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Binomial Theorem
If a and x are two real number and 7 is a positive integer then

n __ n n n n—1_1 n n-2_2 n n—1 n n
(a+Xx) —(Oja +(1ja X +(2)a X +...+[n_1)ax +[n)x

Proof
We will use mathematical induction to prove this so let S(n) be the given

statement.
Put n=1

S():(a+x) =((1)jal +G)al_1xl —Ma+M)(D) x = a+x=a+x

S(1) is true so condition I is satisfied.
Now suppose that S(n) is true for n=k.

Sk): (a+ x)" =(§)ak+(llc)ak_1xl+(§jak_2x2+...+(kliljaxk_l+(llzjxk (D)

The statement for n=%k +1

Sk+1D: (a+x) = (ka_ljak“ +(kil_1)ak“_1xl +(k;1)ak+l_2x2 +...
k+1 k+1-1 k+1) ra
+(k+1—1jax +(k+1)x
= (a+x)"'= (kgljak” +(k;1)akxl +(k;1jak_1x2 +...

+(k;1)axk +U§i}jxk“

Multiplying both sides of equation (i) by (a+ x)

(a+x)(a+x) = ((gjak + (lf)ak_lxl + (gjak_zxz +...+ (kliljaxk_l + (ijxk](a + X)
= (a+x)"' = ((g)ak +(]1<jak_1xl +(§jak_2x2 +...+(k]il)axk_l +U§jxkj(a)
+(§j a* + (llc)ak_lxl + (gjak_zxz +..+ (kliljaxk_l + (ij xkj(x)
g)ak“ +(11<)akxl +(§jak_1x2 +"'+(k]il)a2 X! +(i)axk
+(]6)akx+(llc)ak_1x2 +(§)ak_2x3 +...+(klil)axk + (]]i)xk“
= (a+x)"'= (gjakﬂ + ((llcj + (gjjakxl + ((gj + (llcjjak_lxz +...

= (a+x)"= (



FSc-1/Ex8.2 -2

(R o)
sice (§1=("5 ") (720" e (0)=(00)

= (a+x)" =(k81jak” +(k;1)akxl +(k;1jak_1x2 +... +(k;1)axk +(iii)xk+l

Thus S(k+1) is true when S(k) is true so condition II is satisfied and S(n) is true for
all

positive integral value of n.

Question # 1
Using binomial theorem, expand the following:

7 6 4
(i) (a+2b)’ (ii) (g - ;j (iii) (3a - %j
7 8 6
(iv) (2a—1j ) (i—ﬂJ vi) Ng _ Jgj
a 2y  x X a
Solution
(1)
(a+2b) = (g)aS 4 (f) A (2b)' + (;)aH(zb)z 4 (g)a5_3(2b)3 4 (i)a5_4(2b)4 4 (g)aS-S(zb)S
= (Dd® +(5)a* (2b) + (10)d* (4b*) + (10)>(8b%) + (5) a' (16b*) + (1) a°(325°)
=a’ +10a’b+40a’b* +80a’b’ +80ab”* + 320 ca'=1

o (-2 () ) -0 %)
L) -0 (-6 )
-of3) (3] (F)+0o(3) (7] -eo(3)
093] (2] -ol) (2] o0l
(& oS E e (5
T HRE e

X 3x 15 20 60 96 64

64 8 4 X x* XX X"

www.mathcity.org



N——

Nl
° © N

- RN

— = —

2l s Lrls ¢ 2| S
TN TN N . /_\
_Ja[/[\ a_x H © N v
[ﬁ@[ R TS

— / \ = < Ve ~N
N = ~— +

- S — SIS -
{ < < ~——
= = st
AN O " o

\O (@] M | —)
(\@ =] s | L N

N =S ! A

7 N\ < — ! _JZ\J = TN
s S - -~ ~
[ S| =7 N s ok —n _€/|\{/|\
(o1 - . T =7
N i
P ] — T Dt e R v
— - S \J0+ =
TR S STl T S
- | T — —
/ N N ~— _
<
st 5 = %
/6 5\/ \x_a ” | — | N N—
+ v + @2 / N v
. -~ N + S| R —
| 3| R 4 | N~ /Z\J — +
2| S e e _& S — g

//|\a_x a_x _J — |

= il I T n
[ N [7a) ~— /TN
N — " L— S &
NS © " " \O _ | e N—

/ \ ) _ - < / \ w
SI= s 7 S| = < T/~ o~ T R n
P " =1 _&_J —

- S ~
\J{\ /(\_J \O S
o < =l = ° — e
+ — N
) /{\6 © ° N
SR \J@\J\J —/
= s| = lel = l=sl = T
~ ~—
—
— — + I

(iii) (9.98)" (iv) (2.1)°

(i) (2.02)*

jon (i) (0.97)°=(1-0.03)°

(i) (0.97)°

)

3 3 3 2 3 1 2 3 3
=(Oj(l) +(J(l) (—0.03)+(2j(1) (=0.03) ++(3j(—0.03
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=1 @) +31)(-0.03) +3(1)(0.0009) ++(1) (—0.000024)
=1-0.09+0.0027 —0.000027 =0.912673

(i) (2.02)*=(240.02)* Now do yourself.
(iii)  (9.98)* =(10-0.02)*
4 4 4 3 4 2 2 4 1 3
= (OJ(IO) + (lj(IO) (—0.02) + (2j(10) (—0.02)" + (3j(10) (—0.02)
+(jj (10)°(-0.02)*
= (1)(10000) + 4 (1000) (—0.02) + 6(100)(0.0004) + 4(10)(—0.000008)

+(1)(1)(0.00000016)
=10000 — 80 + 0.24 — 0.00032 + 0.00000016 = 9920.23968

@iv) (2.1’ =(2+0.1 Now do yourself.
Question # 3
Expand and simplify the following:
4 4 5 5
(1) (a+\/§x) +(a—\/§x) (i1) (2+\/§) +(2—\/§)

