6 dang:
) - Y=k(x-o)

Goi x¢ 1a hoanh d0 tiep diém, thi ta c6 hé:

xp +3x§ =k(xo —a) (1

3x3 +6x, =k (2).
Thay (2) vao (1) rdi rat gon ta c6 két qua:

Xp = 0 (3)

2xg +3(1-a)x2 - 6ax, <
° OO T f(xg) =2x2 +3(1—a)x —6a=0 (4)

Dé (3) va (4) c6 ba nghiém phan biét thi (4) cin ¢6 hai nghiém phan biét khéc 0.
A0 a<-3

Y o .. *
Diéu d6 xay ra khi '{f(0)¢0<:> a>—-% Vi 0 ™
Tai diém M, c6 hoanh do 0 thi theo 3} suy ra tiép tuyén véi (C) tai M, song
song vdi Ox. Vi moi dudng thang song song voi Oy khéng phai la tlep tuyén coa
(C), nén dé thoa man diéu kién dau bai thi cac tiép tuyén voi (C) tai diém M,, M,
phai vudng géc voi nhau. Hoanh d M;, M, tuong Gng 1a cac nghiém t;, t, cia
phuong trinh:
2t“+ 3(1 —a)t—60=0 )
Hé sb goc clia tiép tuyen nay theo (2) tuong irng la;
ki= 3t| +6t; ko= 3t2 + 6t,.
Tir d6 kl.k2= -1 < (3t1 6t|) (3t2 + 6t2) = —]
< 9(t|t7) + lgtltz(t] + 2) + 36t1t2 =] (6)
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. (-1
Ap dung dinh li Viet ta co tt :—(——);t t, = =3a nén tir (6) sau khi rat
P g 1t 5 12

1
gontacd: 270+ 1=0 < o=
. 27

1 2 L. P
Vay M(E ;0) 1a diém duy nhat trén C can tim,

§2. BAI TOAN VE CUC TRI VOI HAM DA THUC

Ngoal viéc str dung thanh thao cac quy tic 1, quy tic 2 tim cuc dai va cuc tiéu
cua ham so (da trinh bay trong sach giao khoa), ta luén dung dén cac két qua sau:

- Pudng cong, y=ax'+ bx2+ cx +d = 0 (a # 0) ¢6 cuc dai, cuc tiéu khi va chi
khi phuong trinh y’ = = 3ax’ + 2bx+c= O ¢d hai nghiém phan biét.

— Puong cong, y= ax +bx*+ ex?+ dx + e =0 (a # 0) c6 ba cyc tri khi va chi
khi phuong trinh y’ = =4ax’+ 3bx*+ 2cx +d = 0 co ba nghlem phan biét.

—-Giastry = ax’ + bx’+ cx + d dat cuec tri tai hai diém co6 hoanh d6 x,, x,. Khi
d6 dé tinh gia tri cuc tri ta con ¢ thé lam nhu sau:

Goiy=Ax+Bla phan du trong phép chia cua f = ax’ + bx’ + cx + d cho dao
hamy’ = = 3ax’+ 2bx + ¢ cua né. Khi do:

y(xy) = Ax, + B; y(x2) =Axa + B.

Khi str dung nhéan xét nay, phai chimg minh lai nhu sau:

Ta co: y=ax3+ bx® + cx +d = (3ax” + 2bx + c)(Cx + D) + Ax + B, ¢ day Cx
+D 1a thuong trong phép chia ndi trén. Viy’(x)) = y’(x2) =0 dpem.

Cac dang toan co ban:

Loai 1: Cac bai toan vé sur ton tai cuc tri :

Lop bai todn ndy thudng c6 dang sau: Tim tham s6 dé cac ham sé co cuc trj
va cuc tri nay thda man nhiing diéu kién nio d6 cho trude.

Lugc dd chung dé giai cac bai toan nay sé la st dung diéu kién ton ta1 cuc tri
vai cac da thic bac ba, bic bon két hop voi viée st dung cac két qua vé da thic
bac hai, dinh 1i Viet, li thuyet vé phuong trinh va bat phuong trinh.

Thidul: (De thi tuyen sinh Dm lgc khoi B 2007)

Chohamséy = —x +3x7+ 3(m’ - Dx - 3m’— |

Tim m dé ham sb c6 cuc dai, cuc tiéu va cac diém cuc trj cach déu gbe toa do.

Giai

Truorc hét ham s6 co cyc trj khl phuong tnnh y' =0 co hai nghiém phan biét.

Tacoy =0 < 3x° +6x+3m—1=0 @x —2x-mi+1=0 (1)

(1) ¢6 hai nghi¢m phén b1¢t & A =mP>0 S m#0 2)

Khi thoa man (2) ham sb ¢6 cuc tri tai A(1-m; —2-2m%) va B(1+m; 242m’ ).
Theo bai ra ta co:

OA=0B o (1 —my + (-2 - 2m2)2 = (1 +m)*+ (=2 + 2m?).
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c>4m3=|nc>m2=%(dom¢0)c> m=+

. T W
Vaym=i—2- 1a hai gia tri can tim coa m.

Thi dy 2: (Pé thi tuyén smh Dai hoc kho: B-2002)
Cho duong cong y = mx* + (m2 9)x*+ 10 (Ci). Tim m dé dudng cong (C,)
¢o ba cyc tri.
Giai
bBudng cong (Cy) c6 ba cuc trj khi va chi khi phuong trinh y =0 c¢b ba
nghiém phan biét.
Tacdy =0 4mx’+2(m —-9)x =0 ()

{x=0 (2)
<
2mx? =9 -m?. (3)

Nhu vdy (1) c6 ba nghiém phén biét khi va chi khi (3) c¢6 hai nghiém phan

- m? <=3
bigt khac 0 tirc I3 khi va chi khi =" 50 <5 | ™ )
2m O<m<3

Vay (4) la tap hop tat ca cac gia tri can tim coa m.
Thidu3: i
Cho ham s6 y = x*+ 2(m — 1)x>+ (m’ - 4m + 1)x ~ 2(m*+ 1). Tim m dé ham

“ .. 1 1 1
so dat cuc tri tai x,, X, sao cho: — + — =5(xl +X,).

Xy X2
Giai
Puodng cong ¢o cuc trj khi phuong trinh y’ = 0 ¢6-hai nghiém phan biét.
Tacdy =0 ¢ 3x" +4(m - DX +(m’=4m+1)=0. (nH

(1) c6 hai nghiém phan biét khi va chi khi

m<—2—\/§
m>—2+\/_

Khi théa man (2) duong cong dat cyc trj tai hai diém phan biét x = Xi, X =X
1 hai nghiém cua (1). Theo dinh li Viet, ta cé:

4(1-m) m? —4m+1
xl + XZ :-_T““,XIXZ =—3—~'

A’=m2+4m+l>0c>{ )

Tir d6 ta co: l+—I—=l(xI +x2)c>—
X X7 2 X1X2 2

l-m=0 m=|

XI + X2 =0
< Slm?—4m+1 | m=-I

XIX2 = 2 —_——

3 m=35.

Déi chiéu véi didu kién (2) suy ra c6 hai gia trj can timciamlam=1vam=5

Nhan xét: Thi du trén 1a mot minh hoa cho tinh can thiét tim diéu kién dé cho

ham sé trude hét phai co cuc tri. '
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Thidu4: Cho y =%x2 —mx? +%.
Tim m dé dudng cong chi ¢é cuc tiéu ma khong cé cuc dai.
Giai
Tacoy’ = x - 2mx x(x -2m).
Khi m < 0 thi x*—2m > 0. Khi d6 ta c6 bang bién thién sau:
X 0 -
yl - - 0 -+

y \ —

Ham sd chi ¢6 cyuc tiéu ma khong ¢é cyc dai.
Khi m>0, ta ¢ bang bién thién sau:

X 2m 0 —v2m

y’ — 0 + 0 - 0 +
Tir d6 suy ra loai trudng hop nay vi ham s6 ¢6 cuc dai va cuc tidu.

Vay m < 0 1a gia trj cAn tim,
Thi du 5:

Chohamsby= %x3+(m—2)x2+(5m+4)x+3m+ 1

Tim m dé ham so dat cyc trj tai X, x> sao cho x; <2 <x,.

Giai
Tacoy’=0 <> x> +2(m-2)x+5m+4=0 .
Vay (1) c6 hai nghiém phan biét khi va chi khi
A =m’-9m>0<>m<0hoicm>9 2).

Khi théa man (2) dudng cong dat cuc tri tai x,, X 1a hai nghiém cda (1).

Pé thoa min diéu kiénx; <2 <xp,ta cén co:

(x2-2)2-x1)> 0 2(x+ X)) —2x;x~-4>0 3)

Tir dinh li Viet vai (1), va (3) suy ra: 4(2 m-Gm+4)-4>0=m<0(4)

T (2) va(4) suyra m<0 la cac gla tri can tim cia m.

Loai 2: Cac bai toan vé dudmg thiang n01 hai cuc tri:

Gia sir cho duong cong béc ba y=ax’+ bx’ + cx + d dat cuc tri tai 2 diém
Mi(x1; y1), Ma(x2; ¥2). Khi d6 dé viét phuong trinh dudng thang di qua M|, M5 ¢6
hai cach nhu sau:

— Sir dung cong thirc quen biét cta hinh hoc giai tich viét phuong trinh duong
thing di qua hai diém M,, M,

—Néug 501 y=Ax+Bla phan du trong phép chia cia y= a\: + bx +cx +d
cho y’= 3ax’+ 2bx + c, thi y= Ax + B chinh la dudng thing can tim.

Thidul: (Dé thi tuyen smh D(u hoc khoi A— 2002)

Cho duorng congy = =’ + 3mx? + 3(1 — mH)x + m* — m? (C). Viét phuong
trinh duong thang di qua hai diém cuec trj cua (C).
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Giai
Tacd y’= -3x’ +6mx+3(l m?). Vlthey =0 x> —2mx + m’— 1 =0 (1).
Do A’=1>0 v&i moi m, nén (1) ludn c6 hai nghi¢m phan biét, tire la dudng
cong ludn ¢ cyc dai va cyc tleu voi moi m.

Dé thiy A = (m -1 —m +3m -2) va B(m + I;-m’+ 3m + 2),14 hai diém cuc
tri cia (C). Buong thang ndi A, B ¢ dang:
y—(—m +3m—2) x-f(m—l) ,
= Sy =2x—m™+m.
~m? +3m+2—(—m2 +3m——2) m+1—(m—l)
Thidu 2:

Cho dudng cong bac bay = 5x* + 7x*— 9x + 1 (C)
Viét phuong trinh dudng thang di qua cuc dai, cuc tiéu cia ©
Tacdy'=0< 155+ 14x -9 =0 (1)

, , ) . n C A ‘
Do (1) chiac chan c6 hai nghiém phan biét (do —= —l~95—< 0), nén (C) ¢b cuc
a

dai, cuc tiéu.
Ap dung phép chia da thirc y = 5x*+ 7x*- 9x + 1 cho y’=15x*+ 14x- 9 ta c¢:

5x3+ 7X2"9X + 1 =(15X3+14X—9) 8co53(x +Ej:cos3x.
3

Viy y= —1-7—"x - % 1a duong thang can tim!

45
~7+/284

15

Vige tim y,, y2 1a ‘qua phirc tap, do d6 phuong phap st dung cdng thirc cia
hinh hoc giai tich dé viét phuong trinh duong thing qua A, B & day s€& qua phac tap

(vé mat tinh toan)
Thi du 3:

Nhdn xét: Trong thi du trén, (1) c6 hai nghiém: X=

Cho ham sb y =% X om—x+m+1 (Cp). Timm dé khoang cach giira cac

diém cyec tri caa ham sé 1a nhé nhit.

Tacdy=x"-2mx—1 Vithdy =0 x’=2mx— 1 =0(1)

Tur (1) suy ra n6 c6 hai nghi¢m phan biét véi moi m, tirc la véi moi m thi (C,,)
ludn ¢6 cyc tri. Thuc hién phép chiay cho y’ ta cé: ,

l>(3—mx2—x+ m+ 1 =(x2—2mx— l)(lx—lmj—g(m2 +l)x+gm+1.
3 3 3 3 3

Viy y= -%(m2 + l)x +§m +11a duong théng ndi hai cyc tri A, B cta (Cn),
o day:
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(.. 2( .2 2 _ 20 9 o2
A—(Xl"g(m +l)x|+§m+l)B (xz,—g(m +l)x2+§m+l),
trong do x,, X, 14 hai nghiém cuaa (1).
Ta co: ‘

AB? = (5 - + 2 (m? +1)(x2 1) = x,)[ (m? +1)+1} |
:[(x, +x,) —4xlx2}li%(m2 +1)+1}=(4m2 +4)(f;—m2 +%) @)

(do x;+x; = 2m; X)X, = —1 theo dinh 1i Viet)

Tir (2) suy ramin AB = —3—\/6 <o m=0.

§3. BAI TOAN VE SU TUONG GIAO CUA HAM PA THUC

Bai toan tuong giao clia cac duong cong véi dudng thang va giiia cac duong
cong v&i nhau la mt 16p quan trong trong cac bai toan vé ham sb. Noi dung cua
bai toan nay cé dang chung nhu sau: Cho céc dudng cong (hodc duong théng)
y =f(x) vay = g(x) thuong chira tham s6. Tim diéu kién dé chung cit nhau va céc
giao diém cua chiing théa man mot diéu kién cho trudc nao ddy. Ta biét rang hoanh
d6 cac giao diém 1a nghiém cta phuong trinh f(x) = g(x) ().

Vi thé bai toan vé su trong giao clia cac dudng va viée khao sat phuong trinh
(1) ¢6 lién quan mat thiét véi nhau. Bai toan nay dugc giai dya vao bai toan kia.

Duai ddy ching t6i s& trinh bay cac dang toan co ban cia I6p cac bai toan nay.

Loai 1: Doan truéc mét giao diém cha cac dudng:

Cho hai duong cong da thirc y = f(x) , y = g(x) (ma mdt trong chiing c6 thé 1a
dudmg thing). Hoanh do giao diém cua hai duong thang la nghiém cia phuong trinh:

f(x)=g() (1). ‘

Ta chi quan tam khi (1) 1 phuong trinh c6 bac 16n hon hodc bang 3.

Néu nhu bang cach nao d6.¢o thé biét trudec mot nghiém x, cia no, thi (1) co
thé ha bac bang cach dem f(x) —g(x) chia cho x—x.

" Khi 4y (1) < (x—x0)h(x) = 0 (2),

& day bac cia phuong trinh h(x) = 0 giam di 1 so voi (1).

Ta s& trinh bay cach xac dinh x, thong qua mat 56 thi du sau day.

Thi du 2: (Dé thi tuyén sinh Dai hoc khoi D — 2008).

Cho duong cong y = x* = 3x° + 4 (C) va diém I(1; 2). Chang minh rang moi
dudng thang qua I v&i hé s6 goc k > =3 déu ce"lt_ (C) tai ba diém phan biét A, B, 1
sao cho I 14 trung diém ctia AB.
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Giai
Duorng thing d qua I véi hé sé goc ckco dang: y = k(x — 1) + 2, S6 giao diém
cuad voi (C) la nghlem cua phuong trinh: -
X' -3+ 4=Kk(x - l)+2¢:>(x— I(xX*=2x-2-k)=0(1)
A=k+3>0khik>-3vax’-—2x-2- k nhén gia tri —k + 3 # 0 khi x =1,
nén (1) c6 ba nghi¢m phén biét.
Ba giao diém cia d véi (C) la A, I, B trong d6 A,B twong (rng c6 hoanh d x,,
Xz 1 nghiém cua phuong trinh x*— 2x -2 -k = 0.
Theo dinh li Viet, ta co X(+x;=2=2x; = [latrung diém cua AB = dpcm.
Thi du 3: (Dé thi tuyen smh Bgu hoc khéi A - -2002)
Cho dudng cong y= -+ 3x’ (C) va dudng thing y = =k’ + 3k Tim k dé
chiing cat nhau tai ba diém phan biét.
Giz’li
Xét phuorng trinh: —x’ + 3% = k' + 3K (l)
& (X + k) +3(~ k) = 0 o (x —K)[x2+ x(k - 3) + k2= 3k] =

x=k (2)
= 5 ,
f( )—x +x(k 3)+k*-3k=0 (3)
Tir d6 suy ra (1) c6 ba nghi¢m phan biét khi va chi khi (3) ¢6 hai nghiém phan
bi¢t khac k, tirc 1a khi va chi khi

A>0 k?-2k-3<0 [-1<k<3
= =
f(k)=0 kZ -2k 20 k#0:k#2.

(4) 1a tap hop gia tri cAn tim coa k.

Thidu4: (Dé thi tuye;n sinh Dai hoc khéi D - 2009)

Cho duorng congy = x'~(@Bm+2)x*+3m (Cw). Tim m dé dudng thing y = -1
cét (C) tai bbn diém phan biét c6 hoanh d6 nhoé hon 2.

Giai

Puong thingy = -1 vay = x -(GBm+ 2)x + 3m cét nhau tai bdn diém phéan
bi€t khi va chi khi phuong trinh: xX'-Gm+ 2)x*+3m = -1 (1) ¢4 bdn nghiém phan
biét. Diéu d6 xay ra khi va ch| khi phuong trinh

t -Bm+2%+3m+1=0()
c6 hai nghi¢m duong va bé hon 4.

Gy

t=1
(2)e .
t=3m+1
L, 3m+1#1 —l<m<l
Tir 46 suy ra:
0<3m+1<4
m=0.

D6 1a cac gia tri can tim cta m.

Thidu 5:

Cho duorng congy =x’+ 2(m Dx’+ (m?= 4m +1)x —2(m*+ 1) (C). Tim m
dé (C,,) cét truc hoanh tai ba diém phan biét ¢6 hoanh d6 nhé hon 3.
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Giai
S giao dlem cua (Cm) v@i truc hoanh bang s& nghne;m cua phuong trinh

x> +2(m—l)x +(m*—4m + 1)x - 2(m*+ 1)=0 N
Co thé thay mot nghne;m cua (1) la xg=2. Tu do ta co:
(D (x-2 )[x +2mx - (m’+ )] = (2)

Tir (2) suyra(l)cé ba nghlem phan blet ¢6 hoanh dd nho hon 3 khi va chi khi
phuong trinh f(x) = X+ 2mx—m’=1=0(3) co hai nghiém phén biét x;, x; khac 2
sao cho X<xp< 3.

Diéu d6 xay ra khi va chi khn
2

A =m +m +]>0 9—3(X1+X2)+XlX2 >0 ’ (4)
(3-x)(3-x%)>0 - ‘

X| +Xy <6 (5)
X]+X2 <6 2
£(2)0 -m“+4m+320 (6)

Thay x;+x;= —2m; X(X2 = —m’— 1 vao hé (4)5X6), ta di dén:
{3 ~J17<m<3+ 7
m#2+/7.
D6 14 cac gia tri cAn tim cia m.
Loai 2: Stir dung db thj ciia ham sb y = f(x) dé bién luan phuong trinh f(x) = m.

Pay 12 m¢t trong nhitng phucmg phap hay dung dé khao st cac bai toan vé
tinh glao nhau cua cac duorng, nhét 1a cac bal toan l|en quan chat ché dén d6 thi cua
hamso y = f(x) (cha y ring cic bai toan vé ham sb & cau | thuong 1a bat vé dd thi
hamsby = f(x))

Céc kién thirc hay dung trong muc nay 12 hai phép bién ddi db thij sau:

— Biét db thj ham so y = f(x) suy ra db thj ham so y = [f(x)l.

— Biét db thj ham s6 y = f(x) suy ra dd thi ham s y = ().

Xem cac hinh v& sau:

y
y=f(x) y=|f(x)]

(N /..  AMDa

Y

\ /\ x
T

(Xem lai SGK dai s6 10)
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2/ Taco: 2)x) = 9x*+ 12)x| = m(1) & 2[x -9’ +12]x| -4 =m - 4 (2)

Tir db thi (xem hinh 2) y = 2|x" = 9x* + 12|x| — 4 suy ra (2) (tirc 1a (1)) c6 6
nghiém phin biét & 0<m-4<] < 4<m<5.