(i) (2+i) —(2—i) (iv) (x+\/ﬁ)3 +(x—\/ﬁ)3

Solution (1) (a + \/Ex)4 + (a - \/Ex)4
We take

(a++2x)
(5ot} ) (V) 3 Jor (Vo) o § o (W) o ()
=(1)a" +(4)a* (V2x)+(6)a® (207 )+ (4)a(22x" )+ (1) (1) (4x")
= (a+v2x) =a* + 420’5 +128°% +82ax +4x" oo )

Replacing J2 by —v2 in eq. (i)
(a — ﬁx)4 =a*+ 4(—\/§)a3x+ 12a°x* + 8(—\/§)ax3 +4x"

=a' —42a’x + 128’3 =82 ax’ +4x* oo, (ii)
Adding (i) & (ii)
4 4
(a+x/§x) +(a—\/§x) = 2a*+24a°x" +8x"
(i1) Do yourself.

(i11)  Since

www.mathcity.org
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2+i) = (gj 2° + G )25—11' + Gj 25727 4+ @jz“ P+ (Zj 2574 4 sz” P

=(1)2°+(5)2%i+(10)2%* +(10)2% +(5)2"i* +(1)2°7
=32+80i +80i* +40° +10i* +7° ........... (i)
Replacing i by —i in eq. (1)
(2+i)° =32+80(—i) +80(—=i)" +40(=i)’ +10(=i)" +(=i)’
=32—-80i+80i° =407 +10i* —i° ....... (ii)
Subtracting (i) & (ii)
(240 —(2-i) =160i+80i° +27°
=160i +80(—=1)-i +2(=1)* i
=160i —80i+2i = 82i

@iv) (x+\/ﬁ)3 +(x+\/ﬁ)3
Suppose = m then
(x+\/ﬁ)3 +(x+\/ﬁ)3 =(x+1) +(x+1)’

= (0 +3(x)’ (O +3) (O + () + ()’ +3(x)* (=) +3(x0) (=) + (=1)°)
=X +3xX°t+3x2 + +x° =3xt+3x° -1
=2x + 6xt*

:2x3+6x(\/ﬁ)2 R N |

:2x3+6x(x2—1) =2x"+6x —6x =8x’—6x

Question # 4
Expand the following in ascending powers of x:

() Q+x—x%)* (i) 1—x+x*)* (iii) (1-x—x*)*
Solution (i) Q2+ x-x>)*

Put 1 =2+ x then
(2+x—xz)4 =(t—)€2)4

= (gj(t)“ + Gj () (—x%) + @j(f ) (=) + (;‘jg)l(—ff * (jj(t)O(_XZ)4

=(1)(®" = (4)@O*(x*) +(6)()*(x") = (4) () (x*) + (1) (D (x*)
=t —A4rx v 6 xt =4 X+ X (1)
Now

=@+ = @(2)4 . @(2)3@) - (;‘j@)z(x)z - (;‘j@)l(xf - (jj(zf(x)“

= (1)(16) + (4)(8)(x) + (6)(4)(x2) + (4)(2)(x3) + (1)(1)(x4)
=16+32x+24x* +8x + x*

www.mathcity.org
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Also
r=2+x)'=2)+(3)2)*(x)+(3)(2)'(x)* + (x)’
=84+12x4+6x" +x°
£ =Q+x)°=4+4x+x°
Putting values of t.62,1% and tin equation (1)
Q4+ x—x)" =(16+32x+24x" +8x° + x*) =48+ 12x + 6x7 + x°)x*
+6(4+4x+ x)xt =42+ x)x° + x°
=16+32x+24x" +8x” + x* —32x> —48x —24x* —4x
+24x* +24x° +6x° —8x° +4x7 +x°
=16+32—-8x*—40x> + x* +20x° = 2x° —4x" = x*

(i1) Suppose t=1—x Do yourself
(iii) Suppose t=1—x Do yourself
Question # 5
Expand the following in descending powers of x:
3
@) (& +x-1) (i) (x—l—lj
X
Solution (i) Suppose t=x—1 Do yourself

(ii) (x— 1 —l)
X

Suppose t=x—1 then

3 2 3

(r — l) =)’ +3(1) (—l) + 3(;)(—% + (—lj
X X X X
=t3—3t2-l+3t-——— ............ (i)

Now
£=(x- 1)3 =(x)’ +3(x)° (=) +3(x) (=1)* + (=1)’
=x" —=3x"+3x-1
P =(x-1)"=x>-2x+1
Putting values of #*,#* and ¢ in equation (i)

3
(x—l—lj =(x3—3x2+3)c—1)—3()c2—2x+1)-l+3(x—1)-i2—i3
X x X x

=x3—3x2+3x—1—3x+6—3l+3l—3i2—i3
X x X x

3 1
:X3—3X2+5—?—?

Question # 6
Find the term involving:

www.mathcity.org
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(i) x* in the expansion of (3 - 2x)7 (ii) x> in the expansion of
2 13
x ——
(%)
2 9
(iii) a* in the expansion of (— — aj (iv) ¥’ in the expansion of
X
11
(x=Vy)
Solution (1) Since

Here a=3, x=-2x, n=7 so
7= @(3)7" (-2x) = (Zj@f‘%—z)’ ("

For term involving x* we must have
X =x" = r=4
So

T, =@(3)7‘4(—2)4 ()
= T,=(35)(3)*(-2)* (0)* =(35)(27) (16) (x)*

=15120x"
(ii) Since T, = (;lj a"x"
2
Here a=x, x=——, n=13 so

27

13 L 2Y (13 IR
e (3] {2Jorcaror
13 —r—2r r 13 —3r r
:( )(x)l?} 2 (_2) :( )(x)l?} 3 (_2)
r r
For term involving x> we must have
X7 =x7? = 13-3r=-2 = -3r=-2-13

= —3r=-15 = r=5
So

T, = ( 53j(x)13_3(5) (-2)
= T,=(1287)(x)""(-32)=-41184x""

(ii1) Since

_ n n—r _.r
Tr+1_(r]a X

www.mathcity.org
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Here a=—, x=—a, n=9 so
X

9 2 O—r . 9 2 9—r . .
(5] cor LIS v

For term involving a* we must have
a=a" = r=4

9-4
So T4+1=(9j(zj -D* ()"
4 )\ x

> a*
=(126)(2j (a —(126)(32}1 —4032%
X

.X'

@iv) Here a=x, x=—y, n=11 so
Since
]‘;’+1 — nj an—rxr
r
1 1 11-r r 1 1 11-r % r
= (=) = (e ()
11 11-r
(e e (54)
For term involving y’ we must have
y%:y3 = %—3 = r=6
S Ty =[ g J0" v ()
= T,=(462)(x) ()(y’) =462x"y’
Question # 7
Find the coefficient of;
3 10 1 2n
(i) x* in the expansion of (xz —2—) (ii) x" in the expansion of (xz ——j
x x
Solution (i) Here a=x*, x= —21, n=10 so
X
Since
roe(t)e

_ 10 ) T (10Y), a0, o (B
T = rj ( J_(rj(x) e

(V) oo = crere-

www.mathcity.org
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10 20-3r o r
=( - j(x) =1)"3)"(2)

For term involving x* we must have
= = 20-3r=5 = -3r=5-20
= —-3r=-15 = r=5

So Ty, = (150 j(> RO

= T, =252(x)"" (—1)5(3)5% =-252(x)’ (243)3i2
61236 5 15309
—— X ==X

32 8
Hence coefficient of x° = — 153%
(i1) Here a=x*, x=——, n=2n so
X
Since
7’;+1 — (njan—rxr
,
2n mr( 1Y (2n 2(2n-r) r 1
2 R b SR
2n 4n=2r ro—r 2n 4n-2r-r r
(e ey = (2 oy
2n 4n-3r r
(%)
For term involving x" we must have
" =x" = 4n-3r=n = -3r=n-4n
= —3r=-3n = r=n
S Ty =[ 20" (-0
= M -1)" = 1
(2n—n)!- n! x) ( ) n!~n!(x) ( )
v Cml o,
'
Hence coefficient of x" =(-1)" (2n)2.
(n!)
Question # 8

10
Find 674 term in the expansion of (xz —i)

2x

www.mathcity.org



FSc-1/Ex8.2- 10

Solution Here a=x7, xz—i, n=10 and r+1=6 = r=5 so

Since

5
= 7*6:252()8)5(—(23 )5J =252x10(—322435j
X

X
__61236 s _ 15309 ,
32 8

Question # 9
Find the term independent of x in the following expansions..

. 2\ N 1)° 2\3 1Y
() (x—;j (ii) (J— _2_)8] (i) (1+x7) (1+?)

Solution (1) Do yourself as Q # 9 (ii)
(i1) Here a=\/;, x=%, n=10 so
2x
Since
7’;+1 — njan—rxr
,

(0 L ()

= loj(x);(w_r) 2i X7 = (10)()6)5_; L

10 s-Loop 1 10 -2 1
(e g () 5
For term independent of x we must have
_ar
X 2=y = 5—2=0 _r -5
2 2
2
= r= —5)(—§j = r=2

10 5-92) ]
S

www.mathcity.org
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1Y 2 Y
(iii) (1+x2)3(1+—2j —(1+x)3(x }
X

x

2 4 2\*
b))

X X

=x"(1+x)™ =x" 1+ x%)
Now T,=x" (nJa"_’x’

Where n=7, a=1, x=x"

For term independent of x we must have

X P=x" = 2r-8=0 = 2r=8 = r=4

(7]

= T,=35x"" =35x" =35

Question # 10
Determine the middle term in the following expensions:

(1 X ” I 1y
(1) (;—7} (11)( x—gj (111) (2x—§j

So

1 _x2 12
Solution (i) (— — —]

Since n=12 is an even so middle terms is " ; 2 = 12; 2 =7

Therefore r+1=7= r=7-1=6
2

e |
(25 ()

www.mathcity.org
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Thus the middle terms of the given expansion is %xG .

n+1 11+1

Since n=11 1s odd so the middle terms are T = =6 and

n+3 _ 11+3 _7

2 2

So for first middle term

a=éx, x=—i, n=11land r+1=6 = r=5

2 3x
Now
11-5 5
n n—r r _ 11 E _i
T —@“ © 2 b ‘(5)(2xj E 3xJ
Now simplify yourself.
Now for second middle term
r+l=7 = r=6
11 3 11-6 1 6
SO 1., =( j(— xj (——j Now simplify yourself.
6 ) 2 3x
Since n=2m+1 1s odd so there are two middle terms
First middle term = ntl = 2m-;1+1 = 2m+2 =m+1
Second middle terms = n+3 = 2m+1+3 = 2m+4 =m+?2
2 2 2
Here a=2x, x=—i and n=2m+1
2x

For first middle term r+1=m+1= r=m.

Since

. Tm+1=(2mm+lj(2x)zm+1—m( 1) _ (2m+1) (zx)mﬂ(_ 1 j

2x)  @mtl-m)l-m! 2x

__@mEDL ey (l)m (l)m

C(m+1D)m! 2) \x

_ Cm+1)! m+l [, \mt M aN=T -
—m(z) (x)" (=1)"(2) (%)

www.mathcity.org
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_ (2m+1)‘ m+l-m m+l-m 1Y = (2m+1)' 1 1 1\
_—(m+1)!-m!(2) (x)" " (-1) —(m+1)!-m!(2) (x) (-1)
_Qm+1)! ,
~(m+Dlm! 2x(=1)

For second middle term
r+l=m+2 = r=m+2-1 = r=m+l1

As T, = (Zja”"x’

m+1
_(2m+1 (2m+1)—(m+1) 1
= Tm+1+1_( m+1j(2x) ( Zj

Now simplify yourself
Question # 11
3n
Find (2n+1)rh term of the end in the expansion of (x — Zij
X
Solution Here a=x, x= —i,
2x
Number of term from the end = 2n + 1
To make it from beginning we take a = _2_1x , x=x and r+1=2n+1
= r=2n

As T., (’:j a'x"

3n—2n n
7 - (311)(_ 1 j ()" = (3n)! [_ 1 j o
2n 2x Bn-2n)!-2n)'\ 2x

_ (3n)! (_l)n 1 L. (3n)! (_1)”ix2n—n
(n)!-(2n)! 2" X" n!-(2n)! 2"

= D" Gn)! x"  Answer
2" n!-(2n)!