Loai 3: Bai toan tim giao diém khi tham s6 m & dang béc nhit:

Gia sir bai toan tim giao diém cila dudng cong quy vé tim nghiém phuong
trinh: '

=g - (1) ,
trong d6 (1) khong nham duge nghiém va tham s6 m trong (1) c6 dang bac nhat
(tirc la trong (1) khong chura m?, m"...) khi d6 dé dang quy (1) vé dang:
F(x)=m 2), '

& ddy F(x) 1a ham sb phan thirc. Bang cach 14ap bang bién thién cua F(x), ta d& dang
hon trong viéc bién ludn sd nghiém cha (2), va tir d6 suy ra céac két luan déi vai 1.

Thidu 1: ,

Cho dudng cong y=x> - 3x* — 3mx + 3m (C,,). Tim m dé (C,,) va duong thing
d:y=-3x-1 cét nhau tai ba diém phan biét x|, x2,x3sao cho x; <1 <x;<2 <x3.

Xét phuong trinh: x* - 3x* - 3mx + 3m = -3x — | m
Tacé (1) = x*=3x*+3x+ 1 =3m(x-'1) )
Vi x = | khong phai la nghiém cuia (2) véi moi m (khi thay x = 1 vao vé trai ta

x> -3x2 +3x +1 _

3(x-1)

thay né bing 2). Do do: (2) < f(x)= 3).

2(x —2)(x2 —X+ l)

Dé thay f(x) = 5 , nén ¢6 bang bién thién sau:
3(x-1)
X ] 2
f(x) - - 0 +

f{x) | oo~ +00 +00
Tir d6 suy ra (3) ¢6 ba nghiém phan biét x,, X,, x3 thoa man x; < 1 < x,<2 khi
va chi khi m>1. D6 ciing chinh 14 cc gia tri cin tim cia m.
Thidu 2:
Tim m dé dudng cong y = x* va y = mx’— m cit nhau tai 3 diém phén biét.

, A s 33 33, s
Giai hoan toan nhu thi du trén va cé m<——é—— hoic m>TIacacg1atr; can

tim cua tham s6 m.
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BAI TAP TU GIAI

Bai 1: ) ) )

Cho duong cong y = x* v 2x’+ 4x — 1. Viét phuong trinh ti€p tuyén véi duong
cong trén, biét rang tiép tuyén vudng goéc vai dudng thang y = —% x+3.

Ddp so:y=4x—1vay=4x-2.

Bai 2:

Cho dudng cong y = 2%’ + 3x — 12x = 1 (C). Tim diém M thudc (C) sao cho
tiép tuyén cta (C) tai M thi qua gbc toa do.

Ddp $0: M(=1: 12).

Bai 3:

Viét phuong trinh tiép tuyén véi dudng cong y = %x3 —2x*+ x - 4, biét ring
tiép tuyén tao v&i dudng thing y = 3x + 7 gbc 45°,

Pdp s0: C6 4 tiép tuyén y = -2x — % s y=-2x—4;

1. 38+9V6 1 16+4V6

2 6 2 6

Bai 4:
Cho dudng cong y = %x“ -3x% + % (C). Viét phuong trinh tiép tuyén véi (C),

biét ring tiép tuyén di qua diém A(0; %).
. 3 3 3
Diaps6: y=—=;y=-2V2x + =3y =22x +—.
.pap y 5 y 2 y >

Bai 5:
Cho dudmg cong y = x* — 12x + 12 (C). Tim trén dudng thing y = — 4 cac
diém M sao cho qua M vé duoc ba tiép tuyen véi (C).

Ddp s6: M =(a;0) v6i a <—4 hoic o> 5 (vaa#2).
Bii 6:
Cho duong cong y =—:—x3 -2(1 —sinon)x2 —(1+cos2a)x+1(C). Tim o dé

(C) ¢ cue tri tai Xy, X3 sao cho x; +2x,= 1

Ddp $6: sina —%
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Bai 7:

Cho dudng cong y =—;—mx3—(m—1)x2 +3(m=-2)x +—;—. Tim m & duong
cong dat cyrce tri tai xy, X, sao cho x; +2x,=1 .

Pdp s6: m =2 hoic m = —32—

Bai 8:

Choy =%x3 +(m +3)x24(m+3)x+ 2m-5. Tim m dé dudng cong dat cuc
tri tai x;, X, sao cho x; <x,< 3.

Pdp s6: m>1 hoic -% <m<-3.

Bai 9:

Cho duong cong y= X 2mx*+ 2m? - x + m(1 — m?) (C,,). Tim m dé Cn)
cit tryc hoanh tai ba diém phan biét ¢é hoanh d6 16n hon 1.

Ddp s6: m> 2,

Bai 10:

Cho dudng cong y = X’ +3mx’ - 3x + 3m + 2 (Cn). Tlm m dé (Cm) cit truc
hoanh tai ba diém phén biét c6 hoanh dd x,, x;, x3 sao cho x|2 +x,0+ X3t = 15.

- Ddp s6: m =1,
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Bai giang sb 17
HAM sO PHAN THUT

CAu tric cla bai giang ndy twong ty nhu cdu tric cia bai giang s6 16 (ham sb
da thirc). ‘

§1. BAI TOAN TIEP TUYEN VOI HAM SO PHAN THUC

Kién thirc co ban xin xem trong tiét 1 — bai giang sb 16. Sau ddy xét cac dang
todn co ban

Loai 1: Tiép tuyén tai mot diém cho trude trén dudng cong.

Phuong phép giai nhu da trinh bay trong loai 1, §1 bai giang 16.

Thi du 1: (Dé thi tuyén sinh Pai hoc khéi D — 2007)

Cho dudng congy = 2 ©).
i x+1 ) ) )
Tim diém M e (C) sao cho ti€p tuyén tai M cua (C) cat Ox, Oy tai A, B sao
cho dién tich tam giac OAB béng -JI, odiyOla géc toa do.

Giai
. 2x¢ L o3 A Lo 2
Goi M1 xq; € (C) la diém can tim. Tac6 y’(xo) =— .
Xo +1 (xo+1)
Do d6 phuong trinh tiép tuyén véi (C) tai M la:
2x 2 2 2x3
y-—— = (x=xp)=y= px+——— ()
Xo+1 (xo+1) (x0+1) (x0+1)
2 2x}
Tir (1) suy ra A =(-x¢; 0) v B | 0;— 0
: Xy +])
, 1 1 2 | 2)(3 | Xg
Tacd:Sgpg =—OA.OB =—|~xj | = . 2).
2 2 ‘(x0+l)l (x0+1)2
| 1 5 I
Tir (2) suy ra: Sgpp=— —~—ﬁ—2 =— 3).
4 (xo+1) 4

Giai (3) ta dugc xo= 1 hodc xo=—%.

Nhu vay M (1; 1) va My -% :~2) 12 hai diém cén tim trén (C).

303




Thi du 2: (Dé thi tuyén sinh Dyi hoc khii B - 2006)

2
. X" +x-1 oL | X Je e L
Cho dudng cong y = 17 (C). Viet phuong trinh ti€p tuyén véi (C) biét
X+
ring tiép tuyén vudng goc véi tiém can xién cia ()

Gidi
Dé thay y =x— 1 la ti¢m can xién cua (C) (ban doc tur ng,hle;m lai).
Khi d6 tlep tuyén (d) can tim do vudng goc v6i tiém can xién nén ¢o hé s6 goc
bang ~1. Goi xg 1a hoanh dd tlep dlem ta co:
X2 +4x, +3
y(xo)= =1 & =0z =1 ().
(x0+2)°
Dé dang giai (1) va ta cé: Xg=—2 i-\é—% .
Ap dung cong thirc y — yo = y’(Xo)(X — Xo) ta suy ra c¢6 hai tiép tuyén cin tim
lary=-x+2J2-5 vay= -x-2J2-5.
Thi du 3:

x2+x+l

Cho duong cong y = 1 ©).
X —
Tim diém Me(C) dé tiép tuyén cét Ox, Oy tuong ung tai A, B sao cho OAB
la tam gidc vubng cén.
Goi M € (C) la diém can tim.
Dé thay tiép tuyén véi (C) tai M ¢6 dang:

2 2
Xg+Xg+1 x5-2x,-2
°, 0 =20 02 (x—xg) (1.
Xg ~1 (xo-1)
Biéng cach lan lugt cho y =0 (cho x=0) trong (1), ta dé dang suy ra:

2 2
—XO +2X0+2 ) (XO—I)

Tam gidc OAB vudng can khi va chi khi:

2&)+2x0—1|_|2xo+2xr1| >0
x0+2x0+2| I ..1) l
i\/—_

‘ 2
Vay trén (C) c6 hai diém cintim 12 M;, M, vé6i hoanh do tuong ung la
_2+v6  2-6

X|= ———, Xy =

2 2

OA=0B>0«

(2)

Giai (2) va thu duge x, =
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Viét phuong trinh tlep tuyén véi (C) bxet tiép tuyén tao voi dudng thing
d:y =2x+ 1 mot goc 45°.
Giai
Goi ay la h¢ s6 goc cia tiép tuyén. Vi tiép tuyén tao véi d mot goc 45° va do d
c6 hé sb goc bing 2, nén ta cé:

ag -2 _ 3
= a. = _
-2 1+ 2a : 1
tand5°= | 2u N o 1
1+2a, a"-.z - au—-3—_
' 1+2a,
Goi X 1a hoanh d6 cla tiép diém, ta c6 ap=y'(x0) = ———3 5 >(.
(xg+2)
3 Xg =1
Ta c6 a,= -3 bij loai, con a,= 1 o 2 -1 o { 0
(XO + 7) 3 XO - —‘5
Tu d6 ap dung, cong thire y — yo = y’(Xo)(X — Xo) suy ra ¢6 hai tiép tuyén can
1 2 1 14
timld:y= —x+= vay= —x +— .
YT YTy

Chu y: Ta da str dung cong thurc quen biét sau: d,, d, 14 hai dudng thang ¢ hé
sb gdc lan luot 1a k;, k». Khi do néu goi a la gboc giira d, va d, thi

_kZ

tang = |———=-
I+kk,

(di nhién khong xét khid, 1 d»).

Thi du 5: Cho duong cong y = 33% (C) va M la mot diém bat ki trén ).
Goi | la giao diém cua hai tiém cén. Tiép tuyén tai M cét hai tiém can tai A, B.
1/ Ching minh M la trung diém cua AB.
2/ Chirng minh tiép tuyén tai M khong di qua L.
Gidi
Giasdt M € (C) va ¢6 hoanh d6 x. Ap dung cdng thirc viét phuong trinh tiép
tuyén ta c6 phuong trinh tiép tuyén vai (C) tai diém M la:

-1 3xg +1
y=————(x-X5 )+ (1)
( *3)2( 0) x0_3

I/Rérang x =3 va y= 3 lan luot la tiém can dung va tiém cin ngang cta (C).
Goi A, B tuong (g 14 giao diém cua tiép tuyén (1) véi tiém céan dimg va tiém can

3]; B=(2x0-3;3)

ngang. Khi d6 dé thay A=[3;3 + 2
Xg —
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) T d6; x4 + X5 = 2X0 = 2xm. Mat khac A, M, B thang hang, nén M Ia trung
diém cia AB. )
2/ Dé thay I(3; 3). Thay x =3 vao vé phai cua (1) ta co
-(3-x%¢) 3xg+1 3xg+2
( _3)2+ -3 Xg =3
Piéu do chung to ring 1 khong nam trén tiép tuyén (1) = dpcm

Loai 2: Tiép tuyen di qua mdt diém cho tryéc trén dudng cong:
Phuong phap giai nhu phuong phap sir dung dbi vai loai 2, §1, bai giang 16.

VP = #3 véiVx0¢3.

ThidulI:
x2 —2x +1 : ‘. . .
Cho duong cong (C):y = ——2——— va diém A(6; 4). Viét phuong trinh ti€p
tuyén véi (C) biét ring tlep tuyén di qua A.
Giai
Tiép tuyén véi C di qua Acd dang y =k(x—6) + 4 (vix = 6 khong thé 1a tiép

x2 —4x+3

(x -2

Goi x¢ la hoanh d¢ tiép dieém, ta c6 hé sau:

tuyén cua(C)). Taco:y' =

Xp —2xg + 1
OXO_?, =k(xo-6)+4 (1)
\()—4X0+3—k (2)
(xo-2)"

Thay (2) vao (1) roi rit gon (dé y ring cén co diéu kién xo #2), ta di dén:
2x02 - 6%9=0 < xo= 0 hodic xo= 3.
3 , . 3 1
+ Khi xp=0, thik==. Tiéptuyén ldy =—x——
P g PR RY TR
+Khixe=3=>k=0. Tiép tuyen lay = 4.
Thi du 2:

Choy= x+3 (C). Tim céc diém M trén duon théng y = 2x+1, sao cho tt M
y _1 : g

vé& duge mot tiép tuyén dén (C).
Giai '
Goi M(a;2a +1) la diém cin tim. Duong thdng di qua M va 1a tiép tuyén cua
(O) c6 dang: y = k(x— ) + 2a +1.
Gol Xo la hoanh d¢ tlep diém, ta c6 hé sau:

X0+3.—k(xo a)+2a+1 (1)

X~
-4
=k (2)
(xo-1)
Vi diéu kién xo# 1, thay (2) vao (1) rdi rat gon, ta co:
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oxe’— 2xg(a +2)+30+2=0(3)
Bai toan tr& thanh tim o dé (3) c6 dung mot nghiém khac 1.

—Néu a =0, thi (3)cddang 4xy+2=0< x= %
~Néu a # 0, thi (3) ¢6 duy nhit nghiém va nghiém nay khac 1 khi:
A'=0
—a?+a+2=0_ [oa=-I
a+2 <~ =
#1 o=2

o
Néu & # 0 thi (3) ¢6 hai nghiém phan biét trong d6 c6 mot nghiém bang 1 khi

A'>0 —al+a+2>0

N ~ . . P9 <

Xy =112 mdt nghiém cia 200-2=0 ‘

Tém lai M (0;1), Ma(=1; —1), M5(1;3), My(2;5) la bdn diém can tim.
Thidu 3:

a+2#a

a=1.

2
Cho duong cong y =2{—+—‘T+—I(C) . Tim trén truc Oy cac diém co thé ké ‘
X+
dén (C) hai tiép tuyén vuéng g6c¢ véi nhau.,
Giai
Gia sir M(0;0) 12 dlem can tim. Tiép tuyen v6i (C) ke tir M c6 dang: y = kx+a (1)

Goi xg la hoanh dd tlep diém, c6 hé sau:

2x0+x0+1

X0+1 =kx0+0. (1)
2
2X0 +4X20 =k. . (2)
(XO +1)

Thay (2) vao (1) (vox diéu kién x, # 1) rdi rat gon, ta co
(@+ Dxg’+2(a— )xo+a—1=0 3).
Bai toan tr& thanh: Tim a dé (3) ¢6 hai nghiém phan biét t;, t; # —1 thoa min
diéu kién

4.
(y+1) (4 +1)
Tac6 @) o 4(tty)" + 84ty (1, +t2)+216t|t2 -1 (5).
|:t,t2 +(t +t2)+1:|
Thay ‘tl +ty, = 2(1 “a);tltz il vao (5) roi rat gon ta cé:
o+l o+l

®+60-6=0 a=-3+15 (6)
(Chd y ring khi thoa man (6) thi a+1 # 0, va A’=—2(a—1)>0)
Vay trén doan Oy c6 hai diém can tim M, (O;—3 + \/G) vaM, (O; -3- \/G)
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§2. CUC TRI CUA HAM PHAN THUC

P(x)
Q(x)

2
1/ Vi lop ham y = w (a#0,a #0)co cuc dai, cuc tiéu khi va chi

Vi 16p ham phan thirc y = ta ludn sir dung hai két qua sau:

a'x+b'
t

khi phurong trinh y’ = 0 ¢6 hai nghi¢m phan bi¢t khac ——.
‘ a

PO PP (%)

¢O cure tri tai x = xo khi ddtaco:y(xg)= =
Q(‘() 0 )’( 0)

Xét cac thidysau:
Thi du 1: (Dé thi tuyén sinh Dqi hoc khoi A -2007)
x? 2(m+1)x+ m? +4m

2/ Giasir y =

(C,). Tim m dé ham s6 ¢o cuc

Cho ham sb y =
X+2
dai, cuc tiéu cling véi géc toa do O tao thanh tam giac vudng tai O.
Pudng cong (C,) ¢6 cyc tri khi va chi khi phuong trinh
x> +4x-m?+4

y'= 5 =0 (1) c6 hai nghiém phan biét khac ~2. Diéu nay xay
(x+2)
. A0 m? >0
ra khi va chi khi: 5 & < m#£0(2).
4-8-m“+4=20 mZ;LO

Khi thda man (2), (Cy) €6 cyc tri tai hai diém A(-2-m; -2); B(-2 + m; 4m-2).

Vi thé OAB la tam giac vuong khi:

OAX+OB*=AB? & (2+my +4 +(n— 2y + (4m — 2y =(2m) + (4m)
om+8m-8=0 & m= -4+2J_ 6 (3).

R& rang (3) thoa mén (2), nén la cac gia tri can tim clia m.

Thi du 2: (Dé thi tuyen sinh Pai hoc khéi B - 2005)

x2+(m+l)x+m+l

Goi (C,,) la db thj cia ham s y= . Chirng minh ring

Tx+1
v&i m bat ki, dd thi (Cp) ludn ludn c6 diém cyc dai, cyc tiéu va khoang cach giira
hai diém dé bing 20 .
‘ Giai
2

Tacoy’= X +2)2{
(x+l)

va ¢6 bang bién thién sau:

X —® -2 -1 0 +o0

y’ + 0 - - 0 +

y m-—3 +ao0 +o0
- / | \_oo \ - /
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Viy véi moi m, (C,) ludn 6 cuc dai A(=2;m — 3) va cyc tiéu tai B(0; m + 1).

Tacé AB= 2 +4% =20 = dpcm.

Thi dy 3: (Dé thi tuyén sinh Pai hoc khoi A — 2005)
. \ A - R A 1 \ A - ’ . N >
Goi (C,y) 1a d6 thi ham s6 y =mx +—. Tim m dé ham s6 c6 cuc tri va khoang
X
cach tir diém cuc tiéu cia (C,,) dén tiém cén xién ctia (C,,) bﬁng 71_2.-

Giai
2
mx“ -1

Tacoy'=0 < =0.

<2
Vay (C,,) ¢6 cuc trj khi va chi khi phuong trinh mx’~1=0 ¢6 hai nghiém phan
biét khac 0, tire 1a khi va chi khi m>0.
Luc d6 ta ¢6 bang bién thién sau:

X )
—0 —— 0
m

y ¥ o0 - +

T ©

—00

+o0

oéﬂ_

£ . A 4 .2 P 1
Nhu thé m>0, ham s6 ¢6 cuc tieu tai diém A(

Jm

Dé thiy A: y = mx <> mx-y=0 la tié cén xién cia (C,,). Tir do:

| ' ——-2J—

d(AA)=— o m-2m+1=0 <m=
(o)== J_ "7

R& rang m = 1 thoa min diéu ki¢n m> 0 nén la gia tri cin tim cta m.
Thidu4:

ﬂﬁﬁ)

x2+mx

Cho ham so y =

(C). Tim m dé ham s6 ¢6 cuc dai, cuc ti€u va

khoang cach giira cht’mg.béng 10.

Giai
‘ 2 .
Ta ¢o y’=—§(—+——3—x)—;——nl. Lap ludn nhu cac thi du trén ta théy (Cp) ¢06 cyc tri
l-x
khi va chi khi m>-1 M.
Khi thoa man (1) thi (Cm) dat cyc trj tai x;, xp, & day x,; va x, la hai nghiém
cta phuong trinh: X2+ 2x+m=0" 2)

Ap dung cong thuc tinh gia trj cyc dai va cyc tiéu véi ham phén thirc, ta co:
=y(x;) = 2x;+ m; y,= y(X3) = 2x,+ m.
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Taco:
AB =10 (X2 - X1)* + (y,— y1)*= 100

S (X— %)’ =20 (x; + X2)° - 4x,%,= 20 3).
Ap dung dinh li Vietta c6 x; + x,=2; x;X; =-m
Thay vao 3)tadugc4m +4 =20 < m = 4 . @)
R3 rang (4) thoa man (1), nén m = 4 la gia tri duy nhat can tim cia m.

Thi du 5:
x? +(m+1)x-m+1

Cho ham sb y= (Cw) . Tim m dé (C,,) ¢6 cuc dai, cuc

X—m
tiéu nam ve cung mot phia cia truc Ox.
Giai

x% - 2mx —('m2 + ])

(x-m)’

Lam nhu céc thi dy trén, suy ra (C,,) ¢6 cuc dai, cuc tidu vai moi m.

Khi d6 (C,,) dat cuc tri tai x;, X, trong do x,, x, la cac nghiém cua
x—2mx (m*+1)=0 H

Cyc dai, cyc tiéu nim vé cung mét phia cda tryc Ox, néu nhur:

y(x1). Y(x2) > 0 < [2x; + (m + D][2x;+ (m + 1)]>0

Taco: y'=

) S 4xx+ 2(m + 1)(x; + X))+t (m+ 1)>0 (2).
Ap dung dinh li Viet, taco x; + xo=2m; x;X» = —m’-1.
' m>-3+2y3

Thay vao (2) va cé m*+ 6m -3 >0 < .
m < -3 -2/3.
Nhdn xét:
1/ Néu doi héi cuc dai, cuc tiéu nim vé hai phia cua truc tung thi diéu kién la
X;<0<x5.
2/ Trong céac thi dy 3, 4, viéc tinh gi trj cuc dai cuc tiéu y(x)), y(x2) 1a kho
khan (khéng nhu céc thi du 1, 2) vi thé ta ap dung cdng thirc

P(xo) _ P'(x0)

Xg) = = da trinh bay & phin mé dau.
TCN BT R

Thi du 6:
. PO 2x2 —3x+m , . L.
Tim m dé dudng cong y = ———-—"—— (C,,)) ¢6 cuc dai, cuc ti€u tai x;, x; sao
X—m
cho |y(x2)— y(x,)[>16.
| Giai
. 2x? —4mx +2m
Taco y'= 3
(x—m)
Dé thiy (C,,) ¢6 cuc trj tai x;, x> khi m<0 hogc m>| (.
Khi d6 (C,,) dat cyc tr| tai X;,X2, & ddy x4, X 1 hai nghiém cda phuong trinh
x’-2mx+m = 0. . 2)
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Taco: |y(x,)—-y(x2)|>l6 < [4x; -3 -4x, +3|>l6 = |x] —X,| >4
& (X- %) >16 & (X1 + x2)’ - 4x1%:>16 3)
Ap dung dinh li Viet vdi (2), ta co x;+x; = 2m; ;X = m.
) m <1—\/ﬁ

Thay vao (3) va cé m’—m —4>0 < ’ (4)

m>l+\/l_7.

R& rang (4) théa man (1), nén la céc gia tri can tim cba m.

§3. BAI TOAN VE SU TUONG GIAO CUA BO TH] HAM PHAN THUC

Phuong phép giai nhu phuong phép da sit dung trong tiét §3 — bai giang 16.

Xét cac thi d‘u sau: ] )

Thi du 1 (Dé thi tuyén sinh Dai hoc khoi A —2004)

—x2+3x-3
2(x - l)

tai hai diém A, B sao cho AB = 1.

Cho dudng cong y = (Cy)- Tim m dé duong thing y = m cit (C)

Gidi
Trude hét tim diéu kién dé y = m va (C) ciit nhau tai hai diém phan biét.
bieu nay xay ra khi phuong trinh

2
ZXT+3x-3 m (1) c6 hai nghiém phan biét # 1. Ta thdy

2(x-1)
() o f(x):x2 +(2m-3)x+3-2m=0
x=1. :
Viy dé y=mva(C,) cit nhau tai hai diém phan biét ta can cé

m>§
& 4m? —-4m-3>0& ()

{A=4m2—4m—3>0
l]]<—;.
2

f(1)=120

Khi théa man (2), y = m va (C,,) cit nhau tai A, B ¢6 hoanh dd tuong ung la
X1, X3, & ddy x,, X, 14 hai nghiém cua phuong trinh:
x>+ (2m-3)x+3-2m=0. 3)
Vi A, B ndm trén dudng théng y =m, nén
AB=1 o |x2 —xll=l S (-x) =1 (X +x) - 4xx0= 1
1£/5

2 ,
D& thay (4) thoa man (2), nén 13 cc gié tri can tim cia m.

“4)

om-m-1=0om=
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Chit y: Ta c6 bai toan hoan toan tuong tu (Dé thi Pai hoc khdi B-2009)
2

. 2 | 2 \ . X z .
Tim m dé dudng thing y = —x + m va dudng cong y = cat nhau tai hai

diém phan biét A, B sao cho AB = 4.
Giai hoan toan tuong tu. Dap sém = +26 . : .
Thi du 2: (Dé thi tuyén sinh Pgi hoc khdi A -2003)
Cho duong cong y = w (Cw). Tim m dé (C,,) cét truc hoanh tai hai
x p—
diém phan biét c6 hoanh do duong.
Gidi

(Cy) cét truc hoanh tai hai diém phan biét co hoanh d6 duong khi va chi khi

phuong trinh:
2

mx*- + x1+ mo_,
¢0 hai nghi¢m phan bl¢t Diéu nay xay ra khi va chi khi
' A=1-4m?>0

P=1>0 _

-1 S ——<m<0.
S=—>0 2

m
2m+1#0

Chii y: Bai toan twong tu (Dé thi tuyén sinh dgi hoc khdi D — 2003) c6 dang sau.

Tim m dé dudng thing y.= mx + 2 — 2m cét db thiy ~———2XT+- tai hal
: .

diém phan biét.
V6i 16i giai hoan toan twong tu, ta c6 dap ; s6: m>1.

Thi du 3: (D& thi tuyén sinh Dgi hoc khdi D - 2009)
2

Tim m dé duong thing y = —2x + m cét dudng cong y = X rx-l (C) tai hai
X

diém phan biét A, B sao cho trung diém cia AB nam trén truc tung.

: Giii :
Puong cong (C,,) va duong thfmg da cho ciit nhau tai hai diém phan biét A, B
2
<X . A T . X"+ X~
dicu kién can va da la phuong trinh : -2x + m= ———— (1)
X

phai c6 hai nghiém phan biét. Do khi x =0, thi x>+ x + 1 # 0 nén
() ©x(=2x+m)=x>+x— l<:>3x2+(1 -m)x—1=0(2)

. ¢~ T STV
Vi —=— <0, nén v&i moi m thi (2) ludn c6 hai nghiém phan biét.
a
Dé trung di€ém [ clia A, B nam trén truc tung can ¢6 x; = 0. Ta ¢6:

XA +X X +X m-1
A_B 0o ‘q -0 : om=l.

-

=0 &
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Thidu4:
2x% ~3x :
Cho dudng cong y :-—2— (C) va duong thang d,,: y = 2mx — m. Tim m
X —

dé (C) va (d,,) cat nhau tai hai diém phan biét thu¢c hai nhanh khac nhau cia (C).
Giai
Ta nhén thay x =2 Ia ti€ém cdn dung chia (C) va (C) gdm hai nhanh moi nhanh
nam vé mét phia cia didng thang x = 2.

Vi thé (C) va (d,,) cit nhau tai hai diém phan biét thudc hai nhanh khac nhau
cta (C) khi va chi khi phuong trinh
2x% -3x
x - .
c6 hai nghiém phan biét x,, X, sao cho x; <2 < x»

=2mx—-m (1)

Vi x = 2 khong phai la nghiém caa 2x*— 3x, nén
(1) ©2x7 = 3x =(x=2)2mx — m)
S2m—- X+ (3 =5m)x +2m=0 2)
Bai toan tro thanh: Tim m dé (2) ¢6 hai nghiém x,, x» sao cho x,<2<x,. Diéu
nay xay ra khi va chi khi:

m-1=0 m=l
A=1Tm* -22m+9>0 4 17m? =22m+9>0
(x3-2)(x;-2)<0 X1Xy —2(X; +X,)+4<0
m=l
<y m 5m-3 S m>l.

+4<0

m-1 m-I
Vay m > 1 la cac gia tri can tim cha tham sO m.
Thi du 5:

Tim m dé cho duong thing d,.: 2x + m ciit dd thj ) y=-x+3+ tai hai

diém phén biét A, B sao cho AB c6 d6 dai nhd nhit.
' Giai

. 3

Taco: 2x+m =—x +3+———~l (H
x._

x#l (2)
g 2

3x” +(m -6)x-m=0. (3)
Do A =m’+36>0vaVT 3)#0khix=1 ¥ m, nén véi moi m, d,, va (C) cht

nhau tai hai diém phan biét:
A(xy: 2x+ m) va B(xs; 2x, + m).

Tacé AB>= (xa— X)) + (2x2— 2x))° = S[(X1 + X2)2 — 4x1x0] = %(36+ mz).(4)
Tir (4) suy ra AB nhé nhat khim =0
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§4. BAI TOAN TIEM CAN VOI HAM PHAN THUC

Trong myc nay can luu y hai diéu sau day:

I/ Neu ham phén thirc khong c6 tham s6 thi vi€c xac dinh céc dudng tiém cén
ciia cac ham s6 nay la don gian, vi ta da biét 15 quy tic cach xac dinh cac duong
tiém can cta n6 (xem sach giao khoa Giai tich 12).

2/ Néu ham phan thirc ¢é tham sO, thi du:

2x -2 mx? +2x -1
hay y=——m——,

X—m x—2
thi trudc hét phai xem chang c6 théa man didu kién tir s& va mau s§ co6 phai la
khong c6 nhan tir chung hay khong. Roi sau dé méi xem dén tng véi cac gia trj d6
thi phan thirc ¢6 dang gi, tir 46 xac dinh dudng tiém cin cua ching theo cic quy tic
da hoc.

Thidul: (Dé thi tuye”ﬁ sinlt Pai hoc khoi A - 2008)

mx? +<31112 - 2)x—2

y:

Cho dudng congy =

) X+3m . o
Tim m dé goc giira hai duong tiém can bang 45°.
6m-2

Viét lai (C) dudidang: y=mx -2+ )

. X +3m
Tir (1) suy ra can xét cac kha nang sau:
- Néum= % khidotr (I)coy = %x—2 vot X # 1. Truong hgp nay (C)
khong co tiém can.
2/m# % khi d6 tir (1) suy ra: o

+ (C) ¢6 tiém can ding x =-3m

+ (C) co tiém cén xién y = mx—2 (khi m = 0, thi cé tiém cén ngang y =-2)

Poan théng X = =3m vudng goc voi truc hoanh, nén y = mx-2 tao vi tiém
can dimg mot goc 45" khi va chi khi né tao voi chiéu duong cia truc hoanh mdt

L s 0 . 0 r m = tan 45°
goc bang 45" hoac 1357, tac fa khi oS m==].
' = tan 135"
Thi du 2:
Cho duong cong y =33‘;3X—+—"1(Cm). Tim cac tiém can cioa (C,,) khi m
X—m
thay di.
Giai
2 —
Viét lai (C,,) dudidang:y =2x+2m -3+ M (.

. -m
Tacd2m’+2m -3 =0 < m =0 hoac m = 1. Vi thé tir (1) suy ra:
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1/Néum =0, thiy =2x -3 v&i x # 0 (Cop) khdng c6 tiém can.
2/Néum=1,thiy=2x~1,véix# | (C))khong c6 tiém can.
3/ Néu m #0, m # 1, thi (C,) co tiém can dimg x = m va tiém can xién

y=2x+2m-3.
Thi du 3:
2x2 + mx -2 e ek uem A ea . et
Choy =———l——— (Ci). Tim m dé tiém can xién cua (C,,) tao voi hé truc
toa dd mot tam giac co dién tich béng 4. '
Taco: (Cu):y = 2X+m+2+ ‘“] (1).
-1

Viy tir (1) suy ra (C,) c6 tiém cén xién y = 2x + m + 2 khi m # 0. Tiém can

.“a N M < . 2 3\ . \ A
Xxién nay cat truc hoanh tai A( ;0) va truc tung tai (0; m+2). Vi the:

1 1 |—m - 2] m=2
Soap =4 <> —-0A0OB=4 & —"—— m+2|=4m+2[=4 &
0AB 2 2 2 m =—6.
Thidu 4:
x?+2x -2 L
Cho duong congy = — (C). Tim diém M e (C) sao cho khoang

cach tir M dén giao diém hai dudng tiém can 1 nho nhét.
D& thiy x = 1 va y = x+3 tuong tmg la tiém can ding va ti¢m can xién, do d6
I(1;4) 1a giao diém caa hai dudng tiém can.

Piém M ('x;x +3+ —I—T) €(C) nén
x._

2
Ml = (x—l)2+(x—l+—l— = 2L aa veit=x-
x—1 t2
Tir d6 ta co Ml 2+/2+22 -

Viy MI nhén gia tri nho nhéat = 2+ W2 o2t = 1 .

t2
oS x—1=+ —-——] oSx=1x ————]
~\/x./2 _\}\/2'

4 an . . g A A . ,. 3 A I
Vi thé trén (C) c6 hai diém can tim véi hoanh do x = 1 i%'
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BAI TAP TU GIAI

2
Choy = x_t}]+_2(c) Tim M €(C) sao cho tiép tuyén tai M vuong goc voi

dudng thang qua M va tam déi ximg ctia (C).
Dap s6: M|, M, e (C) véi hoanh d6 tuong ung x; =1+ 48 va X2=1~ 8.
Bai 2:
24X +T3 (C) va diém A(0; 1). Viét phuong trinh tiép
X
tuyén voi ©), biét rang tiép tuyén di qua A.
Ddp s6:y=—-2x+1vay=-18x+1.

Cho duong cong y=

2x% = x+1
Bai3: Choy = ——]—— ).
1/ Chirng minh rang y =7 lamjt tlep tuyén clia (C)
2/ Chung minh rang trén dudng thano y = 7 ¢4 bbn diém sao cho tir m&i didm
trén do6, cé thé ké dén (C) hai tiép tuyén lap v6i nhau géc 45°.

Bai 4:

2 .
X"+X+m . F i, . .oy by . , L.
Cho —————— (C,y). Tim m dé ham s0 ¢6 hai cuc tri nam vé hai phia d6i
X +1
vai truc Oy.
Ddp so: m>1,

Bai 5:
2
X“+2mx+2 \ p . . \ , o
Choy= 1 (Cw). Tim m dé (C,;) c6 cuc tri va khoang cach tir hai
X+
diém cuc trj dén duodng thang x +y + 2 = 0 la bang nhau.
1
Ddp s6: m = —
2
Bai 6:
2
\ 2 s M [ S X“+4x +1
Tim m dé dudng thang (d,,): y = mx + 2 — m cat do thi (C): y =———2—
X+
tai hai diém phén biét thudc cung mot nhanh caa (C).
.o 3
Ddp so: m < 5 vim#l1.
Bai 7;
| mx? +2mx — |
Cho y=——"-"— (C,). Tim m dé (C,) c6 tiém can xién va khoang

X-2
cach tur A(—4; [ m |) den nd la 16n nhat.

Ddp s6: m= % 1.

316




Bai gisng so 18
PHUONG TRINH LUONG GIAC

Ciing gidng nhu cac bai toan vé& ham sd, cac bai toan vé phuong trinh luong
giac 12 mot cau hoi bat bude co mat trong moi dé thi vé mon Toan vao cac trudng
Pai hoc, Cao ding cac nam 2002-2009.

Bai giang nay dé cap dén cac phuong phap giai phuong trinh lugng giac tuy
theo dang cia ching.

Lugc do chung dé g giai cac phuong  trinh lugng gidc duoc tién hanh nhu sau:

1/ Pt diéu kién d¢ phuong trinh co nghia. Ngoal cac dleu kién thong thuong
nhu dbi v&i moi phuong trinh khac (thi dy nhu didu kién vé miu s, cac biéu thic
trong can cua cac can bac chan co mit trong phuong trinh...), riéng di v&i phuong
trinh lugng giidc can chi y dic biét dén cac didu kién sau:

+ dé tan x ¢d nghia, diéu kiénlax # ; +kn,keZ

+ Dé cot X ¢6 nghia, diéukién lax# kn.k e Z.

2/ Giai phuong trinh bang cac luoc db quen thudc.

3/ So sanh nghiém tim duoc véi diéu kién dit ra dé loai bo di cac nghiém
ngoai lai.

§1. PHUONG TRINH BAC NHAT BOI1 VOI SINX VA COSX

1. Dang phuong trinh: asin x + bcos x =2 (a, b # 0)
2. Di¢u kién ¢6 nghi¢m: Phuong trinh ¢6 nghiém khi va chi khi a*+ b* > ¢’
3. Cach gidi: CO6 hai cach giai phuong trinh nay:
Phirong phdp 1: Pua phuong trinh vé dang:
b

-“—““S INX + —=—==—-c0$X =

JT VaZ b2
Datcosop= \/__bsmq) \/_3_7
a“+b” a”+

Khido (1) e sin(x + a) =sin a.
Phurong phdp 2. Xét hai kha ning sau:

Neavedl

X X . o .
+Neéub+c=0= cosz =0 thoa man phuong trinh
= x=n+k2 7, k € Z thudc vao tap hgp nghiém.

+ Néu b+c 20 = cos% # 0, khi do d;'lf tan§= t.
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2
,Cos X =——, ta quy phuong trinh da cho
2 1+t

Ap dung cong thirc sin x =
1+t

X . A I o eas X
vé phuong trinh bac 2 d6i vdi t, sau do giai tan 5 =t
Chu y:

Khi str dung phuong phap nay ngudi ta thuong hay quén xét kha niang cos% =0,

s 4 X Coarox 1F a4k . - ‘a .
ma dit ngay tan; = t, khi do sé dan dén kha nang cé thé mat nghiém ctua phuong

trinh.
Thi dy 1: (Dé thi tuyén sinh Dai hoc khéi D — 2007)

Giai phuong trinh lugng giac: (sin%+cos% )2+‘\/§ cosx =2 (1).

Gidi
. . | 3 1
Taco(l)<:>l+smx:l—\/gcosx=2<:>55mx+7cosx:§
x+e=24kan [x=-Z+k2n
<:>sin(x+£)=sin£<:> 6 = keZ)
3 6 n Sn

x+2=242kn | x=l+k2n
3 6 3
Thi dy 2: (Dé thi tuyén sinh Pai hoc khdi A - 2009)
Giai phuong trinh lugng giéc:

(1-2sinx)cosx _
(1+2sinx)(1-sinx) =3,

Giadi
Diéu kién dé (1) ¢ nghialasinx # | vasinx # —;— (2).
Khi d6:
(Hhe cosx — V3 sinx = sin 2x + v3cos2x
@lcosx——\/ésinx:lsi112x+—\/—§—cos2x 3)
2 2 2 2
< cos(x+£)=cos(2x~£j & x+£=i(2x—£]+k2n
3 6 3 6
x:lt—+k27t
= keZ)
n 2n
X=—-—+k—
18 3
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Pé y ring nghiém x =‘§+ k2n bi loai (vi khong théa man (2)), va rd rang

X= 2t ki23E thoa man (2) nén nghiém ctia (1) 1a x :‘_‘_né + k23—n, keZ.

Nhdn xét: .