Note: If there are p term in some expansion and gth term is from the end then the term
from the beginning willbe = p—¢g+1.
So in above you can use term from the end = 3n+1)-2n+1)+1 = n+1

Question # 12

.. 1.35..(2n-1
Show that the middle term of (1+x)™" is (' n=1) 2"x"
n!
) ) ) ) i +2
Solution Since 27 is even so the middle term is =n+1 and

=x, n=2n, r+l=n+1 = r=n

www.mathcity.org



FSc-1/Ex8.2 - 14

— ,1—;’+1 _( n)(l) 2n—n xn

I ) L N P C DL
(2n—n)!-n! n!-n!
:2n(2n—1)(2n—2)(2n—3)(2n—4)-...-5-4-3-2-1
n!-n!

_[2n(2n—2)(2n—4)-...-4-2][(2n—1)(2n—3)-...-5-3-1]
B n!-n!
_2”[n(n—l)(n—2)-...-2-1][(2n—1)(2n—3)-...-5-3-1] .
- n!-n! *
_2"n! [(2n—1)(2n—3)-...-5-3-1] )
- n!-n! ¥
_2" [1-3-5-...-(2n—l)] .
- n! *

:1-3-5-...-(2n—1) 7
n!

n

n

Question # 13
Show that:

(E ()

Solution Consider

Put x=1

(1+1>"=(”j+( ja){ )(D +(§j<l>3+@(l>“+ Zj(l)w...{n’ﬁ J(l)"‘l{ﬁ)(l)"
(SH J ( J ) (ZH{ Jrlati )

Now put x =—1 in equation (1)

(1-1)" = (gj + G)(—l) + (;j(—l)z + (’31)(—1)3 +(Z)(—1)4 + (Zj(—l)s +...

+( " j(—n"-l +(”)(—1)"
n—1 n
If we consider 7 is even then

= O =[5 () )G

www.mathcity.org



n

= o={ (6} ()+(2)
= (D5 )+---+(n

Using it in equation (ii)

YRR

n
5

FSc-1/Ex82-15

= [T+ 2+ D] T =2

1 3 5) 7 \n-1)"
Question # 14
Show that:
A )2
0) 2\1) 3\2) 4\3) 7 n+1\n) n+l
Solution

n 1

_(n) I({mn) 1(n) 1
L.H.S—(Oj+§(lj+§(zj+z(3j+...+
{(n 1[ j 1[ n!
= +— +—
0 2 3\ (n—2)!-2!

+1 1( ] 1(
I+— +—

3

(n—1)!1!

il
I
4

n!
(n=D!1!

n!
(n—2)!-2!

1 I)n!
L (ntDnl

n!
(n=D!1!

|

3

I’l

1
+1

(n+1)n!

S

(n+1)!

(n—

(n—3)!-3!

4

n!
3)!-3!

J

+..+
j n+1

+...+ -1
] n+1 }

n!

(n+1)n! n+l1

(n—3)!-3!

+1{
(n+1)+— j
{ (n+1)!

(n=D12-1!

3\ (n=2)!1-2!
Al et
—| (n+1)+
(n+1)!

S
+

(n—2)!-3-2!

(n+1)!

1

+
+

|

(n+D! ), _+{
(n=3)1-4-31) |

|
; M

S

1

{(n+1)+(
(n+1-2)!-2!
n+l1 n+l

In;q+( 2j+( 3
n+1j+(n+l

(n+1—$b&]
1 n+1
n+l1

T
n+1 1 2

1)
(T

3

+1
4

—1+1+(

(

( (nt+D)! J+...+1

(n+1-4)1-41
n+l1l
n+l1
www.mathcity.org
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1 14 n+1 N n+1 N n+1 N n+1 N n+1 b4 n+1
o+l 0 1 2 3 4 n+1
1

— _1+ 2n+l
n+1[ ]
n+l
= 2 ! =R.H.S
n+1
Remember

n+1 n+1 n+1
( 0 j—l, ( 1 j—n+1 and (n+1j_1

If you found any error, please report us at www.mathcity.org/error
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Binomial Theorem when n is negative or fraction:
When n is negative or fraction and ‘ x‘ <1 then

nn—1) JE n(n—13)'(n— 2) P
Where the general term of binomial expansion is
T o nn—1)(n— 2)...(n— (r—l))

r+l T

I+x)"=1+nx+

xr
r!

Question # 1
Expand the following upto 4 times, taking the values of x such that the expansion in
each case is valid.

(i) (1-x)2

1 1

(i) (1+2x)™ (i) (1+x) ? (iv) (4—3x)2
(v) (8=2x)" (vi) (2-3x)" (vii) (l—x); (viii) M
(1+x) (1-x)
) (4+2x); ) 1 . ) 1
(x) ——— x) A+x—-2x7)2 (xi) 1-2x+3x7)?
(2-x)
Solution
O O
(1) (1—X)2:1+5(—X)+T(— )+ 3l (=x)" +
(4, 5
114_2224_22 2(3)+
2 3.2
1 1, 1 ;4
=]l-=x—=x"——x
2 8 16
(ii) Do yourself as above
(iii) Do yourself as above
- O VO L1 PR TN o NN o
(iv) (4-3x) —{4(1 4)} =(4) (1 4) —2(1 4)
i 1(1 1(1 1 ]
1( 3x} 2(2_1)( 3)6)2 2(2—1)(2—ZJ( 3)6)3
=2/ 14+=| — |+ ———| — | + —— | +
2\ 4 2! 4 3! 4
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. 138x+;(3(9x2}+;(;)(;j(ﬂf}rm

:2_ _3x 9x* 27x
8 128 1024
_2_2_9_)c2_27)c3
T4 64 512
o122 L ix)
(V) 8—-2x)2=(8)" (1 8) —8(1 4) Now do yourself
(vi) Do yourself
o (1=x)"
(vil) 110 =(1-x)"'A+x)"
(1+( D (—x L& 1)( 1- 1)( e (—1)(—1—31')(—1—2)(_)6)3+mj
X(H( 2+ 22D e (—2><—2—;><—2—2>(x)3+m)
El DD ), 1)(—2>(—3>(_x3)+_._j
3.2
X(l (2)( 3 oy 4 DDA (s, )
3.2
(1+x+x e ST ) (1—2x+3x —4x‘+...)
=1+ (x=2x)+ (X =2x" +3x°) + (X’ = 2x° +3x" —4x7) +...
=1—x+2x>=2x"+...
(viii) Do yourself as above
(4 +2x)°

(ix)

— (442 (2-x)" = (4)° (1 T Ejz )" (1 _ gj

2V (oY ol 2V 2 P xY
=@ (”2) ) (l 2) 2(1 2) 2(1 2) (”2) (1 2)
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) 1m+Mmz+;C‘lj(;‘z)@l”

21 |2 31 2

2
X(H<_D(_gj+_<—1><;—l>(_gj Jpcineay o, )

l 1 3
= 1+ + 2 2/ x— +2 2 x +
4 8
X[Hx (D= 2)[ ] EDEDE 3)( x3j+ j
2 4
:(1 f—x— j (1+ +—+—+ j
4 32 128
:1+(£+xj _x_z X_2 x_z + X_3_.X'_3 X_ x_3 +
4 2 328412864168

3x 11x* 23x°
+ + +
4 32 128

(x) (1+x—2x2); =(1+ (x—2x2));

=1+%(x—2x2)+2 (x—2x%)2 +2

s L2

=1+%(x—2x2)+ (x"—4x +4x")+
(27 +3(0) (=22 +3(x)(-2x°)’ = 2x°) ) +

=1+%(x—2x2)—%(x2 —4x° +4x4)+%(x3 —6x" +12x° —8x°) +

(x1) Do yourself as above

www.mathcity.org
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(iv) /65
(viii) 1
3252

1

(xii) (1280)*

Question # 2
Use the Binomial theorem find the value of the following to three places of decimials.
1 1
(1)+/99 (i) (0.98)2 (iii) (1.03)?
1
v) {17 vi) /31 i) ——
(V) (vi) (vii) 7998
J7 . 1
(ix) — (x) (0.998) 3 (xi)
8 {486
Solution
1 1 1 1 %
() V99 =(99)2 =(100—1)2 = (100)2 (l_ﬁj
)
— —— 2
=10 1+l(— g2l Jp L
2\ 100 2! 100
1(1)
10| - 420 2 ( : )+
200 2 10000
=10 1—0.005—%(0.0001)+...j
=10(1-0.005-0.0000125+...)
~10(0.9949875) =9.949875
=~ 9.950
1 1
(ii) (0.98)2 =(1-0.02): Now do yourself
1 1
(iii) (1.03)3 =(1+0.03)3 Now do yourself
1 1 1 3
(iv) 65 = (65)3 =(64—1)3 =(64)3 (1 —éf Now do yourself

1

1
1 | 1
(16—1)+ =(16)* (1 —%T Now do yourself

(v) 71 :(17)31

(vi) 31 = (31); =(32- 1); =(32)} (1 — 3%]5 Now do yourself

www.mathcity.org
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(vi) —(998) 3 =(1000-2) 3 = (1000) ;(1—

1 il 2 ja
Y998 (998)? 1000

_1(_4)
(o) o5 o)
10 1500 2 1250000

=| — || 1+(0.0006667) + 3(0.000004) +.. J

=| — |(14+0.0006667 + 0.00000089 +...)

~| — [(1.00066759) =0.100066759 =0.100 Answer

| =

( viii) = _(252) 5 =(24349)

1
1 1
- (243)‘s(1+ij 5
243
B 1\s
= (35 ) 5 (1 + —j Now do yourself as above

o G
8 8 \8 8

=1-0.0625-0.00195 +...
~(0.93555 =0.936 Answer

www.mathcity.org
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1 1

(x) (0.998 = a- 0.002)_g Now do yourself as above
1 1 1 -
(x1) ! = ! -=(486) 6 =(729-243) ¢ =(729)_6(1—%j ’
/486 (486)° 729
N IPEAE
=(3 ) 6 1—5 Now do yourself
1 1 1 1 ”
- = 1 16 )¢ - 1 )4
ii 1280)* =(1296—-16)* =(1296)4| 1—-—— | =(6*)*|1—-—
(xii) (L280)" =( )y =(1296) ( 1296) (6") ( 81)
Now do yourself
Question # 3
Find the coefficient of x" in the expansion of
1+ X o (1+x) .. (+x)
(1) 5 (1) ( )2 (111) ( )2
(1+ x) (1-x) (1-x)
@v) (1+x)3 (V) (1—x+xZ—x3+...)2
(1-x)
Solution
1+ x° =)
(1) =(1+x*)(1+x
(1+)c)2 ( )( )
~(1+ xz)@ # (20 + CCEED (2 CEEE DD j

=(1+ xz)(l— 254 T2 2, DD +j
2 3-2

=(1+xz)(l—2x+3x2 —4x +)
=(1+2°)(1+ (-D2x+(-1)’3% + (-D)’4x’ +...)
Following in this way we can write

LI (1427 A+ (=D2x+ (=1)°32* + (= D*4x" + ...+ (=) (n— D" +
(1+x)