Mic dii & day (1) khong 6 dang asinx + bcosx = ¢, nhung thyc chét cach gidi
(3) 1a sir dung phuong phap cua cach gidi phuong trinh asinx + bcosx = ¢, nén ta
sip xép né vao dang nay. g

Thi du 3: (Dé thi tuyén sinh Pai hoc khdi B - 2009)

Giai phuong trinh luong giac: ,

sin x + cos xsin 2x + v3cos3x = 2(cos4x +sin’ x) (n.
- Giai
Taco: (1) < sinx +cosxsin2x + J3eos3x — 2sin® x = 2cos 4x

< sin x(l - 2sin? x)+cosxsi|12x + \/gcos3x =2cos4dx

&> SsinXcos2x +cosxsin2x + \/§cos3x =2cos4x

& sin3x + \/§0053x =2cosdx & %sin3x + %_icos3x=cos4x

o cos(3x —%) =cosdx & 3x ——g =+4x + k2n

x=-2 1 Kk2n

o 6 keZ)
n, 2

=—+
42 7
Thi du 4: (Dé thi tuyén sinh Dai hoc khdi D —2009)
Giai phuong trinh: J3c0s5x — 2sin3x cos2x —sinx =0 (1).

X

, Gisi
Tacd: (1) © \/gcos'Sx—(sin 5x+sinx)—sinx =0

3 1. . RE .
& —¢c085X ——sIinSx =sinx < sin| ——5x |=sinx
2 2 3

T n
Xx=—+k—

= 183 (kew
To.T
X=-—+k—
6 2

Thidus:
Giai phuong trinh 4(sin*x+cos*x)+ V3sindx =2 H
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Giai
Tacéd: (1) <> 4(1—%sinz2xj+ 3sindx =2

L

o 4. 2]+cos4x
2

++4/3sindx =2 < \/Esin4x+cos4x=—]

NI I I . ( n) ( n
&> —2sindx + —cosd4x = —~— <> sin| 4x +— | =sin| ——
2 2 2 6 6

& & -

s s
Xx=——+k—
A
Xx=—+Kk—
4 2
Thi du 6: Giai phuong trinh: 2\/§(sinx +cosX)cosx =3+cos2x ().

Gidi
Taco: (1) < \/Esi|12x+\/§(]+0052x):3+cos2x
& f2sin2x +(\/§ ~1)cos2x =3-+2
Ta ¢6: (\/5)2 +(J§—1)2 =5~2\/§<11—6\/§=(3—\/§)2.
Vay (1) vO nghiém (vi vi pham didu kién a’+ b’ > ¢)

Thi du 7: Giai phuong trinh: x + \ﬁ'j ~-x? 4 X\[]3 —x?=11.

Gidi
+ Néu cos—— = 0 thi sin x = 0 va cosx = 2cos % — 1 =1, khi d6 khong thoa
mén phuong trinh.
Véycos% #0.
+ Vi cos—i #0, ddtt—t"m , tir do
(1)©(1+\/§) 2t2-+(1—\/§)'_ti:2
1+t 14+ t7
o (3+33)2 -2(1+V3)t+1+3=0
t—.__.]_ tan}.—-_]._ n I\
NG 2 —§+ 2n
gy \/. \/. 5 (kelZ)
t= A t"nx* I+ x=22 1 k2m

B L2 -

Nhéin xét: Néu dung phuong phap 1/, sau khi bién doi
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(e I+ 3sinx+ 3cosx=i (2)"
22 22 V2 ,
Vige gidi (2) bg"lng phuong phap 1 vé nguyén tic thi lam dugc, nhung dé ra
dap so nhu trén thi rat kho khin. Vay véi thi dy ndy, phuong phap 2 13 thich hop.
Thidu8: .

Tim m dé phuong trinh: 2sinx + mcosx=1-m ¢6 nghiém thudc [— g,ﬂ
Lap luan nhu thi du 7, thi cos % # 0 Vm, vi thé d3t t = tan % thi phuong

trinh da cho c6 dang (sau khi bién d6i):
f()y=t=4t+1=2m (N

Dox € [—E;EJ = -1<t<] (2) -
2°2

Bai toan da cho tro thanh: Tim m dé hé (1) (2) c6 nghiém.
Ta c6 f(t) = 2t — 4 va c6 bang bién thién sau:
t -1 l 2
f£(t) _ 0

-2

Tir d6 suy ra (1) va (2) cé'nghiém < -2<2m<6 < -1 <m<3.

Do 14 céc gia frj can tim cta m.

Nhdn xét:

V6i thi dy nay phuong phap 2 t6 r3 hiéu lyc hon hén phuong phap 1.

Qua céc thi du trén céc ban chic d3 ty rat ra két luén khi ndo nén st dung
phuong phap 1, hodc phuong phap 2. '

§2. PHUONG TRINH DANG CAP BAC 2, BAC 3
POI VOI SINX VA COSX

1. Dang phwong trinh
a/ Phuong trinh ding cip bac 2 déi véi sinx va cosx c6 dang
asin’x + bcos’x + csinxcosx + d = 0.
b/ Phuong trinh déng cap bac 3 ddi véi sinx va cosx c6 dang
asin’ + bsin’xcosx + csinxcos?x + dcos’x = 0.
Cung v6i b/ ta xét phuong trinh déng c4p bac 3 déi véi sinx va cosx (dang suy
rong) sau: asin’x + bsin’xcosx + csinxcosx + dcos’x + (msinx + ncosx) = 0
2. Cach giai
~Kiém tra cos x = 0 c6 phai 2 nghiém hay khong?
— Sau d6 xét tiép trudng hop cos x # 0. Pét tan x = t.
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Bing cach chia ca hai vé ciia phuong trinh cho cos’x VOi phuomg trinh déng
cAp bac hai va cho cos’x véi phuong trinh ding cap bac 3, ta quy vé phuong trinh
béc hai (hoac béc ba) don vai t. Tim dugc t, ta giai tiép phuong trinh co ban: tan x =t
ta s& di dén nghiém x cin tim.

Thi du 1: (Dé thi tuyén sinh khoi B - 2009)

- Giai phuong trinh lugng giac:
sin® x — V3 cos® x =sinx cos? X— 3sin? xcosx (1).
Giai
Néu cos x=0 thi tir (1) ta c6 sin’x=0vadola dleu vo 1y, nén cosx # 0.

Do cos x # 0, nén chia ca hai vé cua (1) cho cos’x, ta co

tan3 x — /3 — tan x + /3 tan? x=0<:>(tanx+s/_)(tan2’x—l)'=0

[ n
: | x=-=+kn .
tanx=—\/§ 3 x=—£+kn
o |[tanx=1 © x=2ikn o keZ.
4 L L
tanx = —1 X=—+k—2-
x=——+kn
L
Thidu 2:
Gii phuong trinh sin? x(tan x +1) =3sinx (cosx —sinx) +3 (.
Giai
Didu kién dé (1) c6 nghta 1a x # §+ kn. ke Z 2).
Khi d6:
D= sin2x(;sinx+cosx)=3sinxcosx(cosx—sinx)+3sinx - ).

Do diéu kién (2) nén chia ca hai vé ctia (3) cho cos’x va c6
tan? x + tan? x — 3tan x + 3tan? x—3(l +tan? x)= 0
x=-L+kn
. 2 4
<:>(tanx+l)(tan x—3)=0<:> ke Z 4).
X =i-§+ kn

R& rang (4) théa man (2), nén 1a nghi¢m cia (1).
Thi du 3:

Giai phuong trinh: 8cos> (x + —;t—) =cos3x (I).

, ! T . .o | 3.
Tacd cos| x +— | =cosXxcos— —sinXsin— =—¢0s———Sin X .
3 3 3.2 2
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3
Viy (1) & 8(%cosx—?sinx} =4cos® x —3cosx

<> +/3sin x+cos3x+\/§cos xsinx —3cosxsin? x —cosx =0 (2)

R& rang cosx #0 (v1 néu cosx =0 :> sinx = 0: v§ 1i)
Vi thé chia ca hai vé cta (2) cho cos’x va cé:

\/_tan x+l+\/_tanx—3tan x—1-tan’x=0
tanx =0 x =km
<:>tanx(\/§tan2x—4tanx+_\/§)=0<:> tanx:ij—c:» x=%+kn, ke Z

tanx=\/§

X == + k.
L 3
Thidu4:

Giai phuong trinh: sinx + cosx — 4sin’x =0 (1).

+ Néu cosx=0, tir (1) ta ¢ hé: -

cosx =0 cosx =0
. 3 <:> . .
sinx -4cos’° x =0 sinx =0;sinx = +1

Tir (2) (3) suy ra vo li. Vy cosx # 0
+ Do cos x # 0, nén chia ca hai vé cua (1) cho cos X va co
tanx(l +tan’x) + 1 + tan’x — 4tan’x = 0 <> 3tan’x — tan’x — tanx — 1 =0

& (tanx — 1)(3tan’x + 2tanx + 1) = 0> tanx = 1 < x = Z+kn,k eZ.

Thidus: :
Cho phuong trinh: sin’x + (2m — 2)smxcosx (m + 1)cos’x = m (1)
Tim m dé phuong trinh (1) cé nghiém

Giai
cosx =0 (2)
+ Néu cosx = 0, thi tir (1) ta co: ,
; sinx=m (3)

H¢ (2) (3) c6 nghiém < m = 1. Vay m =1 1a mét gia tri cén tim.
+ Néu cosx # 0. Khi d6 chia ca hai vé cia (1) cho cos’x va
(1) & tan®x+(2m -2)tanx—(m+1)=m+mtan®x
< (m- Dtan’x —2(m — Dtanx + 2m + 1 =0 (2)

Dé thdy A’= -m’—m + 2, vy A’ >0 <> -2 < m<I (dom # 1).

Két hop lai: =2 <m <1 la c4c gia trj cdn tim cta tham s6 m. .

Thi dy 6:-Cho phuong trinh: mcos’x — 4sinxcosx + m =2 = 0 (1). Tim m dé
(1) c6 nghiém thudc [o;gj.

4
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. 1 . Lo en LK . . , . £
Khi 0<x < e thi cosx > 0 (ndi riéng cosx # 0). Vi the sau khi chia ca hai ve
cta (1) cho cos’x va rit gon, ta co:

. 2 .
H <:>m(tan2x+2)=2tan2x+4tan x+2 & 2tan x+4tanx+2:

tan2x+2

. n . : ~ 11e 4w ’ ‘e . . .
Khi 0< x < e thi 0 < tan x < 1. Vay sau khi dat t = tanx bai toan tré thanh:

+4t+2

(=2 (2)

0<t<l _ (3)

Tim m dé hé co nghiém.

| 4(t ——t—2) , ‘
Ta co: f'(t) =— va ¢6 bang bién thién sau:
(t2 + 2)'
t| -1 0 | 2
(1) +
fit)y | 8

n 8 . L a £
Viay 1 <m < 3 14 cac gia tri can tim.cia tham s6 m.

§3. PHUONG TRINH DOl XUNG VOI SIN X VA COS X

1. Dang ciia phwong trinh
a(sinx+cosx)k+b(sinxcosx)m+c:0 : )

hoic a(sinx—cosx)k +b(sinxcosx)" +c=0 ().
2. Cach giai : '
- Vé&i phuong trinh (1) dya vao hé thirc:

(sinx +cos x) -1
sin X cos X = > ,

sau d6 dung phép thay bién t = si‘n'x + cosx (— J2<t<42).
— V6i phuong trinh (2) dya vao hé thire

) 2
. 1-(sinx —cosx)
sinxcosx = > ,
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sau d6 dung phép thay bién t = sinx — cosx (- V2 <t <+/2).
Nhu vay ta da quy duge (1) (hoic (2)) vé dang phuong trinh dai s6 coa t. Sau
d6 giai phuong trinh sinx+cosx =t dé suy ra dap s cin tim.
Thi dy 1: (Dé thi tuyén sinh Dgi hoc khoi A~ 2007)
Giai phuong trinh: (1 + sin’x)cosx + (1 + cos’X)sinx = 1 + sin2x (1).
Giai
Ta cé: (1) <> sin’xcosx + sinxcos’x + sinx + cosx = (sinx + cosx)?
& (sinx + cosx)(sinxcosx + 1 — sinx — cosx) = 0
|:sinx+cosx=0 (2)
<

sinxcosx +1—(sinx +cosx)=0 (3)
Dé the"'ly(2) &S sinX=—osx & tanx=-1 & x= —%H_(n,k e.

bit sinx+cosx=t(\/§sts2), khi d6 (2) cé dang
5 .
t° -1

+1-t=0 ©t’-2t+1=0 < t=1<> sinx + cosx = |

x=k2xn

o 2cos(x—g—)=l@cos(x—§)=cos£<:> keZ

4 7 | x="1k2n

2
- i \ m n

Vay nghiém coa (1) la x = _Z+ km x =k2m; x =5+ k2n k e Z.

Thidu2:

Giai phuong trinh: 1 + sin'x + cos’x = %sin2x n.

Giai ,

Tacé (1) < 1 + (sinx + cosx)(sin’x — sinxcosx + cos’x) = 3sinxcosx

&> |+ (sinx + cosx)(1 —sinxcosx) — 3sinxcosx = 0 (2)

bat t = sinxcosx (—_\,/5 <t<\2 ). Khi d6 (2) ¢6 dang

’ 2-1) _t2-1 ' '
1+t| 1— 5 -3 - =0t +3t2-3t-5=0

t=-1
S+ IE+2t-5)=0 o [t=-1-/6 <2 (loai)
t=-2+6>2 (loat)

| 3 Xx=n+k2n
Vay sinx+cosx=-1 < cos(x—ﬁ)z——:cos—n = ke Z.
4 J2 4

x=—£+k27t’
‘ 2
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Thi dyu 3:

Giéi phuong trinh 1+tanx =2v2sinx . -
Giai
_Didu kién d& (1) c6 nghia 1a x # Lkn,kez ‘ ).
Khldé(l) <1+ sinx =22sinx & smx+cosx 242 sinx cosx 3)
COS X
Datt=smx+cosx(—-\/_ <t<\2 2 ). Khi 46 (3) c6 dang:
t 2— t=ﬁ
t—2\/5t—-1—=0c>\/§+t2,—t—~/'2—=0<:> o
2 t=——x.
NG

+ Néu t=\/§, ta c6 sinx+cosx=2 < cos(x—%)z]@ X =%+k21t ke Z.

+Néut= ——1— ta.cc') sinx + cosx = ——]—
o eosim o= =
: n . ’n X HE+k2
= cos(x——)=-———=cos——c> 12 JkeZ.
4 2 3 ' 5w
- ——+k2=
12

Viy phuong trinh c6 ba ho nghiém nhur trén

Thidu 4:

Giai phuong trinh: [sinx—cosx|+4sin2x=1 (])

Pt t = sinx - cosx (—v2 <t<+/2), khi d6 (1) ¢6 dang

@
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t|+4(1 - =1(2).

-{Ostsﬁ

42 -t-3=0 =1 : ' r 2
= T o|tj=1 < sinx — cosx| =1 < (sinx - cosx)=

—2<t<0 t=-1

4 +t-3=0

sin2x=0 & x=£2n—,keZ.

Thidy 5:

Cho phuong trinh sin’x — cos’x =m (]) Tim m dé phuong trinh ¢6 nghiém.
Giai

Tacé (1) < (sinx — cosx)(1 + sinxcosx) = m (2).

Pit t = sinx-cosx (—v2 <t <~/2) khi d6 (2) c6 dang:




1-t2 3 :
t 1+ > =m& ~t° +3t=2m.

Bai toan tr& thanh: Tim m dé hé:
f()=—+3t=2m  (3)
~2<t<V2 (4)

Tacé f(t) =3+ 3 va c6 bang bién thién sau:

t -2 1 1 V2
(1) 0 + 0 =

2 | 2
\_2/ \\/E

Véy (3).va (4) co nghiém, tirc 1a (1) c6 nghiém khi va chi khi:
2<2m<2 & -1<m<].

c6 nghiém.

§4. PHUONG TRINH LUQNG GIAC SU DUNG NHIEU
DEN PHEP BIEN DAI LUONG GIAC

Nhin chung khi ding truéc mot phuong trinh lugng gi4c da cho, néu nhu thiy
phuong trinh iy khdng thudc vao cdc dang co ban da néu trong cac muc §1, §2, §3
& trén, thi trude hét cin phai dung céac phép bién dbi luong gidc thong dyung (cong
thirc cdng, cong thirc nhan, bién ddi tong thanh tich, tich thanh tong, cong thirc ha
bic...) dé dua phuong trinh ban dau vé cac dang co ban & trén, hodc dua vé
phuong trinh tich ma mi thira sé ¢6 dang phuong trinh co ban.

bay la phuong phap phd thdng nhit va rit c6 higu qua dé giai phuong trinh
luwong gidc. :

Xét cac thi dy sau: ,

Thi dy 1: (D thi tuyén sinh Dai hoc khidi D — 2008)

Giai phuong trinh: 2sinx(1 + cos2x) +sin2x = 1 + 2cosx (1).

"Tacé (1) < 4sinxcos’x + 2sinxcosx — (1 +2cosx)=0
<> 2sinxcosx(1 + 2cosx) — (1 + 2cosx) =0
< (2cosx + 1)(sin2x—1)=0

cosx——l x=i£’£+k2n
2o 3 ke Z.
sin2x =1 x=%+kn
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Thi du 2: (Dé thi tuyén sinh Dgi hoc khoi B — 2007)
Giai phuong trinh lugng giac: 2sin“2x-+sin7x—1=sinx (1).
Giai
Tacé (1) < (2sin®2x — 1) + (sin7x —sinx) = 0
&> —cosdx + 2cosdxsin3x = 0 <> cosdx(2sin3x - 1) =0

kn
X=7
cos4x =0 5
S 1 < x=1+k~£,keZ
sm3x=5 18 3
xziEJrkH.
L 18 3

Thi dy 3: (Dé thi tuyén sinh Pgi hoc khoi A — 2006)

2(sin6 X + cos6x) —sinXxcosx

Giai phuong trinh: =0 1.
P g x/i—Zsinx (
Giai
Pé (1) c6 nghia can c6 sinx # —23 _ ).
i s 3.9 1.
Khidé (1) < 2 I—Zsm 2x —Esm2x=0
sin2x =1 4
< 3sin2x+sin2x—4=0 < | 4 (sin2x=—— loai vi |sin2x| >1)
sin2x =—— 3
3
o sin2x=1 < x=-}+k1t,k eZ ()

Két hop (2) va (3) suyra x = _5211_ +k2n,k € Z langhiém can tim.
Thi dy 4: (Dé thi tuyén sinh Dai hoc khdi A - 2005)
Giai phuong trinh: c0s?3xc0s2x—cos’x=0 (1)
Giai
Ap dung cong thirc “ha bac”, ta co:

(1) o 1+c;)s6xcoszx_l+c;)§2x -0

< cos6xcos2x = 1 < (4cos*2x — 3cos2x)cos2x = |
<> 4c0s*2x — 3c0s2x — 1 =0 <> cos2x = 1

S l+eosdx=2 Scosdx=1x= kg,k eZ.
Thi du 5: (Dé thi tuyén sinh Pgi hoc khoi D — 2003) -
Giai phuong trinh: sin? (% - %)tan2 X — cos? % =0 (n.




Diéu kién & (1) ¢6 nghia 1a x # E+kn, ke Z ()
Ap dung cong thic “ha bac”, ta co:

1-cos| x—= | - 2
2 ) 1-cos x_l+cosx

2 cos®x 2
<> (1 =sinx)(1 — cosx)(1 + cosx) — coszx(l +cosx) =0
< (1 + cosx)(1 — sinx)(sinx + cosx) = 0

1) &

=0

[x =m+k2n
cosx=1
o [sinx=1 < “‘2" G), k e
tanx =1 x=—1t-+k1t
L 4

Tir (2) va (3) suy ra: x=1t+k21r;x=—§+k1t,k €.

Thidu6
Giai phuong trinh: (1 — tanx)(l +sin2x) = 1 + tanx (l)
4 Giai

Diéu kién dé (1) c6 nghia la x # -2—+I_<1r, keZ (2)

Khidé (1) & (l —tan x)[l + —ﬂ]—;‘—) =l+tanx o 2ta112x(l+fa11x)=0
X .

1+ tan
tanx =0 X =kn
= = P keZ
tanx = -1 X=——+Kkn .
Thidu 7:
Giai phuong trinh: 25|n3x(l 4sin’x) = | (.
Giai

Dé thiy cosx = 0 khong théa man (1), tir d6
(1) < 2sin3xcosx[1 —4(1 — cos’x)] = cosx <> 2sin3x(4cos’x — 3cosx) = cosx

4 27
=t
. . . T
&> 28in3xc0s3x=cosx <> sin6x=sin| ——x | < ,keZ.
. 2 T 2n’
=k
10 -5
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§5: NGHIEM CUA PHUONG TRINH LUQNG GIAC
THUOC MOT MIEN CHO TRUOC

Bai todn doi hdi tim nghi¢m cua phuong trinh lu‘qng giac trong mot mién cy
thé cho truéc. Vi céc bai todn ndy, phuong phap giai durgc tién hanh theo c4c budc sau: -
1/ Gidi phuong trinh lugng glac nhu blnh thuong.
2/ Vé&i nghiém tim dugc, dé xac dinh sd k trong cong thirc nghlem ta phan giai
mdt bt phuong trinh (tim nghiém nguyén).
3/ Thay gia trj k tim dugc vao cong thirc nghiém tim dugc & budc 1.
Thi dy 1: (D@ thi tuyén sinh Dgi hoc khdi A — 2002)
Tim nghi¢m thudc khoang (0; 2 7t ) ciia phwong trinh:
( . cos3x +sin3x
5| sinx + —
1+ 2sin2x
Gidi

)=3+c052x (1.

Didu kién d& (1) c6 nghiém 1a sin 2x —% @).
sinX + 2sin2xsin X + cos3x +sin3x

Khido (1) & 5 - =3+cos2x
1+2sin2x :

sinx + cos X —cos3x + sin 3x + cos3x '
o5 - =3+¢0s2X < 5cosx=3+2cos’x—1
1+ 2sin2x ‘

& 2cosix—5cosx+2=0 < cosx=% (loai cosx=2) &> x=i—;£+k2n, ke Z.
+ Ta co: 0<-§+k2n<2n<:»-—%<k<% < k=0 (do k nguyén).
+ Lai c6 0-<—§+k2n<2n<:>%<k<% & k=1 (do k nguyén).

Viy x = g vix= 57“ I hai nghiém thudc (0; 27 ) cia (1),

Thi dy 2: (Dé thi tuyén sinh Dgi hoc khoi D — 2002)

Tim nghiém thudc [0;14] cia phuong trinh cos3x — 4cos2x + 3cosx — 4 =0 (1)
Giai

Tacéd (1) & 4cos’x — 3cosx — 4(2cos’x — 1) + 3cosx —4 =0

& cos’x(cosx —2) =0 < cosx = 0<:>X-—-+k1t ke Z.

Tacs 0<F+knsldeo0stik< o Lo 1y
2 : 2 . 2 T 2
Dok € Z nénk € {1, 2, 3, 0}. Thay lai vao (2) va thiy trén [0;14], (1) c6 4
nghi¢m sau: x, =£;x2 =3—n;x3 =5—n;x4 =7—n.
2 2 2. 2
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2, 2.
Thi du 3: Cho phuong trinh cos2x — tan’x = == X c;; sx-1 n.
cos“X

Tim tdng cdc nghiém cua (1) trén [1; 70].

Didu kién dé (1) ¢6 nghiém 1a x # —12£+k1t, ke Z.

Khidé (1) & cos2x — tan’x = 1 — cosx — (1 +tan2x)
&> coS2X= —COSX <> 2cos’x +cosx—1=0
cosx =—1
= 1 ©x =£+k2—1E keZ(z)
|eosx=— 3 3

Ta xem trén doan [1;70] c6 bao nhiéu nghi¢m dang (2)

Tacod: 1<— +kgE<70<:>3<2k+l 210@1(2"1)<k I(ZE_I)
3 3 . n 2\ =w AU

Do k nguyén nénk=0; 1;2;3....; 32.
Véy trén [1; 70] c6 33 nghiém dang (2). Chung lap thanh mét cap sb cong voi

T, . 2n
u;= — vacongsaid= —
3 3

[2u; +(n ~1)d]n
2

Vay tbng S céc nghiém nay la: S= =363n
(6dayuy = —; d= 2n van=33).
y 3 3
BAI TAP TU GIAI

Bai I: Giai phuong trinh lugng giac: 4sin®x — 1 = 3sinx — V3 cos3x.

Padp so: x=1+kgﬁ;x=£+k—2£,k e Z.
18 3 2 3

Bai 2: -

‘Giai phuong trinh lugng giac: 2sindx + 3cos2x + 16sin’xcosx — 5 =0.

Pdp s0: x=£——oi+k1r, k € Z véicosa= 4 vasina = —.
4 2 5 5

Bai 3: ‘

Giai phuong trinh lugng giac: sin3x + (\/5 - 2)cqs3x =1.

Ddp s6: x=—+k—2—— va x--E+k2 ke Z.
6 3 9 3

Bai 4: Giai phuong trinh lugng giéc: ‘4sm x + 3cos’x — 3sinx — sin’xcosx = 0.

Bdp s6: x=§+k1t;x=:t§+k1t,k e Z.
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Bai 5:

Giai phuong trinh lugng giac: V2 sin’ x(x + %) =2sinx.

Padp sé: x=§+kn,k € Z.

Bai 6:

Giai phuong trinh lugng giac sinx — cosx + 7sin2x = 1.
5n

Pdp s6: x=§+k2n;x=n+k2n;x:§—a+k2ft;x— 2 +a+k2n. ke Z,
o day sina=3——z-.

7
Bai 7:

Giai phuong trinh lugng gidc sin2x + \/Esin(x —%) =1.

Ddp s6: x=§+kn;x=-§+k2n;x=n+k2n, ke Z.

Bai8: ‘

Tim m dé€ phuong trinh: sin2x + 4(cosx — sinx) = m ¢6 nghiém.
Pdp s0: 42 -1<m<42-1.

Bai 9:

Giai phuong trinh lugng gidce: cos2x + 5 = 2(2 — cosx)(sinx — cosx).
Bdp s6: x=—72£+k27t;x=n+'k2n, keZ.

Bai 10:

Giai phuong trinh lugng giac: sin’x + cos’x = 2(sin’x + cos’x).
Pdp s6: x=—1-t-+k£;-x=.—7£+k7t, ke Z.
4 2 4

Bai 11:

. Giai phuong trinh lugng giac: 2cos2x —8cosx +7 = .
, COSX

Pdp s6: x =k2m; x=:t§+k27t, ke
Bai 12: Tini nghiém thudc khoang (-2; 4) cha phuong trinh:

sinxcos4x + 2sin?2x = 1— 4sin’ (% - %) .

‘ T
Dip sé: x=".
P 2
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~ Baigidngso 19
PHUONG TRINH VA
BAT PHUONG TRINH DAl S0

Ban gidng nay dé cip dén mot trong nhing ndi dung chi yéu duoc dé cap dén
trong dé cuong 6n luyén mén Toan vao céc trubng Dai hoc, Cao ding do Bo Glao
duc va Pao tao ban hanh: P,hu'ong trinh va bt phu'ong tr:inh Pai s6. CAc dé toan vé
loai, nay thuong xuyén xuat hi¢én trong cac deé thi tuyén sinh nhirng ndm 2002-
2009.

Trong bai giang nay, ching téi trmh bay cac phuong phap co ban dé giai
phuong trinh va bat phuong trinh dai s.

§1. HE PHUONG TRINH KHONG CHUA CAN THUC
A. HE. PHUONG TRINH a01 XUNG ‘

Hé phuorng trinh ddi xirng 1a hé phuong trinh c6 tinh chat: Néu ta trao ddi vai
tro gira cac an x, y, z... coa h¢ thi hé khong thay dbi.

pé giai cac h¢ nay nguoi ta hay str dung dinh li Viet dao hodc thyc hién cac
phép bién ddi trong duong dé dura vé cac hé don gian hon.

Loai 1: Sir dung dinh li Viet déo giai cac hé dbi xing.

Pé sir dung dugc phirong phéap nay, ngudi ta-phai tinh x+y va xy, sau do6 s€ sir
dung dinh li Viet dao Xét cac thi dy sau:

Thi du 1: (Dé thi tuyén sinh Pgi hoc khéi D — 200 7)

x+l+y+l=5 (1)

Cho hé phuong trinh: | Y |
X +—+y +—5=15m-10 (2)

X y
Tim m dé hé c6 nghié¢m.
' Gidi

Pitu=x+ l;v=y+l,khi do Jul > 2; |v] = 2.
X y

_ 3
Lai co: x3+—|—3=(x+l) —3(x+—]—)=u3-—3v.
X X X
Tuong ty: y3 +l3=v3 -3v.
y

u+v=>,
S <uv=8-m
jul22,|viz2.

u+v=>,;

Vithé hé (1) (2) &
u+v? -3(u+v)=15m-10
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Tir 46 suy ra hé (1) va (2) c6 nghlem khi va chi khi phuong trinh:
fl)=t'-5t+8-m=0
¢4 hai nghi¢m théa man |t| > 2. Tac6 £(t) =2t — 5 va cé bang sau:

t
—w =2 2
Fo| - . -

+w\22 // \ 7

Vay céc gia trj cAn tim ciam lam > 22 hoic Z <m <£2.

+o0

oI |

-Thi dy 2: (Dé thi tuyén sinh Cao ddng Tai chinh Ké todn — 2005)
x+y+xy=3 (1)
Xly+xy?=2 (2)
Giai
xy+(x+y)=3 (3)
xy(x+y)=2 (4)
Theo dinh li Viet ddo thi x + y va xy 14 hai nghi¢m ctia phuong trinh:

Giai h¢ phuong trinh:{

Tacé(1)(2) & {

t=1
-3t+2 o [
t=2.
[x+y=1 (5)
: Xy=2 (6)
Trdésuyra 3) (4) &
| x+y=2  (7)
xy =1 (8)
Lai theo djnh l| Viet ddo tu (5) (6) suy ra x, y la cac nghi¢m coa phuong trinh:
—t+2=0 9).

Do (9) v6 nghiém nén h¢ (5) (6) vo nghiém.

Tir (8) (9) suy rax, y 1a cac nghiém cia phuong trinh£-2t+1=0 < t=I.
Viy hé (7) (8) (tic 1a he (1) (2)) c6 nghiém duy nhat (x; y) = (LD

Thi du 3: (Dé.thi tuyén sinh B(u hoc Hdi Phong - 2006)

+y“+x+y=8 1
Giai héphuongtrinh:{ Yirxty ()

Xy+x+y=5 (2) :
Tacé(l)(z)@{("+Y)2-2xy+(’<+y)=8 3)
xy=5—(x+y) (4)

Thay (4) vao (3) va cé:
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x22 :
{(x_—- 2)2 (x+4)2 =m(x-2)
{x+y=—6 (5)
xy=11_ (6)
(7)

{x+ y=3
y=2  (8)

Lap luan nhu thi dy 2 suy ra h¢§ (5) (6) v6 nghi¢m, con hé (7) (8) c6 nghiém
xy)=(;2)va(x;y)=(2; 1). bé cung la nghiém cua hé (1) (2).
Thidu4

Vi thé suy ra: (1) (2) <

X+ xy =78 1
Giai hé phuong trinh: ( Y ) Y (1

x4+y4=97 (2)
Giai
78
Xy =— - (3)
Tacé: (1) Q) & L xtty?

(x +y ) —2x2y2;97 (4)
Thay (3) vao (4) vaco
(x2+y2)2-2—6-°—§i‘-—=97o(x2+y2)2~97(x2+y2)2—12168=0

(x2+y2)2
<:>(X2+)’2)2=l69<:>x2+y2=|3.
{X+y=5
2 2 _ 2 _ -6
Do dé: (1)(2)@{" Yy =13 ) J(x+y) -2xy =13 | (XY
Xy=y xy=6 X+y=-5
xy=6

Lap luan nhu trén suy ra h¢ @) (2) c6 4 nghiém sau:(3; 2), (2;3); (- 3 —2), (-2;-3)
Loai 2: Ding phép bién déi twong duong quy hé d6i xirng vé nhiéu hé don
gian: - .
Tthi dy 1: (Pé thi tuyén sinh Pai hoc khoi B — 2003)

2
2
y=222 (1)
X

Giai h¢ phuong trinh: 5
X“+2
3x= (2)

)’2

Giai
Tur(1)(2)suyrax>0,y>0,dodd
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Taco h¢: (1) (2)
x> +3x =8y x> +3x =8y
= =
(XS—)’3)+3(X—)’)=8()’—X)‘ (x~y)(x2+xy+y2+ll)=0
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3yx2=y2+2 3yx2=y2+2

(D@ o 3xy? =x?+2& {3xy(x-y)=x -y’
x>0,y>0 x>0,y>0
3yx2 =y2+2 3yx2=y2 42

S(x-y)(Bxy+x+y)=0<{x-y=0
x>0,y>0 x>0,y>0
x=y>0
- Q{(x—l)(3x2+2x.+2)=0 ®x=y-l

Vay h¢ da cho c6 nghi¢m duy nhét (1;1)
Chi y: O day ta d sir dung lugc db sau:

(1) -rtes) _fntes)-nie
Qi (x,y)=Q,(x,y)
X +3x=8y (1)

Thi du 2: Giai h¢ phuong trinh:
y> +3y =8x (2)

, 2 42 |
Dox’+xy+y*+11= (x+%) +3—Z—+ll>0 Y x,y nén

—_—V = X =
OV ST
x>+3x=8y  |x(x?-11)=0

P (%y)-Q (%) =P (xy)-Q(xy)

®)
@

Tir d6 suy ra hé (1) (2) co cac nghigm: (0;0); (V11511 )';(—\/ﬁ ;—J11).

4y
“3y=42 (1
x-3y=4- (1)

(2)

Thi dy 3: Giai hé phuong trinh: <
y
x? —3xy =4y x2.—3xy=4y

Taco hé (1) (2) <> {y? -3xy=dx & (x-y)(x +y+4)=0
x#0,y#0 x#0,y=z0



r{x2—3xy=4y r{":)’io

X=y=z0 2x2 +4x =0

S| [xt-3xy=ay | [y=—-4-x O x=y=-2
X+y+420 x2+4x+4=0 '
x#0,y#0 x#0,y=0

Vay hé c6 nghiém duy nhit (x ; y) =(-2; - 2)
B. HE PHUONG TRINH DANG CAP

H¢ phuong trinh ding cdp (hay chinh x4c hon la h¢ phuong trinh ma cac
phuong trinh vé trai 1a ding cip) la cac hé phuong trinh trong d6 vé phai cua cac
phuong trinh 1a cac biéu thie khong chira bién, con vé trai coa phuong trinh 1a cic
da thirc chira bién ma moi s hang ctia n6 déu cung mét bic.

Bing phuong phap cong dai sb tir hé phuong trinh da cho ta luén thu dugc
mét phuong trinh hé qua c6 dang f(x, y) = 0, trong d6 f(x, y) 1a biéu thirc gém cac
) hang cing mét bac (gia sir c6 bac k). Thyc hién phép chia cho yk (hoic x¥), sau
d6 khdo sit xem y = 0 (hodc x = 0) ¢é théa main hé hay khéng, ta dat 4n phy

t= 2 (hodc Y ) va s& thu dugc mét phuong trinh ddi véi t. Giai phuong trinh nay
y X - ‘

va vé&i méi nghiém t tim dugc, ta tim dugc mot phép thé x = ty (hodc y = tx). Tir d6
s& dé dang giai dugc hé ban déu. -
Thi dy 1: (Dé thi tuyén sinh Cao diing khdi A-2005)
2x2y +xy? =15 (1)
8’ +y’=35.  (2)
Gidi
Xét hé dﬁng cflp bic ba (1) (2). Tir (1) (2) béng phép cong dai sb ta co:
‘ 24x* +3 y'- 14xy’ — 7xy*= 0. 3)
Rorangy #0 (vinduy =0tir (1) tacd 0= 15 va dé 1a didu vo 1i). Chia ca hai

Giai h¢ phuong trinh: {

7 . . . X ,
vé cua (3) cho y3 vadatt= = taco:
y

28— 142-Tt+3=0 & (t—%)(%tz —6t—-9)=0<:> t=——
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l:> y =3x.
y 3

Vay (1) (2) Q{

+Neut=

ul-—-

{x=]
8x3 +27x3 =35 y=3.
Lap ludn tuomg tyr ta co:

+Néut= ———2- thi hé (1) (2) v6 nghiém.
£ 3 a . i 3
+Neut=z thi hé (1) (2) co ngh1¢mx=—2—,y=2.

Tom lai hé (1) (2) c6 hai nghiém (1;3)' vé‘(%; 2).
Thidu2:
3xr-5xy-4y? =-3 (1)
9y2 +11xy —8x% =6. (2)
] Giai )
Xét hé ding cép bac 2 (1) (2). Tacod sau khi thyc hi¢n phép cng dai s6
-2x? +xy+y =0(3)
Lap luan nhu thi du 1, dé thay y # 0, nén sau khi chia ca hal vé cho y’
t=1

Giai h¢ phuong trinh: {

vadatt= — X taco phucng trinh: 2t +t+1=0 < . 1.
Y S 2

J2

. X= y = ———
+Néut=1 X =1 x=y. Thay lai vio hé (1) (2) va c6 2 @

y ‘ oy Y2

Y 2

z =1 :—2
+ Tuong ty néu t = 1 y =-2x . Thay lai vao hé (1) (2) va co: x=ky 5

2 x="‘l;y=2

T6m lai (4) (5) 1a bdn nghiém cua hé (1) (2).

~

‘€. CAC PHUONG PHAP CO BAN GIAI HE PHUONG TRINH
KHONG €O CAU TRUC DAC BJET

Du¢i day ching ta s& xét cac phuong phap co ban glal cac hé phuong trinh
khéng c6 cdu tric dic biét nhu tinh doi xdng, tinh ding cdp... da trinh bay trong
myc A va myc B.

Loai 1: Sir dung dinh i Viet dé giai cac hé phuong trinh:

Xét céac thi dy sau day:
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Thidul:
. x(2x +3y)(x-1)=14 (1)
x2+x+3y=9 (2)
Giai
x(x-1).(2x+3y)=14 (3)
x(x-1)+(2x+3y)=9. (4)
Tir (3) (4) va theo dijnh li Viet dao suy ra x(x — 1) va 2x + 3y la cac nghiém

t=2
clia phuong trinh — 9t + 14 =0 & [t 7

Giai h¢ phuong trinh: {

Tacohé: (1) (2) & {

(x=-lLy=3
' {x(x—l)=2 [ x=2y=1

2x+3y=7 «
Tir dé ta cé: (1), (2) < Y s Tx=1+\/§§_y:1—\/5§
x(x-1)=7 2 3
[ l2x+3y=2 x_l—\/iﬁ,y_lh/ﬁ
2 7 3

Vay hé (1) (2) c6 4 nghiém ké trén.
Thi du 2
Giai hé phuong trinh sau:

(3x+y)' =3(9% - y*)-10(3x- y)} =0 (1

=6 (2)
‘ Giai :
Diéu kién dé (1) (2) c6 nghia la 3x —y #0. Khi do:
2
(;ij _33%X*Y o0 [3XFY_g, 3ty
(1) @) o {\F7Y

Ix+y+
Y 3x-y

3x-y o 3x-y 3x-y
= K =6
3)'(+y+3x—y_6 x+y+3x—y
3 =5 3
Gz )
3 - =6 4
Gx+y)+ 55 (4)
et ' 1
3 =-2 5
(x+y)55 _ (5)
]

3 =6 6).
(G5 (6)
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Tir hé (3) (4) va theo dinh li Viet ddo suy ra 3x +y va la cac nghiém

3x—-y
. . 2 vt='2
cuaphuorngtrmht“—5t+6=0<:>[t_3.
_3.x+y=2
! =3
o 3X—y le,y:z- '
Vay(3)(4) < < 1 2 (D
3x+y=3 x=§;y=§
1 _9
Ix—y

Tuong tu suy ra hé (5) (6) c6 cac nghiém (ban doc ty nghiém léy)

34T 3(3+1)

3=V 3(3-~/1_1)'

Vay hé (1) (2) co bén nghiém biéu dién bO‘l (7) va (8) noi trén.
Thidu 3:

‘ X+y+z=6 )

Giai hé phuong trinh: {xy +yz—zx=7 (2)

x2 +y2+22=l4 (3)
Giai

Taco(3) & (x+y+z)2xy+yz+zx)=14 (4)

Tu (1), (4)suyra:xy +yz+zx=11 (&)

T (2),(5) suyra: xy + yz=9 6)

+(x+2z)=6
Vay tir (1), (6) suy ra y+{ )
. . y(x+2)=9

Vi thé theo dinh li Viet dao suy ra y va x + z 1a nghiém cua phuong trinh
t-6t+9=0 < t=3

Dodéy=3vax+z=3 @)

Tir (2), (S)tacé xz =2 (8)

Bay gio tir (7) (8) va theo dinh i Viet ddo suy ra x, y la hai nghiém cua

=1 ‘

=2

Tém lai hé (1) (2) (3) ¢6 hai nghlem (xy; 2)=(1;3;2)va(x;y;2)=(2;3; 1).