D" ()X + (=D (n+Dx" +...)
So taking only terms involving x" we get
(=D"(n+Dx" +(=D)"*(n-1x"
=(=D"(n+Dx" +(=D"(-1)*(n—-Dx"
=(=D"(n+Dx" +(-1)"(n—1)x" (=D =1
=(n+l+n-DD)"x"=2n)(-D)"x"

www.mathcity.org
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Thus the coefficient of term involving x" is (2n)(-1)"
(ii)
Hint:
After solving you will get

2
8”;2 =(1+2x+27 ) (14 2x 4387 +4X° + ..+ (n=Dx" > + (2" + (n+Dx" +..)
—X

Do yourself as above

L (4% 34 a2
(ii1) (l_x)z—(1+x) (I-x)

=(1+x)’ (1 +(=2)(=x)

(=2)(=3)
2

PR L DD s, )
2! 3!

() + 52 (3‘32) S PRI J

=(143x+3x +27)(1+2x+3x" +4x° +...)

=(1+x)3(1+2x+

Following in this way we can write
(1+x)’

q )2=(1+3x+3x2+x3)(l+2x+3x2+4x3+...+(n—2)x"_3+(n—l)x"_2
—X

+(M)xX" +(n+Dx"+..)
So taking only terms involving x" we have term
(n+Dx"+3(n)x"+3(n-DHx"+(n-2)x"
=((n+D+3(n)+3(n-)+(n-2))x"
=(n+1+3n+3n-3+n-2)x"
=(8n—4)x"

Thus the coefficient of term involving x" is (8n—4).

. (1+X)2_ P (1=x)
(iv) (1—x)3_(1 x) (1-x)

=(1+x)’ [1 +(=3)(=x) + %(ﬂc)2 ) _;) (55-2) (—x)’ + j
=(1+x)’ (1 +(=3)(—x)+ Lz(_éb(—x)2 + (_3)(3_.42)(_5) (—x)° + j
=(1+2x+ xz)[1+3x+L2(4)(x2) + (4)2(5) (x) +j

=(1+2x+ xz)(l + (2)2(3) X+ (3)2(4) X+ (4)2(5) X+ J

www.mathcity.org



FSc-I1/ Ex 8.3 -8

Following in this way we can write

U+x) :(1+2x+x2)(1+ @3 @) ., D) s,
(1-x) 2 2 2

2 2 2
So taking only terms involving x" we have term
D0 o OOED o D)

n

:((n+1)(n+2)+2(n)(n+1)+(n_1)(n))’C7

=D)L D L (4 D(42) +J

n

:(n2+n+2n+2+2n2+2n+n2—n)x—

n n

4n +4n+2)% =2(2n° +2n+1)%

(2n +2n+ 1)
Thus the coefficient of term involving x" is (2n2 +2n+ 1).

(V) Since we know that
I+x)"'=1-x+x"=—x"+...
Therefore
(1— X+ X —x + )2 = ((1+ x)_l)2 =(1+x)"
:1+(—2)(x)+—( 27D ey 2)(_2_3?(_2_2) (x)’ +...
g CDED o DDA
2 3-2
=1-2x+3x"—4x" +...
=1+(=D2x+(=D’3x°(=1)’4x’ + ...
Following in this way we can write
=14+ (=D2x+ (D3B3 D4+ 4+ (=D (n+ DX + ...
So the term involving x" = (=1)"(n+1)x"
And hence coefficient of term involving x" is (—1)"(n+1)
Question # 4
If x so small that its square and higher powers can be neglected, then show that
(i) = —=1-2 (i) Y2 g0y
i+ x 2 J1-x 2
i OFTD (6430 117 Virx )25
4+5x 4 384 (1-x)’ 4

www.mathcity.org
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1 1 1
W) (1+x) (4- 3x)4 1_5_x i) (1-x)2(9—-4x)* g_ﬂ
6 : 2 48
(8+5x) (8+3x)3
1
\/4 X +(8 x)? 2—ix
Solution
(1)
LHS= =% _ 1=x —(l—x)(1+x)_;
o \ 1+x (1 + .X')%
=(1- x)(l + (—%)(x) + squares and higher power of x).
=1-x —lx + squares and higher power of x
3
zl—;x =R.H.S Proved
1 1
(i) Since HE2Y (14 2x)2 (1= x) 2
V1
—X
1
Now (1+2x)2=1+ (;)(2)0 + squares and higher power of x.
=1+x
1
Now (1-x)2=1 +( ;j( x)+ squares and higher power of x.
=] +%x
11+ = z(1+x)(l+ xj
—X
=l+x+ Ex ignoring term involving x”.

=

(9+7x) — (164 3x)

iii
(111 4+5x

_ ((9 +7x)° — (164 3x)° )(4+ 5x)"

1
1 1 2
Now (9+7x) = 95(1+%xj

= (32)% (1 + (%)(%j + squres and higher of x.}

www.mathcity.org
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=2 )i (1 + (ij(i—gj + square and higher power of xj

z(2)(1+3—xj =2+2(3_x] =2+2

64 64 32
1 -1 5 -
(4+5x) =4 1+Zx

= i(l + (—1)(—xj + squares and higher power of x}
1( 5 ) I 5

~—ll-—x| =———x
4 4 4 16

1
4

I_
5o OF+70°-(16+30) “(3+Ej_(2+3_xj (l_ix)
4+5x 6 32)\4 16
Tx 3x|(1 5 103 Y1 5
=13+ —-2-Zll———x| =|l+—x | ———x
i) s G
1
4

+@ 2 =l—1—7x Proved

X X
384 16 4 384

@iv) Do yourself

[S1E
[\S](38)

(1+x)?(4-3x)
(8+5x)°

\S](o8)

= (1+x)? (4-3x)2 (8 +5x)

Now (1+ x)% 1+ (%) (x) + square and higher power of x

www.mathcity.org
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1
(23) ’ (1 + —éj (ng + square and higher power of xj