Loai 2: Phuong phap thé va dat an s6 phu

Nhu da biét ddy 1a mot trong nhitng phuong phap thong dung nhét dé giai hé

t?-3t+2=0 @[

phuong trinh néi chung va hé phuong trinh khéng chira cén thirc ndi riéng.
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Pé giam 4n s6 ciia hé phuong trinh cé 1& khéng c¢é phuong phap nao don gian
va tét hon phuong phap thé, con viéc dat in phu thich hop s& lam cho hé phuong
trinh tr& nén gon gang hon.

Thi du 1: (Dé thi tuyén sinh Pai hoc khoi D — 2009)

x(x+y=1)-3=0 (1)

Giai h¢ phuong trinh: 2 5
(x+y) —?H:O (2)

: Giai
Diéu kién dé hé (1) (2) c6 nghia 1a x # 0. Sau khi chia ca hai vé cua (1) cho x,
tacéd
3 . 3
(e x+ty+l-—=0=x+y==—-1 (3).
X X
Thé (3) vao (2) va co:

1
2 —=1
x=1
(Z—l) ——5—+1=O<:>i—g+2=0<:> X o X .
2 l X
X

X x2 X X

+ Khi x = |, thay lai vao (3) vacoy = 1.
+ Khi x =2, thay lai vao 3) vacdy = % .

Vay (1;1) va (2; %) 1a hai nghiém cuoa (1) (2).
Thi du 2: (Dé thi tuyén sinh Pai hoc khdi B - 2009)

Xxy+x+1=T7y (1)
Giai h¢ phuong trinh:{ | 5
X7y© +xy+1=13y". (2)
Giai

x+§+l:7
(12) yy o
13

e Xy L ]2 (4)
SR T X+ +—=13. (4
Yy y) 'y
. X 1
T (3) suy ra—=7—(x+——] (5)
y y
Theé (5) vao (4) va cé:
. 2 | X+l=‘—5
(x+—) +(x+—)—20=0<:> ? (6)
y y 1x+—=4.
y
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Thé (6) vao (5) ta duge:

x+—]—=—5
< y ’
X x =12y
Pl 12y? +5y +1=0 Ly=L -
Ey PN y y - P X= ’y__3_
x+_l_=5 | Jx=3y x=3;y=1
)Y 3y —4y+1=0
X_3
LY

Viy hé (1) (2) c6 hai nghiém (1;%)\/5 G:1)
Thi dy 3: (Dé thi tuyén sinh Dgi hoc khdi A — 2008)

x? +y+x3y+x2y+xy=—-5— (1)
Giai h¢ phuong trinh: s 4
: x4+y2+xy(l+2x)=—z. (2)
Giai
Taco

2 2 5
=2 (3
X +y+xy(x +y)+xy 2 (3)

IH2)e=
()( ) (x2 +y)24'-xy=__§_ (4)
4
5
' u+v+uy=—— (5)
Dit &n phy u=x"+y; v = xy, khi d6 (3) (4) ¢6 dang 4
u' +v=——, (6)
Tir(5)(6) suy ra: u+v+uv=u’+v < ul=u+v
u=0

< wu-1-v)=0 <:>|:
u=v+l.

+)Néuu=0thi(6)cov= —% . Tir d6 dya vao phép thé, ta cé hé sau:

5
x2+y=0 y=—x* X=i/;

5<:>

3
Xy =—— X" =-= 25
4 =3
4 y ”16

+)Néuu=v + 1, thé vao (4) ta cé:

(7

(V+|)2+V=—§<:>(2v+3)2=0<:>v=—§:>u=—l,
4 2 2
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Tir phép dit an phy, ta cé:

3 Y 2 = 3 (8)
xy=-> (x-1)(2x2+2x+3)=0  |[¥7 77"

Viy hé (1) (2) c6 hai nghigm (7) va (8). .
Thi dy 4: (Dé thi tuyén sink Pai hoc, Cao dang khoi B — 2008)

x* +2x%y +xly? =2x +9 M
x2 +2xy = 6X +6. (2)

Giai

Giai hé phuong trinh: {

2 .
2 =
’ xz(x+y)2=2x+9 (x +xy) =2x+9 (3)
Tacd (1) (2) & ) bx + 6 — X2
; X“+2xy=6x+6 xy=2X+to-X 4
‘ y=—- (4)
Thay (4) vao (3) roi rat gon ta cé phuong trinh '

x=0

123 + 48P +64x =0 3 5 ,
X" +12x° +48x+64=0

x=0 x=0
=3 ;&
(x+4)' =0 [x=-4
R& rang x=0 logi vi khong théa man (4), con khi x = —4 thay vao (2) ta ¢o
y= 141 . Vay (- 4; % ) 4 nghiém duy nhit cua hé (1) (2).

Thidu 5: (Pé thi tuyén sinh Dai hoc khdi A — 2003)
1.1

o o xme=y—— (D)
Giai h¢ phuong trinh: X y

: 2y=x"+1.. . (2)

Giii
Piéu kién d& (1) 2) conghialax#0;y #0.
Tu (1) céd: x- y——]-+l=0<:>(x—-y)£l +i)=0 (3).
X y Xy

Tir (3) xét hai phép thé sau:
1/Néux = y, thay vao (2) va co

x’—2x+l=0<:>(x——1)(x2+x—l)=0<:> “1+45 .

2/ Néu l+-L=O:>y=—]—.Thay vao (2) ta cé:
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1)? 1\ 3
x4+x+2=0:>(x2——j +(x+—] +==0 (4).
2 2) 2

Do (4) v6 nghi¢m, nén trudmg hgp nay vo nghiém.

Viy hé (1) (2) ¢6 nghiém (1;1) ;[";*/g;—'h/?j.(—l—\/?.,—l-\/5].

b b

2 2 2
Thidu 6:
2y? +xy-x2=0 1
Giai h¢ phuong trinh: ZI Y ( )
o X -xy -yt +3x+7y+3=0.  (2)
Gidi

Taco(l) @y -x*+y’+xy=0 < (y+x)}2y-x)=0 (3)
Tir (3) suy ra hai phép thé sau:

I/Néux+y=0 y=-x. The vao (2) ta co:

" y=-l=>x=1
y=-3=>x=3.
2/Néu 2y —x =0 x =2y. Thé vao (2) ta co:

y=_'3—+2— 57 X =134 157

y="B9T 13-

2

y2+4y+3=0<:>1:

y2+l3y+3=0<:>

Viy hé (1) (2) c6 4 nghiém ké trén.

§2. PHUONG TRINH VA HE PHUONG TRINH CHUA CAN THUC

A. PHUONG TRiINH CHUA CAN THUC

Trong myc nay, ching t6i trinh bay cac phuong phap co ban dé giai phuong
trinh chira cén thiec.

Loai 1: Phuong trinh chira can thirc quy vé& hé phuong trinh khong chira cin
thire. :
Quy mdt phuong trinh chira can thirc vé viéc giai mot hé phuong trinh khong
chira céin thic 1a viéc thuong xuyén khi giai cac phuong trinh chira cdn thic. Sau
khi quy vé mot hé phuong trinh hiru ti ta s& sir dung cac phuong phap da trinh bay
trong §1 dé giai chang. Xét cac thi dy sau day: -

Thi du I: (Pé thi tuyén sinh Pai hoc khdi A — 2009)

Giai phuong trinh: 233x -2 +3J6-5x -8=0 (1).

Gigi

Piéu kién dé (1) conghiala 6 - 5x>0 & x s—g— Q).

344




2u+3v=8 (3)
Su+3vZ =8 (4).

Khidé ditu= J3x-2,v=+6-5x vatadidén hé sau:{

8§ -2u

T (3)suyra v= . Thay vao (4) rdi rat gon ta c6:

150+ 403 =320+ 40=0 < (u+2) (150’ = 26u+20)=0 <> u+2=0
(do 152=26u+20>0 Vu) @ u=-2 v=4.
Px-2=-2 (Ix-2=-8
J6 5x =4 °{6-5x=16°
Viy x = -2 1 nghiém duy nhét cua (1).
Thi du 2: Giai phuong trinh: x + V13— x2 + xv13-x2 =11 (1),

Véytacé{ Xx=-2.

Gidi :
Paty = V13— x? >0. Khi d6 tir (1) ta c6 hé:
X+y+xy=11 [x+y+xy=1I (2)
2.2 < 2
x“+y =13 (x+y) -2xy=13 (3)

Tir (2) suy raxy = 11— (x + y). Thay vao (3) va sau khi rat gon ta co:
(x+y)2+2(x+y)—35=0<:>{x Y

-

X+y=-7.

X+y=5

{xy=6

=0 (=2,y=3
y Q[x y

Viy ta di dén: (2)3)«= x=3y=2.

X+y=-7

xy=18
dyZO

Viy x =2 va x =3 la nghiém cua (1).
Thi du 3: Gidi phuong trinh: N8—x+¥x-79=5 (1).

Giai
A bat u=mzo;v=3/x7‘52b(;,z(l)tacé hé:
u+v=>;s u+v=>3
wevi=970 I:(u+v)2 —2uv:{2 ~2uZv? =97
ux20,v20 u0,v=0
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[fu+v=5
u+v=>; uv =6 .
. uz0,v=0 =2:v=3 =2
& {(uv)’ -50(uv)+264 =0 o T sl
u+v=>,s u=3;v=2 x=-—63.
uz0,v=>0 :
uv=44
i u>0,v=>0
Vay nghiémcua (1) lax=2vax=-63.
Thi du 4: ,
Giai phuong trinh: x> +1=233x -1 : (1)
Pat y=3/2x —1 khi d6 tir (1) ta c6 hé:
Crl=2y  [xP+1=2y X’ +1=2y ()
3 V3 < 2 o2 :
y+1=2x |x -y’ =2y-2x (x-y)(x +Xy+y +2)=0(3)

2
2 2 ] y 3)’2 A
Dox"+xy+y +2= x+5 +—4—+2>0(Vx,y),nen

y=x x=y=I
2)(3) = = -
()() {x3—2x+1=0 X=y= Ii\/g.
' ' 2
-1+
V4dy phuong trinh c6 ba nghiémx = 1; x = 1‘2\5

Loai 2: Sir dung phuong trinh hé qua hoac phuong trinh tuong duong dé giai
phuong trinh chira cin thic:

Diéu quan trong nhat khi sir dung phuong phap nay la cin phan biét cho rd
dau 1a phép bién ddi tuong duong, dau la phép bién dbi kéo theo (hay con goi la
phép bién ddi hé qua).

~ Néu dung phép bién ddi tuong duwong thi sau khi tim dugc nghiém ta khong
can thi lai vao phuong trinh ban dau.

— Néu dang phép bién dbi kéo theo, ta chi thu dugc phuong trinh Ia hé qua
ctia phuong trinh ban dau va vi thé luc nay viéc thir lai nghiém 14 cén thiét.

Thi dy I: (Dé thi tuyén sinh Dgi hoc khdi D — 2006)

Giai phuong trinh: v2x —1+x% =3x+1=0 (1).

—x? -3x-120

Taco(l) © V2x-1=-x?-3x+1 < 5
2x—1=(—x2 —3x+vl)
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3-5 3++5 3-45 3+4/5 3
<x< X< x=1
x—6x3 +11x2 -8x+2=0 (x—l)z(x2—4x+2)=0
Thi du 2: (Dé thi tuyén sinh Pgi hoc khéi D — 2005)

Giai phuong trinh: 2\/x+2+2 x+1 Jx+ =4 (1).
Gia

Jx + —Jx+ Ax+1+1|-Vx+1=4
Taco (1) e {AV(VX i+1) o2V I vx+
XZ—] x2-1
x2-1
o oSVx+1=2x=3.
2(Vx+1+1)-Vx+1=4 X X
Thidu3: .
Giai phuong trinh: 3/2x -5 +33x+7 =3/5x+2 (1).

Giai
. . 3
Taco (1) & (Y2x=5+3Bx+7) =5x+2

& (2x+5)+ (3x+7)+3(¥2x=5 + Px+ 7 )Y2x+ 5Yx+ 7 = 5x +2

5
X==
2x-5=0 2

(sz 5+J3x+7)J2x 533x+7=0 |3x+7=0 o x=—%

2x—-5=-3x-7

5

X=——

i 2

Nhén xét: o
— Thi dy trén ta d3 sir dung phép bién doi tuong duong.
—Cha y ring f(x) = g(x). & f°(x) = '(x), nhung f(x) = g(x), £'(x) = g*(x).
Thidu4:
Giai phuong trinh: 33x+1+ Y2x-1=35x+1 (1).
Lap phuong ca hai vé ctia (1) rdi rut gon, ta cé:
(1) = (%/3x-1 +%/2x—1)3/3x-1%/2x—1 =1 (2)

Thay (1) vao (2) ta c6 phuong trinh h¢ qua sau:

Ysx +13Bx-132x-1=1 (3)

) x=0
& (5x+1)(3x-1)(2x-1)=1 © 30x’ -19x* =0 (19
30
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+) Thay x =0 vao (1),taco VT (1)=-2, VP (1) =1 x =0 bj loai.
' 5

VEN

+) Thay x = é% vao (1) ta thiy théa man vi VT(1)=VP(1)=

Vay (1) ¢6 nghiém duy nhat x = % .

Nhdn xét:

Vi day la phép bién dbi hé qua, nén viéc thir lai nghiém 14 cin thiét. Néu
khéng thir lai ta s& chap nhan nghiém x = 0 mic dau do la nghiém ngoai lai.

Thi du 5:

Glalphuorné,trmh V2x+3 +Vx +1=3x+2vV2x? +5x + 3 =16 (1).

Giai

Patu=v2x+3 +vx+ 120 khi do ta co:

u? =3x+4+2vV2x2 +5x +3 3x+2 2x2 +5x +3 -16+20 (2)
Thay (1) vao (2)tacé u’=u+20 < u>~u—-20=0
<> u=5(dou=0)
Vay tir (1) dén dén phuong trinh hé qud sau:

V2x+3+vx+1=5 < x=3 (ban doc tu kiém tra lai)

Thay lai x = 3 vao (1) thiy théa man nén la nghiém duy nhit cia (1).
B. HE PHUONG TRINH CHUA CAN THUC

Phuong phap co ban dé giai cac hé phlrorng trinh chira cin thirc 1a quy n6 vé
hé phuong trinh khong chira can thire va giai ching bang cac phuong phap da trinh
bay trong §1. ,

Thé dy 1: (Dé thi tuyén sinh Pai hoc khdi D - 2008)

2 2
XY+ X+y=Xx"-2vy° 1
Giai hé phuong trinh: { yrxEy y (1)

X2y —yVx-1=2x-2y (2)
‘ ’ Gidi
Dicu ki¢n dé (1) (2) co nghfa lax>1,y >0 (3)

y(x+y)+(x+y)+(x-y)(x+y)=0
x\[2_y—y\/>_(———l=2x—2y
{(x+y)(2y+l—x)=0 Q{x=2y+l (4)
< xm—ym=2x—2y 2y - yVx-1=2x-2y (5)

(vix>1 y>0:>x+y>0)
Thay (4) vao (5) va co:

(2y+1)2y - yJ_—° (y+) e y+l)J_y:2(y+l)
L2y=2 (oy+1>0) < y=2 = x=5.
Vay h¢ (1) (2) ¢6 nghiém (5;2)

Khi dé (1) (2) <:>{
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Thi dy 2: (Dé thi tuyén sinh Dgi hoc khéi B - 2002)
Giai h¢ phuong trinh: %/:)7 - ‘/—;:—; ()
x+y={x+y+2 (2)

Giai .
. ., ] e u=0 x-y=0
Diat u=§x-y=20,khido(l)codang: v’ =vu" < l<:> .
u= X—-y=
Diat v =x +y, khi do (2) co dang:
, vz20
vaJyv+2ed ov=2 oxty=2,
vi-v-2=0
x-y=0
' X+y=2 x=y=I
Tirdosuyrahé (1) (2)e < 3 1
X-y=1I X=—=jy=—.
2 2
X+2=2
Vay hé (1) (2) 6 hai nghiém (1;1) va (%%)
N sy +yVx =30 M
Thi du 4: Giai hé phuong trinh: ’
xWx+yly=35  (2)
‘ ‘ Giii
Diéu kién dé hé (1) (2) conghialax>0,y>0.
Patu=vx,v= [y (u,v=0),khido
Pyvew?=30  [wv(u+v)=30
(HQR) o P +v? =35 o{(u+v) -3uv(v+u)=35
u,v=0 u,v=>0
uv(u+v)=30 Gv=S v oo
e d(u+v) =125 = {uv=6 | NIV L) TS
u=2v=3 x=4;y=0,
u,v=0 u,v20

- ([2x+y+1-Jx+ =] 1)
Thi du §5: Giai hé phuong trinh: \/ Y ‘/ y ( )
3x+2y=4 (2)
Giai
PDatu=2x+y+120;v=/x+y 20 khidotr(1)(2)tacohé
u—v=1 u-v=1 {u_v:[ {U::Z {2x+y+]=4
2.2 <" 2 A N <
ut+v- =S5 (u=v) -2uv=5 uv =2

v=] X+y=1
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o x=2y=1
Thi du 3: (Dé thi tuyén sinh Dai hoc khoi A - 2006)
x+y-yxy=3 (1)
Vx+l+y+1=4 (2).
Tir (2) < x+y+2+2{xy+(x+y)+1=16 (3).

Datt=\/—x;20 x +y=3+t Thay vao (3),taco

Giai hé phuong trinh: {

0<t<l1l
2 <
3t +26t-105=0

2 t2+t+4=ll—t<:>{

+y=6
_y O x=y=3.

Tir d6 suy ra:(1)(2) < {x

Viy (3; 3) 1a nghiém duy nhit cia hé (1) (2).

§3. BAT PHUONG TRINH CHUA CAN THUC

Dé giai bat phuong trinh chira can thirc ngudi déu quy vé viée giai bt phuong
trinh khong chira can thirc (dic biét 1a quy vé bét phuong trinh bac hai).

Dé lam diéu do, ngudi ta thuong ding cac phuong phap co ban nhu: Dat 4n
phu, nhén lién hgp hoic bién dbi tuong duong dé 1am mét cac can thic co mat
trong bit phuong trinh chira cin thirc ban déu.

Cén luu y hai dang co ban sau ciia phuong trinh chira cin thic:

f(x)20

I/ m<g(x)© g(x)20
f(x)<g’(x)
—{f(x)ZO

2/ m>g(x)<:> Zzz;:z
_{f(x)>82(x)

Xét cac thi dy sau:
Thi dy 1: (Dé thi tuyén sinh Dgi hoc khéi A — 2005)
Giai bat phuong trinh: V5x-1-vx—1>V2x-4 . (1)

350



Q
Ea

Dé thay:

5x-120
x—120
2x—-420

(1) & Vsx-1>Jx-1+/2x-4

Sx~1>2x—5+2V2x% —6x+4

x>2
o o 2<x<10.
\/2x2—6x+4<x+2

Chii y: Bai tap tuong ty (Dé thi Cao diing khdi A, B — 2009)
Giai bt phuong trinh: Vx+ 1 +2vVx—2 <v/5x+ 1.

Giai hoan toan tuong ty: Pap s6: 2 <x < 3.
Thi du 2: (Pé thi tuyén sinl Pgi hoc khoi A - 2004)

Giai bat phuong trinh: —————-+vx-3> (n.
P g x-3 vx-3 )
Giai ‘
2 _ _ 2 _
Taco (1) . 2(x 16)+x 3>7-x 2(x 16)>1o 2x
x>3 x>3

[{x?-1620
<x>3

10-2x <0 x>3 X>5 |
) | [3<x<5 o 0 \/.32 5c>x>lO—J3_4—

- <

x>3 x? =20 +66<0 =X
<10-2x>0
_\2x2——32>100—40x+x2

, cro 1 £ ' . Ix+2|"lx|

Thi dy 3: Giai bat phuong trinh: ————20 (1).

4-%3
Giai
| 4-x*>>0 <34
Tacé(l) & x> X o-1<x<+/4.
Ix+2|2|x| [x%+4x+42x>

Thi du 4: (Dé thi tuyén sinh Pai hoc khoi D ~ 2002)
Giai bt phuong trinh: (x2 - 3x)\/2x2 ~3x-220 (1).
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x=2
2x% -3x-2=0 xz_l
Taco: (1) < | [2x2 -3x-2>0& 2
LN 2
x2-38x>0 x<—§ odc x >
[(x<0 hodc x2>3

|
Vay x 5~5 h‘oac X >3,

§4. PHUONG TRINH VA BAT PHUONG TRINH CHUA THAM SO

Muc nay danh dé trinh bay cac phuong phap giai phuong trinh va bét phuong
trinh khong ¢ cén thirc va c6 chira can thirc trong do c6 mit tham sb. D6 1a cac bai
toan doi hoi bién luan theo tham sb nhirng tinh chat nao d6 dat 1én nghiém cia bai
toan. Hai phuong phap hay dung nhat la:

— Phuong phap chiéu bién thién ham sd.

— Phuong phap tam thirc bac hai.

A. PHUONG PHAP SU DUNG CHIEU BIEN THIEN HAM S0

bay la phuong phap hay ding nh{it_ va co hiéu qua dé giai cac bai toan trong
cac de thi vao cdc truomg Bai hoc, Cao dang trong nhitng ndam 2002-2009.
Thidul:

Cho phuong trinh: ¥2x +v/2x + 246 -x2J6-x =m (1).
Tim m dé (1) c6 hai nghiém phan biét.

. Giai
biéu kién xac dinh cia (1) 12 0 <x <6.
bat f(x)=\/X+2s]6—x va g(x)=§/2_)2+2\}‘6—x,v()'i05x56.
h{x)=g(x)+ f(x)=m
0 <x <6
L1 Je-x-2x
Vax Jo-x  [2x(6-x)
X 0 2 6 X
f’(x)
f(x)

Khi d6 (1) <:>{

Tacéd f'(x)= ,nén c6 bang bién thién (bang 1):

(el
[=))

2
() —_

+ 0 -

(Bang 1) (Bang 2)

+

AN
WY

g2 (x)
a(x)

AR

ASMRLNNN
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Tuong ty cling c6 bang bién thién (bang 2) dbi vai g(x).
Tir d6 suy ra bang bién thién ddi voi h(x), 0 <x <6 la:

X 0 2 6
h’(x) 1 + ”
h(x) 1_— \ Z

Ta tinh dugc h(0)= 276 + 25/6;h(2) 6+3%4; 4;h(6)= 2V3+412 (c6 thé
1y h(0)> h(6))
Tiur d6 suy ra (1) co hai nghiém phén biét khi:

h(0O)<m<h(2) & 2(\/g+5/g)5m<6+3§4/2.
Thi du 2: (Dé thi tuyén sinh Pgi hoc khdi B —2006)

Cho phuong trinh: VX amx+2=2x+1 (1)

Tim m dé phuong trinh c6 hai nghiém phan biét.

Giai
Ta co:
2x+120 | xz-+ (2
o9, , o 2
XT4+mx+2=4x"+4x+1 3x2+4x-—l=mx(3)
Do x = 0 khong phai Ia nghi¢m cua (3) v&i moi m, nén ta co:
x>t
2
2)A3) <
3x“ +4x -1
f(x)=
X
3x2 + .2
Tacéd f'(x) =~—5— nén c6 bang bien thién sau
X
X
_1 0
2
f4(x) 2 + +
f(x) +00 , +00
_9. / © /
2 —

. P <L oA 9 N 7 133 + A . - 4
Tir bang bien thién suy ram > > 14 cac gia trj can tim ciia tham s6 m.

Thi du 3: (D¢ thi tuyén sinh Pgi hoc khoi A — 2007)
Cho phuong trinh: 3vx -1 + myx+1=2¢x*-1.(1)
Tim m dé phuong trinh c6 nghigm.
Giai
Diéu kién dé (1) c6 nghia la x > 1. Khi d6
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(1) < 3‘/—{—_—1—+m=24‘/—)£;]—. )
X +1 X+1

patt= 4*=L khidso<t<).
X +1

Bai toan da cho trg thanh: Tim m dé hé:

f(t) =3¢ +2t=m (3) c6 nghiém.
0<t<l ( '
Ta c6 (t) = —6t + 2, va co bang bién thién sau:
' 0 1 i
| 3 7
f°(t) 0 - /
T~
y

Ny l NPT i 2
Tirdo suyra—1 <m < 3 1a cac gia trj can tim cia tham s6 m.

Thi du 4: (Dé thi tuyén sinh Pai hoc khoi B - 2007)

Cho phuong trinhx? +2x -8 = ,/m(x—Z) ).

Chirng minh rang v&i mei m> 0, phuong trinh luén cé hai nghiém thye.
Giai
Tacé (1) & (x-2)(x+4)=m(x-2)

Xx22
& (dom>0
(x—2)2(x+4)2=m(x—2)| )
Xx=2
x22 5 (2)
X >
T x-2)(? +6x2 -32-m)=0 " .
f(x)=x"+6x"-32=m (3)
Ta c6 £(x) = 3x*+12x >o Vx> 2, nén ta c6 bang bién thién sau:
X —Q0
f’(x)

f(x) ‘% /

Do f(2) = 0 nén tir bang bién thién suy ra vdi moi m>0, h¢ (2) (3) luén c6 mot
nghi¢m, tic la (1) ::o hai nghlem thuc véi molxm>0 dpcm.

Thi du 5: (Dé thi tuyén sinh Dai hoc khoi B — 2004)

Cho phuong trinh:

m(m—mu):z\h—x“ N (TNCREN

Tim m & (1) c6 nghiém.
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Giai
patt= Vi+ x> —JI-x? (khidét>0).
>t2=2-21-x* <2, vay0< t< V2.
Taciling c6: 2 1-x* =2-t2. Khi d6 (1) c6 dang

42
mt+2) =—€+t+2 o fy= 2o

t+2
o E(YEme
Bai toan trg thanh: Tim m dé hé ¢o6 nghiém.
0<t<V2
_tZ — 41 .
Taco () = 5 va c6 bang bién thién sau:
t+2)

t
(v

0
1 §§ -
f(1) \\§

Vay J2-l<m<l.

B. SO LUDC VE PHUONG PHAP TAM THUT BAC HAI

Thi du 1: (Dé thi dai hoc, cao ding khdi D — 2004)
Vx+fy =1 M

WX +yfy=1-3m (2)
Tim m dé hé c6 nghiém.

Cho hé phuong trinh: {

Giai
Pat u=vx,v=\y (u20,v20).Khidohé (1) (2) c6 dang
u+v=1l u+v=I u+v=l (3)
Bivi=1-3me (u+v)3—3uv(u+v)=l~3mc> uv=m (4)
u,v20 u,v=0 u,v20. (5)

Tir d6 suy ra hé (3) (4) (5) ¢6 nghiém (tire 1a hé (1) (2) c6 nghiém) khi va chi

hi phuong trinh:

t?—t + m = 0 (6) c6 hai nghiém khong am.
Pidu do xay ra khi va chi khi (do S =1 >0)
{Azo F—4m20

<> <:>05m5—1—.
P>0 m=0 4
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Thi du 2: (Pé thi tuyén sinh Pai hoc khdi D — 2006)

Cho phuong trinh: Vx2 + mx +2 =2x +1 (1).

Tim m dé (1) ¢6 hai nghiém thyc phan biét.

-Gidi
3x2+x(4—m)—1=0 (2)
Dé thay: (1) <
g P (3)
2
Bai toan trd thanh tim m dé hé (2) (3) co hai nghiém x,, x, sao cho
1
X1> Xy 2> —— 4).
1> Xp 2 = 4)
A>0 : |
- ->
(4) xéy ra khi v chi khi: (x2+—;-)[xl+%)20<:> xixp 45 (%) + 720
X +Xy>-1
X;+Xx,>-1
o S=-1co=as0)
a 3
——I-+m_4+120 9
< 3 6 4 omz2—.
m-—-4 2
> -1

Chu y: Céc ban hay so sanh véi 10i gidi cling cia thi du nay bing phuong
phap chiéu bién thién ham s6 trong thi du 2, muc A.

BAI TAP TU GIAT
Bai 1:
2 2
=1

Giai h¢ phuong trinh: Xy

X +y3 =1
Ddp $6: (1;0) va (0;1)
Bai 2:

Ixy - x? - y2 =5

Giai h¢ phuong trinh:
7x2y2 -x* —y4 =155.

Ddp 56: (3;2), (-2; -3), (-3; ~-2), (2;3)
Buai 3: '
(x—y)(x2 —y2)=3

Giai h¢ phuong trinh:
(x+y)(x2 +y2)=15

Pdp sé: (1;2), (2;1).
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X~ 3y=41

Giai hé phuong trinh: X
X
y-3x=4—.
y
Dap $0: (-2;-2)
Bai 5:

x2 + y2 +x=1
Giai h¢ phuong trinh: {x? +y+z% =1

x+y?+z2=1.

Bap so: (<15 -1; =1), (% % ) (1:0;0), (0;1;0), (0;0:1).

Bii 6:

Giai hé phuong trinh: {2“”2 —Ax=3y+2=0
xy+3y2-2x—l4y+l6:0.

Bdp s6: (-1;3), (—-;- :2) (2;a), v&i a tiy y thude R .

Bai 7:

Giai phuong trinh: x3/16-x° (x+{/16-x3)=16.

Ddp s6: x = 2.

Bai §:

Giai phuong trinh: V17 - x% = (3 J_)
Ddp $6: X =4; x=1.

VX+l+2-y= V3
N2-x+y+1= V3.

J"“”

Bai 9: Giai hé phuong trinh: {
Dap s6: (~1; -1) (2;2).

Bai 10: Giai bét phuong trinh: LY AXT

I 1
——<XE—

Ddp s6: { 2
' x#0.

[\8]
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Bai giang s6 20

PHUONG TRINH VA BAT PHUONG
TRINH SIEU VIET

Bai giang nay d¢ cip dén cac phuong phap co ban giai phuong trinh va bat
phuong trinh siéu viét (tén goi chung ctia phuong trinh bat phuong trinh mi va
[6garit). Cac dang bai toan nay luén luén c6 mat trong cac dé thi tuyén sinh vao
Dai hoc, Cao dang trong nhirg nam 2002-2009, nhat 1a véi cac dé thi ¢ phan ty
chon cho trong chuong trinh nang cao.

§1. PHUONG TRINH MU VA PHUONG TRINH LOGARIT

Pé giai phuong trinh mii va phuong trinh 16garit ta lam nhu sau:

- Pat dicu kién dé _phuong trinh ¢6 nghia. Chi y ring ngoai cac diéu kién
thong thuong, can nhé dén diéu Kién sau:

Dé logpyg(x) c6 nghia ta can co: '

f(x)>0,f(x)=1
g(x)>0

~ Bang cac phép bién ddi co ban vé ham sé mii hodc logarit, hoac ding phép
dat 4n phy, phép 16garit hoa ta quy phuong trinh da cho vé cac phuong trinh mii,
phuong trinh 16garit co ban sau: _

af(\): b, a0
logre(x) = loggoh(x)

Céc dang toan co ban:

Loai 1: Phuong phap dat 3 in phu dé giai phuong trinh siéu viét:

Bing cach dit an phu ta quy phuong trinh mi, phuong trinh 18garit ban dau
vé phuong trinh dai s6 thong thuorng (phuong trinh chira hodc khong chira can
thirc). Giai cac phuong trinh trung gian nay, sau d6 s€ quy vé giai cac phuong trinh
mii, logarit co ban de tim ra nghi¢m cua phuonb trinh ban dau.

Thi dy 1: (Dé thi tuyén sinlt Dai hoc khdi A - 2008)

Giai phuong trinh: log, _, (2x: +X— 1)+ log.., (2x— ]): =4 (1).

) Gidi
bieu kién dé (1) c6 nghiém la A
2x—-1>0, 2x -1 =1 ]
X>—
x+1>0, x+1z2] & 2 (2).
2x*+x=1>0 x#l
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Ap dung cong thire ddi co s6, ta co:
log, ., (2x2 +X- ])
(e
lng+| (2x - l)
- log,,; (2x —1)+logy,  (x +1)
Iogx+l (2X - l)
ol 2log, . (2x-1)=4 (3).

logx+| (2x - l)
bit t = log..1(2x — 1), khi d6 (3) c6 dang

+2log,, (2x-1)=4

+2log,,; (2x~1)=4

t=1
n+li320 2o+ 1=0 o 1
t t=3
x=2
logy. (2x~1)=1 X+1=2x-1 - *=
Io&’,x+1(2x—l)=%c{\/’>m=2x—lc> x_?x;tl = X=

Thi du 2: (Dé thi tuyén sinh khdi A — 2006)

Giai phuong trinh: 3.8%+ 4. 12— 18- 2.27*= 0 (1).
Giai

Vi27*>0néntaco

e 3[287) i ( ) (%J 270
R S

X
batt= [%) >0, khi d6 (2) c6 dang

W+AP-t-2=0 & (t+1))3t-2)=0 < t= % (dot>0).

Viy ta co: (%)x =§ < x=1. |

Thi du 3: (Dé thi tuyén sinh khéi B — 2007)

Giai phuong trinh: (\/; - l)x +(\/5+ l)x -2J2=0 ().
Giai

Do (\/5— I)(\/5+ 1)= 1 nén néu datt= (\/i—l)x >0, thi

(1) o t+%—2\/§=0<:>t2——2\/§t+l=0
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i () E- o
< ICD =
t=v2+1 (ﬁ-l)":(ﬁ_n)' =-1.

Thi du 4: (Dé thi tuyén sinh khoi D — 2007)

Gidi phurong trinh: log, (4% +15.2* +27) + 2log, S0
Piéu kién dé (1) co ngia la 4.2¥ -3>0 < 2~ ;% ).
Khidd (1) < log, (4" +15.2% +27)-2log, (4.2¥ -3) =0

& log, (4" +15.2% +27) = log, (42" —3)2

N 4‘+15.2‘+27=(4.2"—3)2=o (3)

Pt 2*= t > 0 khi d6 ta co:

(3) & 2 +15t-27=(4t-3)’ <= 5¢-13t-6=0 < t=3 (do t>0)

) ) < 2"=3 o x=log3.

Thi du 5: (Dé thi tuyén sinh khéi D — 2003)

. xz—x 2+x—x2
Giai phuong trinh: 2 -2 =3 ().

Gii

Patt=2">0, khido tu (1) tacé: -

t—%=0<:>t2—3t—4=0c>t=4 (do t>0)

2
& M =4 xP-x=2 ex=lvax=2.
Thi du 6: (Dé thi tuyén sinh Bgi hpc khdi D - 2002)
2% =5y? -4y (1)

Giai hé phuong trinh: X+l

4x +
2% +2 =y (2)
2‘(2‘+2)
2)(
Thay (3) vao (1) ta co:
Y =5y’ -4y y(y* -Sy+4)=0 y* -5y +4=0 (do y>0)

y=1 2" =1 x=0
=S < =
y=4 2"__:4 x=2.

Viy (0;1) va (2;4) 1a hai nghi¢m cuia h¢ (1) (2).

Tacd Q> y= =2"..(3)



Thi du 7: (Dé thi tuyén sinh Pgi hoc khoi A — 2002)

Cho phuong trinh: Iogg X+ ,/Iog% x+1-2m-1=0 (1).
1/ Giai (1) khim =2,

2/ Tim m dé (Ncodit nhét mot nghiém thugc doan [1;3‘5] .
Giai

1/ Khi m =2 thi (1) coé dang : Iogg x+\llog§_ x+1-5=0 (2)
Diéu kién dé (2) co nghia la: x>0.

Patt= loglx +1>1 khi dé (2) co dang
C+t—-6=2 ot=2(dot>1)

o log§x+l =2©|og§x=3©log3x=i\/§ o x=3‘/3 va x=3“/§.
2/ Datt= \Jlog2x +1, khix € [1;35} thil <t<2.

f(t)=t? +t-2=2m (3)
1<t<2

Taco: f'(t)= 2t + 1, nén cb bang bién thién sau:

Bai toan trgs thanh: Tim m dé hé { co6 nghiém.

t ]

—— i 2
£(t) % +
f(t() % 4

A\

hivachikhi0<2m<4 & 0<m<2.

Tir d6 suy ra hé (3) (4) c6 nghiém k
Thi du 8:
Giai cac phuong trinh sau:

1/ (26+1543) +2(7+443) ~2(2-3) =1 (1)
2/ (5+2J€)(5—2J€)= 10 Q)

1/ Dat (2+\/§)" =t>0,khido (1) < t3+2t2—%=l<:>t4+2t3—t—2=0
‘<:>(t+2)(t3— )=0 < t=1(dot>0)<> (2+J§)" =le>x=0.
2/ Do (5+26)(5-2v6) =1 nén dat t= ( 5+2\£)" >0 thi
Q) o t+%=10<:>t2—10t+1=0©t=5i2\/6.
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o=

(5+2\/€)_"=5+2\/3

‘:x=2
Ll Ll ]

(5+2\/E)- =5~2\/6=(5+2\/6)"l

[S R4

Thidu9:

Giai cac phuong trinh sau:

1/ log2(4"+l +4).|og2(4x +|)=3 - (N
2/ log, 3+logyx =log -3+ logs Jx +% 2).

Gidi -
1/Tacod (1) < [log24+log2 (4x +l)]log2 (4x +l)=3 .
bit t = log,(4™+ 1). Khi d6

t=1 Iog2(4‘+l):l 4* +1=2
e (t+2t=3 < et | 1 <= x=0.
t=-3 log2(4x+l):-3 4 +‘=—8‘

2/ Piéu kign dé (2) c6 nghia la: x>0, x # 1. Dat t = logsx # 0.
Khido (1) l+t=g+lt+l<:::>t2—t—2=0
t t 2 2

1

t:—l log3R=—l X =
< t—2c>lo’ ’_7c> 3
- Byx=< x=9.

Loai 2: Phuong phap dua vé cing mét co sé giai phuong trinh va hé phuong
trinh siéu viét:

Bing cach sir dung cac cong thic co ban cia ham md, ham lbgarit ta quy
phuong trinh, hé phuong trinh di cho vé phuong trinh, hé phuong trinh siéu viét co
ban di trinh bay & phan mé dau cua bai giang.

Di nhién day la phuong phap thong dung, co ban nhung ciing khong hé kém
hiéu qua.