:::(2)_1 1_ix :l 1_ix
24 2 24
1 3
1+x)%(4-3x)?
so LRI (L (1-20)20-24)
(8+5x)§ 2 8 )2 24
_8 1+lx l—gx—ix
2 8 24
1 4 1
=4(1+—xj (1——x) =4(1+5x——x) =4(1——xj Proved
(vi) Do yourself as above
(vii) Same as Question #4 (iii)
Question # 5

If x is so small that its cube and higher power can be neglected, then show that

(1) \ll—x—2x2=1—%x—§x2 (ii) 1+—x=1+x+%x2
—x

Solution

(i) VI-x-2x" =(1-(x+2x"))

[S1E

zl—lx—l(Z 2)—lx2 =1—lx—xz——x2
2 2 8 2
=1—lx——x Proved
2
(i1)
1
2 1 _1
1+x =(1+x)1 (140 (1) 2
1—-x (1 x)z

Now

www.mathcity.org
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N
(1-x) 2 =1+(—§j (—x)+ 2 2 (=x)* + cube & higher power of x.

2!
_1)(_3
z1+lx+L(2)x2 =1+lx+§x2
2 8
So
‘/H—_x: 1+lx—lx2 1+lx+§x2
1-x 2 8 2 8
=1+lx—lx2+lx+lxz+§x2 =1+x+lx2 Proved
2 8 2 4 8 2
Question # 6

If x is very nearly equal 1,then prove that px” —gx? =(p—q)x""*
Solution
Since x is nearly equal to 1 so suppose x=1+#,
where 4 is so small that its square and higher powers be neglected
L.H.S = px” —gx*
=p(+h)’ —q(1+h)?
= p(1+ ph+ square & higher power of x)
—q(1+ gh+ square & higher power of h)
= p(I+ ph)—q(1+qh)
=p+ph—q—q°h ................. (1)
Now RH.S = (p—qg)x""

=(p—q)(1+n)""™

=(p—- q)(l +(p+ q)h+ square & higher power of h)
~(p—q)(1+(p+qh) =(p—q)(1+ ph+qh)
=p+p*h+ pgh—q— pgh—q’h
=p+ph—q—qh.............. (ii)

From (i) and (ii)
LHS = RH.S Proved

Question # 7
If p—gq is small when compared with p or g,show that
|

Qn+)p+Q2n-g [ p+q)"
(2n—1)p+(2n+1)q_( 2q j '
Solution Since p — g is small when compare

Thereforelet p—g=h = p=q+h

_ @n+Dp+(@2n-1)g  (2n+D(g+h)+2n—-1)q
C Qn-Dp+Qn+lg  Q2n-1)(g+h)+Q2n+1)q

L.H.S

www.mathcity.org
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_2ng+q+2nh+h+2ng—q  4ng+2nh+h
_2nq—q+2nh—h+2nq+q _4nq+2nh—h
4ng+2nh+h _4nq+2nh+h(1+ 2nh—h}1

4nq(1 + 2nh - hj nd n
4ng
_4ng+2nh+h (1 + (—1)( 2nh = hj + square & higher power of le
4ng 4nq

_4nq+2nh+h[1_2nh—h] _4nq+2nh+h(4nq—2nh+h]

4ng 4ng 4ng 4ng

_ 16n°q” +8n’hqg + 4nhq — 8n*hq + 4nhg

ignoring squares of A

16n°q>
_l6n’q> +8nhq _16n’q>  8nhq
16n°q’ 16n’q* 16n°q>
=1+ L ................. (1)
2nq
1 1
Now RHS=| L4 | _[4th+tq
2q 2q
1
_2‘1+h:ﬁ+£_1+i
2q 29 24 2q
LY\ A :
=1+|— || — |+ square & higher power of h.
n)\ 2q
=1+ e (ii)
2ng

Form (i) and (i7)
L.HS = RH.S Proved

Question # 8

1
n EN 8n _n+N
2(n+ N) 9n—-N 4n

Solution  Since n and N are nearly equal therefore consider N=n+h,
where 4 is so small that its squares and higher power be neglected.

2(n+ N) 2(n+n+h)

_ n 2:(m2n+hfj§=(4n+2h)§=(4+gﬁji
2(2n+ h) n n n

www.mathcity.org
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_% %‘;_ 2_% i_;
=(4) (1+4nj =(29) (1+2nj

=2)" (1 + (—%jzi + square & higher power of h}
n

T @)

2 4n 2 8n
Now RHS= o0 __n+N

On—-N 4n

B 8n _n+(n+h) B 8n  n+n+h
On—(n+h) 4n On—-n—-h 4n

_ 8n 2n+h _ 81 2n+h _(1_£j_1_2n+h
8n—h  4n Sn(l—i) 4n 8n 4n

8n

(1 +(= 1)(_8£j + square & higher power of hj (Zn +ij
n

4n 4n
h 1 A h 1 h
= 1l+—|-|=+— | =l+——=——
8n 2 4n 8n 2 4n
1 h

— e (i1)
2 8n

From (i) and (i1)
L.H.S=R.H.S Proved

Question #9
Identify the following series as binomial expansion and find the sum in each case.