Xét cac thi dy sau day:

Thi du 1: (Dé thi tuyén sinh Pgi hoc khoi A - 2009)

log, (x2 + yz) =1+logy(xy) (1)
Giai hé phuong trinh:

3" —xyey? =8l (2)
Tacé (1) (2)
o 10g2(x2+y2)=1082(2"Y)®{x2+y2=2xy c){x:y c:{x=y:2 “)
gxoxyey? _ g4 xPoxy+yl=4 |[x'=4 |[x=y=-2

R6 rang (4) thoa man (3) nén la nghiém caa (1) (2).
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Thi du 2: (Dé thi tuyén sinh khoi B - 2005, )
Jx—1+2-y=1 (1)
3logy(9x*)~logy ¥’ =3 (2)
) i Gidi

bieu kig¢n dé hé (1)(2)codnghiala: x> 1;0<y <2,

Ta ¢4 (2) & 3(1 +log, xz)-3log2y=3

Giai h¢ phuong trinh:

< | +logix—logsy=1 < log;x =logyy < x=y.
(Chuydox=>=1 x>0 log9x2=log3x)
Vay hé(1)(2) < Y77 )
ay he
VX-1+42-x=1 (4)
Dé thay \/x—l+\/2—x:]<:{x
X

Vay hé (1)X2) c¢6 hai |1_gl1ién1 (I, Dva(2;2).
Thi du 3: (Dé thi tuyén sinh Pai hoc, Cao déing khdi A - 2004)

I
o -

]
log,(y~x)—log4;=l (M

Giai hé phuong trinh: P
x2+y? =25 (2)
Giai
y-x>0y>0 y-x>0y>0
Taco hé: (1X2) < <logy —log4l=lc> log, =1
: y—x y y—x
x2+y2 =25 x2+y2=25
y-x>0y>0
y-x>0,y>0 4
y=—X X:3
Siy=4y-4x & 3 =
2,2 y=4.

, . ] 1 ’ 8
Thi du 4: Giai phuong trinh: Elogﬁ (x +3)+Zlog4 (x—1) =log,(4x).(1)

Giai
X+3>0

.3 ca 2 . -~ 1 8 x>0
bieu ki¢n dé (1) ¢6 nghia la: {(x~1) >0« 1 ().
X
4x>0
Vi diéu kién (2) thi log 5 (x+3)= Iogz(x+3)2 =2log, (x+3);
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loga(4x) = 2 + log,x; logy(x — 1)*=loga(x — 1)* = dlogylx — 1.
Khi do: (1) <> log, (x+3)+log, |x —1] ~logy x =2

(x+3)|x—l|
X

< log, =2 (x+3)|x~1|=4x

{x>| {‘(>|
Xx+3)(x+1)=4x x?-2x-3=0
( )( ) < QX=3;X=—3+2\/§.
O0<x<«l 0<x«<l
(x+3)(1-x)=4x x2+6x-3=0
Thi du 5:
Giai hé phuong trinh sau:

log, x +log, y +log,z=2 (1)
log; y + logg z +logg x =2 (2)

logyz+log,x+logey=2  (3).

Diéu kién dé (1)(2)(3) c6 nghia la x>0,y > 0, x> 0, khi d6
: 20\ -
logy x? +log, y+log, z=2 1034("‘ yz)—?.
(1IX2)3) & {loggy” +logyz+loggx =2 & {logy(xy’z)=2
2
logie 2" + logy, x + log)g y =2 log,b(xyzz)z?..
2
3 : X==
x“yz=16 3
> 27
o ixyz=81 <:><y=?
Xy22 =256 32
Z'—‘-?.

Thi du 6:

log, \/xy =log,y (1)

2 +2Y =3 (2)

bicukigndé (1) (2)conghtalax>0,y>0.x# 1 vay# 1. Khidotacod

Giai h¢ phuong trinh sau: {

|
() & E(logyxﬂ):logx y 3).

Piatlogy =t ta cé;‘;(lﬂ):ta?.tz -t-1=0 (suy tir(3))
2\t
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t=1 log, y=1 X=y

o R | =
t=—— og,y=——
> By Y > y

1
Jx
1

Thay y=% vio (2) va c6 2+ 2¥% =3 (4)
1

~Néux>1thi 2*>2 va 27? >0 = VT (4) >3: VO nghiém.
1
— Néu 0<x<I thi 2¥¥>2va 20 VT (4)>3: V& nghiém.

Tomlai: x=y = Iog% la nghiém dli)' nhit ctia hé (1)(2).

Loai 3: Phuong phép 16garit hoa giai phuong trinh siéu viét:

Thidul
logx+3
Giai phuong trinh: x 3 :IgIO"*":" (1)
Diéu kién dé (1) ¢6 nghia 1a x>0. Khi d6
lgx+s |

) & Ig[x 3 ]=|g10<:>—g—§3—+—slgx:5+lgx )

Pat t = Igx, khi do tir (2) ta co: t++2t-15=0

(=3 [laxo3  |X=1000
& =N | I
=-5 lgx=-5 X=
100000
Thi du 2:
Giai phuong trinh 5% =50x'8 (1),
Giai

Didu Kién dé (1) co nghia 1a x>0. Ap dung cong thirc a'°8b¢ = ¢lvgba

(1) & 5% =50-5%" & 5% =52 > x=100.
Loai 4: Mot s6 phuong phap dic biét giai phuong trinh siéu viét:
Ngudi ta hay sir dung hai phuong phap dac biét sau day:
+ Phuong phap chi¢u bién thién ham sé.
+ Phuong phap danh gia hai vé dé giai mot 16p phuong trinh siéu viét.
Thi dy 1: (Dé thi Iuyén sinh Dai hoc khéi D — 2006)
¢t —e’ =ln(l+x)-In(l1+y) (1)

y-x=a (2)

Chirng minh rang voi moi a, h¢ ¢6 nghiém duy nhat.

,tachd:

Cho hé phuong trinh:
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y=Xx+a (3)

e —e*+Im(1+x)-In(l+a+ x)zO (4

Nhu vay hé (1)(2) cé nghiém duy nhét khi va chi khi phuong trinh
f(x)=e"" —e*+In(l+x)-In(l+a+x)=0 .

c6 nghiém duy nhat trén khoang (—1; + o0 ).

1 1

l+x_1+a+.\' ‘ ’

Do a>0nén t7(x)>0 Vx>-1 = f(x) la ham dong bien khi x > 1

Taco (1)2) {

Taco f(x)=e*™ —e* +

Tacé lim f(x)= lim ¢ (e“ ~ l)+ lim In—— =4,
N>+ XD+ v+ 4+ x+a
con lim f(x)=-ow
xo-1%

Nhu vay do tinh lién tuc ctia y = f(x) suy ra phwong trinh f(x)=0 c6 nghiém
duy nhat trén khoang (~1; + o ) = dpem.

Thi dy 2: '

Giai phuong trinh: I’_m =—x7+8x-14 (1)

i ] Gidi
Pieu kién dé (1) cé nghia la x <3,
~ . -1
it f(x) = 2 = ()= —

3-x

2‘[3__x n2<0.

Viy g(x) = x> +8x~14 f(x) 1a ham nghich bién khi x <3.

Mait khac {(3) = g(3) = 1, nén (1) ¢6 nghiém duy nhdt x = 3.

Nhdn xét.

Ta sir dung két qua quen biét sau day.

Xét phuong trinh f(x) = g(x), x € D.

Néu trén mién D, 1(x) la ham d6ng bién. con g(x) 1a ham nghich bién. Hon
nira phuong trinh ¢é nghiém trén D. Khi d6 phuong trinh ¢6 nghiém duy nhét trén D.

Thi du 3:

Giai phuong trinh:

SV 44 430 400 :L\+i\,+é-—2x3+5x3—7x+17 ().
2 36
Gii

Tacd

. : ]
() & 5% +4% +3* +2° —[—,—+—]—+L_]=—2x3+5x2~7x+l7 (2).

2\ 3\ 6.\

VT = f(x

bt (x)
VP =g(x)

Dé thay f(x) la hiéu cta ham dong bien y = 5"+ 4+ 3*+2" va ham nghich bién
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1 + L + 6% nén né la ham dong bién trén R .

2 3

Mat khac, g’(x = - 6x’+ 10x — 7 < 0V xe R, nén g(x) la ham nghich bién
trén R. Laico f(1) =g(1) = 13. T d6 (1) c6 nghiém duy nhat x = 1.

Thi du 4:

Giai phuong trinh: log, 1++/x =log, x (1).
P 2

Giidi
Diéu kién dé (1) co6 nghia la x>0. Dat t = logix. Khi d6

(e Ioz,z( )—t<:>l+(\/§)“=2t<:>(%)t+[§]t=l (2).

1
2

4

Vi f(t) = ( j [—J 1a ham nghich bién trén K. Lai ¢6 f(2)=1.Vay (2) co
nghiém duy nhatt=2.ticlax=9 la nghiém duy nhat ciia (.

Nhdn xét:

Ta da diing két qua quen biét sau:

Xét phuong trinh f(x) = m, x € D. Néu trén mién D, f(x) 12 ham s hoic la
ludn ludn dong bién (hodc ludn tudn nghich bién) va phuong trinh ¢6 nghiém trén
D. Khi d6 phuong trinh ¢6 nghi¢m duy nhit trén D.

Thidus :
Giai phuong trinh: 4(x - 2)[Iog2 (x=3)+logy(x=2)]=15(x +1) (1.
o Gidi
bieu kién dé (1) c6 nghia Ja x > 3.
Taco (1) & loga(x - 3) + logs(x — 2) = 15— 1
4(x-2)
Dé thay f(x) = lng(X ~3) + logz(x — 2) 1a ham dong bién khi x>3.
g(x)= 15 x+ Ia ham nghich bién khi x>3 (do g'(x) = - ~<0)
2 4(x-2)
Laico f(11)=g(11)=5. Vay x =11 la nghiém duy nhit cta (.
Thi du 6:

loga 9 2 alogax xlog23 ().

=Xx".3
Gi:i

Giai phuong trinh: x

Véi diéu kién x > 0, ta co: (1)
PN 9log2 X _ x2.3log3 X _3Iog2\ - 3log2 N x2 -1 (2) (do 310\_.::\>0).

t t
Pat logox =t, khidé 2) © 3'=4'-1 o f(t)= (%) +(:]{] =1 (3)

Vi f(t) la ham nghich bién trén & va f(1) = 1, nén (3) ¢6 nghiém duy nhat
t= 1, tic la x = 2 13 nghiém duy nhét cua (1).
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§2. BAT PHUONG TRINH MU VA LOGARIT

Ta ludn sir dung cac két qua co ban sau day trong viéc giai bat phuong trinh
siéu viét:
+ Néua> |, thi

/ {ar(x) > a8 :{f(x)>g(x)

xeD xeD
> {Ioga f(x)>logag(x):{f(x)>g(x)>0
xeD xeD

& day D 1a tap xac dinh cia bat phwong trinh.
+ Ncu O<a<] thi

/ {af(x) > gty <:>{f(‘\')<g(")

xeD xeD
5 log, f(x)>logug(x)© 0<f(x)<g(x)
xeD xeD

Loai 1: Sir dung cac phép bién doi dua bat phuong trinh vé dang bét phuong
trinh co ban: . )
Thi du 1: (Dé thi tuyén sinh Dai hoc khdi D-2008)

. - 2
Giai bat phuong trinh: log, '\h—:’-’iLZO (1.
3 X
Giai
2 .
X" -3x+2 -0 (2)
Taco: (1) < 5 X
X —3x+2$ | (3)
X

D¢ thay nghiém cua (2) 1a 0 < x < 1 hofic x > 2, con nghiém cua (3) la x<0
I103¢2—J5$x$2+2~/§.

Tir d6 nghi¢m can tim la 2-J2 <x<1lhofic2<x<2+\2

Thi dy 2: (Dé thi tuyén sinl khoi B — 2008)

5
, <

3 ]<0 (1).

Giai bat phuong trinh: log, 4 [log(,
‘ ) X+

Gidi

368



x? +x (%2 +x
2 >0 2 >0 )
X+ X+
x2 +x x? +x x++4x '@
Ta c6: (1) < < logg - >0 Sl X
Xx+4 Xx+4 x2 +x ¢ 3
x? +x x2+x X+4 (3)
log, >1 —<6
x+4 Xx+4
R 5o e o aa v | —4<x <3
Hé (2) (3) dé dang giai dugc (ban doc ty nghiém lay) va ta co: 3
x>8.

Thi du 3: (Dé thi tuyén sinh Dai hoc khoi A - 2007)
Giai bat phirong trinh: 2log, (4x—3)+log, (2x+3)<2 (1).
3
Giii
3 X> 3
4

X
Taco (1) < 4

2
2log; (4x -3) —log; (2x +3) <2 3(4;_3) <2

log
3
X > —
X>—
-3}t O !
(4x-3) (4x-3) <18x+27
2x+3
3 X>— 3
(dox>:1- 2x+3>0) 4 < —<x<3.
8x2-21x-9<0
Thidu4:
Gii bat phuong trinh: 52X710-3V%-2 _4 §x-5 _ sk3Vx2 (1)
Giai
Ta co:
s2x-10 5 32 2\? 5 3Vx-2 3Jx-2
_ X—- + X— X— _ X- b, Sd _ X—=
(1) & Spr=a57 <5 o (552) 4555 5.(5 )<o

o (SX—S + 53\1:5)(5\—5 _5.53m)< 0 o 5X—5 < 5"*'3‘[):5

S x=-5<1+3Vx-2 o x-6<3Vx-2<2<x<18
(ban doc ty nghiém lai két qua nay).
Loai 2: D3t an phy dé dua bat phuong trinh siéu viét vé bt phuong trinh dai
s trung gian.
Phuong phap giai nhu loai 1, §1. Xét cac thi dy sau:
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Thi du 1: (Dé thi tuyén sinl Dai hoc khéi B - 2006) k
Giai bat phuong trinh: logs (4“ + 144) —4logs 2 <1+ log; (2“’2 + l) .
Gidi

4% +144

A X
Taco (1) < log5T<|0g5[5(2x—2 +l)]<:>4 +144

x-2
" 5(2 +1)(2)
Pat t=2"> 0 khi do (2) cd dang:
P-20t+64<0 & 4<t<16 < 4<2'< 16 & 2<x<4.
Thi du 2:

Giai bat phuong trinh sau: logz(z‘ - l)logl (2”' —2) > -2 (1).

to!

o

iai

Tacé (1) < log, (2x - 1)log2 (2*‘” —2) <2

=3 logz(2x —l)[l + log2(2'\ —1”—2<0 (2).

Dat t = log,(2"-1), nén (2) c6 dang:
t(t+1)-2<0 e C+t-2<0 & 2<t<l

o %<2“-]<1<:>—3<2‘<3<:>—2+log25<x<log23.

Thi du 3:

Giai bat phuong trinh sau: 2520 g 2ol 5 34 g2t ()
9 2x-x2 15 2x-x2

Tacéd: (1) & 25+9(——j —34(—} >0
25 25

3 2X_—X2
< 92 ~34t+2520 (Gdayt = (5) > 0)

2x-X
<1 —3— <l
ts 5 B {2x—x220
et

= 2x-x2
()
‘ 1\ 5 9
o xsl—ﬁ hoac 0 <x <2hodcx> 1+ J3.
Loai 3: Sir dung diéu kién c6 nghia cia bat phuong trinh dé don gian hoéa
phép giai:
Thi du 1: (Dé thi ruyén sinl Dai hoc khdi B — 2002)

Giai bt phuong trinh: Iogx(log3(9x —72))31 (.
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9 -72>0

Piéu kién dé (1) c6 nghia 13 { log, (9x -~ 72) >09°-72>159" >73 (2).
x>0, x#1

Tir (2) suy ra ndi riéng x > 1. Vi thé

9% > 73 {9‘ >73 3N > J73

e 1]0&;(9‘ —»72)ch>

_ Rt VR
O -72<3 |(3Y) -3"-72<0
o> J73 <3 <9 logi; V73 <x<2logy73<x<2.

Nhgn xét:

Mac di an so cua x nam & co so, nén ve li thuyet thi phai xét hai kha nang
x> 1 va 0 <x <I1.Tuy nhién, do & diy tir dieu kién (2) suy ra x>1. nho vy phép
giai don gian di.

Thi du 2:

Giai bat phuong trinh:

5x +V6x7 +x° - x* Iog2x>(x2 —x)log2x+5 6+ x-x> (1),
Giai
I
A ea s . . .. j6+x=-x"20 A
bicu kién dé (1) ¢o nghia la: { = 0<x<3 .(2)
x>0

Dé& dang bién doi bang cach nhém va dat thira s chung, ta cé:

(1) & (xlogzx—S)(\/6+x—x2 +1—x)>0 (3)
Do diéu kién (2) nén ta co: xlog, X —5<3logy3~5=1log,27-5<0.
Vithé 3) < Vo+x—-x2 +1-x<0 6+ x— x> <x—lc>—§<x£3.

Nhgin xét:
Nho co dieu kién (2) voi nhan xét xlog,x—5<0 nén phép giai (3) don gian di
qua nhiéu!

BAI TAP TU GIAI
Bai I:
Giai phuong trinh: log, 2+ 2log,, 4 =log ;8.
Diip s6: x = 2.
Bai 2: Giai phuong trinh: log; (3x - ])log3 (3‘+l —3) =6.
x = log; 10

Ddp so: | 28
X =log, —.
5337
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Bai 3:
Giai phuong trinh: log 5 Vx +1 - log, (3-x)-logg (x - 1)3 =0.

2
, ; 1+ 17
Ddp s6: x= .
2
Bai 4:

2 2. .
Giai phuong trinh: 9% "1 —10.3¥" 2 11 =0.
Dip s6: x=0,x= +1.x=-2.
Bai 5:
6" -23"=12.
6" 3¥ =12
Pdp sd: x =1,y = log:2.

Giai h¢ phrong trinh: {

Bai 6:
Iogz(x2 + y2) =5

Giai h¢ phuong trinh: {
2log, x +log, y =4.

Dip s6: x=y=4.

Bai 7:

x—4|y|+3=0

\/log4 X —\/logz y =0.

Giai h¢ phuong trinh: {
Pdp sé: (1;1) va (9;3).
Bai 8

Giai bat phuong trinh: 3/log| x + log, x2-2>0.
2

;1
Ddp s6: —<x<—.
P ] 2

Bai 9:

Giai bat phuong trinh: 32** 4+ 45.6* =9.2%*2 <0.

Dap $6: x <-2.

Bai 10:

Giai bat phuong trinh: 4x +8v2— x* >4+ (x2 - x)2x +x2%1V2 X2,
Ddp s6: -1<x <V2.

372




	Bia
	WWW.VNMATH.COM
	Baigiang1-The-Tich-Khoi-Da-Dien
	Baigiang2-Quan-He-Vuong-Goc-Trong-Khong-Gian
	Baigiang3-Cac-Bai-Toan-Ve-Toa-Do-Vec-to-Trong-Khong-Gian
	-Baigiang4-5-Duong-Thang-Va-Mat-Phang-Trong-Khong-Gian
	Baigiang6-Mat-Cau
	Baigiang7-Bat-Dang-Thuc-Va-Gia-Tri-Lon-Nhat-Gia-Tri-Nho-Nhat
	Baigiang8-Cac-Bai-Toan-Ve-So-Phuc
	Baigiang9-Xac-suat
	Baigiang10_Nhi thuc Niu ton
	Baigiang11_ Cac bai toan ve to hop chinh hop va phep dem
	Baigiang12_Phep tinh tich phan va ung dung
	Baigiang13_Duong thang trong mat phang
	Baigiang14_Duong tron
	Baigiang15_Ba duong conic
	Baigiang16_Ham so da thuc
	Baigiang17_Ham so phan thuc
	Baigiang18_Phuong trinh luong giac
	Baigiang19_Phuong trinh va bat phuong trinh dai so
	Baigiang20_Phuong trinh va bat phuong trinh sieu viet