(i)l—l[l] 13[1] _135(1]+
28 4) 21-4\4) 3!1-8\4

B 1(1) 1-3(1Y 1-3-5(1Y
Gi) 1——| = |[+—2| = | -2 = | +
202) 24\2) 2462

3 3. 5 3-5-7
+

() 1+—+
4 48 4-8-12
2
v 1- 1), 13(1 _135( N
2\3) 2-4\3 2.4.6\3
Solution

. 1(1) 13(1) 135 1y
(1) l——| = |[+—— — | +
2\4) 214\a) 31814

Suppose the given series be identical with

(1+x)" =14+nmx+—= mn =) X+
21
D 1(1 :
This implies nx=—5 Z ......................... 1)

www.mathcity.org
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2
nn=l) o LS LY (i)
2! 2!-4\ 4
) 1 1
From (1) NX=—— => X=—— .rrrrnnn... (111)
8 8n

Putting value of x in (i1)

n<n—1>(_ijz_ﬁ(1jz
2! 8n) 21-4\4
n(n—l)( 1 ) 3 ( 1 )
= — _
2 64n° 2-4\16

(}’l—l)zi — (n—]):ilzgl’l = n—1=3n
128

128n 128
= n-3n=1 = -2n=1 = n:—%
Putting value of » in equation (ii1)
P
iy L

So

oo ) 5 -
4 4 5 5

(11) Do yourself as above

3 35 357
+>+=—+ +
4 4.8 4-8-12

Suppose the given series be identical with
n(n—1)

(iii)

(1+x)" =1+nx+ X+

This implies nx =

From (1) nx = Z =2 (111)

Putting value of x in (i1)

n(n—l)(iT:L N n(n—l)[ 9 ]_g

21 \4n) 4.8 2 l16n? ) 32
_ =D _15
32n 32

= 9(n—1)=;—;-32n = 9n-9=15n

www.mathcity.org
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= 9n-15n=9 = -6n=9 = n=—% = nz—%
Putting value of 7 in equation (ii1)
3 = |y 1
xX=- =——
_3 2
4(-3)
_3 _3 3
2 3
So (1+x)" =(1—%) ’ =(%j ’ =(2)2 :(\/5) =242 Answer
(iv) Do yourself as above
Question # 10
Use binomial theorem to show that 1+l+ I3 + I35 +..=2
4 4.8 4-8-12
Solution 1+l+1'3+ I35 +
4 4.8 4-8-12
Suppose the given series be identical with
(1+x)" =1+nx+ n(nz'_l)x2 +..
This implies
1 :
X == i, 1
2 (1)
rn=h . 13 (ii)
2! -8
From (i) nx = l = Xx= i (i11)
1 Dy
Putting value of x in (i1)
n(n-1( 1Y _13 n(n-1( 1 )_3
2! 4n -8 2 16n*) 32
=D _3 o h==321 = n-1=3n
32n 32 32
= n-3n=1 = -2n=1 = nz—%
Putting value of n in equation (iii)
1 1
X = 1 = | X= —E
_f
1
So  (I+x)" —(1——) (Ej _ =2
Hence 1+ l I35 =2 Proved

4 48 4812

www.mathcity.org
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3 2! 31 3

FSc-I/ Ex83-17

2 3
If y=l+E(§) +1.3'5(1) +..., then prove that y*+2y—-2=0.

. 1 1:3(1) 1:3.5(1Y
Solution  y=—+—|—| + ~ |+
3 213 31 \3

Adding 1 on both sides

1 1-3(1) 1.3-5(1Y
I+y=1l+—+—|—| + —| +
3 213 31 (3

Let the given series be identical with

(1+x)" =1+ nx+ rn=D oy
This implies
1 .
X = ittt 1
3 (1)
2
nn—d) e LY (i)
2! 21\ 3
: 1 1
From (1) AX=— = X=— .iiieeeerrnnnn. (111)
3 3n

Putting value of x in (i1)

e =56
21 \3n) 2113

2
N n(n—1) 12 zgl
2 On 29

n-1_1
18n 6
= n—1=3n = n-3n=1
1

= -2n=1 = |n=——
2

Putting value of 7 in equation (ii1)

= l ==
3(-3) 2) :
1
2 1) 2
So (I+x)"= — —
o+ ( J )
Thisimphes
1+y=\/§

On squaring both sides

www.mathcity.org
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2
(1+y)" =(3)

= 1+2y+y°=3 = 1+2y+y°-3=0
= ¥y +2y-2=0 Proved.

Question # 12
1 1.3 1 135 1
If 2y—? BN 24+T — +..., then prove that 4y* +4y-1=0.
. 1 1-3 1 1-3-5 1
Solution 2y—? AT §+

Adding 1 on both sides

1 13 1 135 1
1+2y=1+—+— —F+—— —+
22 21 2 31 2
Let the given series be identical with

(1+x)”=1+nx+n(n_1)x2+

This implies

TR
From (i) n=— = Xx=—

4 4n
Putting value of x in (i1)

nn=0( 1Y _1:3 1
21 \4n !

2! 2
N n(n—1) E i
2 16n° 2 16

n—1
= —
n

=3 = n-1=3n

= n-3n=1 = -2n=1 = |n=——

Putting value of n in equation (iii)

1 1
X=——- = |X=——=

)7

So
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This implies
1+2y=+2
On squaring both sides
2
(1+2y)2 =(\/§)
= 1+4y+4y> =4 = 1+4y+4y°-2=0
= 4y’ +4y-1=0 Proved
Question # 13

2 3
If y=z+£(z) +1'3.5(2J +..., then prove that y* +2y—4=0.

5 2'\5 31 \5
. 2 1-3(2Y 1:3-5(2Y
Solution y=—+—|—| + Z 4+
5 2'\5 31 \5

Adding 1 on both sides

2 1.3(2Y 1-3-5(2Y
1+y=1+§+—— + —| +

21\5 315
Let the given series be identical with

A+x) =14mes 207D 2y

This implies

2 .
e 1
5 (1)
2
ooy 132 .
2! 21\ 5
From (i) nx=z = x=l ............... (111)
5 S5n
Putting value of x in (i1)
nn= 2 ) _1-3(2Y
2! S5n 21\ 5
nin-1)( 4 _Ei
2 25n* ) 2\ 25
n—1
= —=3 = n—-1=3n = n-3n=1
n
1
= -2n=1 = |n=——
2
Putting value of 7 in equation (ii1)
xX= 2 = |x= 4
=TI =——
5(-3) :
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1 _1
oo arar (12 (1)
5 5

This implies

1+y=\/§

On squaring both sides
(1) =(5)
= 1+2y+y’=5 = 1+2y+y°-5=0
= y’+2y—-4=0 Proved.
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